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253 The q-Schur algebra, S. DONKIN
254 Galois representations in arithmetic algebraic geometry, A.J. SCHOLL & R.L. TAYLOR (eds)
255 Symmetries and integrability of difference equations, P.A. CLARKSON & F.W. NIJHOFF (eds)
256 Aspects of Galois theory, HELMUT VÖLKLEIN et al
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Preface

This book arose out of the Workshop on structured ring spectra and their
applications held in Glasgow in January 2002. Although it is not intended
to be a proceedings of this conference, nevertheless the articles reflect the
subject matter of the conference and the papers of Elmendorf, Robinson and
Schwede have their origins in series of overview talks which these authors
gave in Glasgow. All the papers published here have been refereed.

We would like to thank the London Mathematical Society, Edinburgh
Mathematical Society and Glasgow Mathematical Journal Trust Fund for
their financial support for the Workshop.

Since the middle of the 1990’s there has been a renewed interest in struc-
tured ring spectra and several new models for the homotopy category of
spectra of Boardman or Adams have been constructed, for example the cate-
gory of S-modules constructed by Elmendorf, Kriz, Mandell and May [8], the
category of symmetric spectra of Hovey, Shipley and Smith [11], the category
of Γ-spaces constructed by Lydakis [13], the category of orthogonal spectra
defined in [15] and [16], and many more. All of these categories possess a
smash product which is strictly associative, commutative and unital, and
therefore it makes sense to talk about monoids and commutative monoids,
i.e., associative and commutative ring spectra.

Before these constructions have been found, one merely had a smash prod-
uct of spectra which fulfilled associativity, commutativity only up to homo-
topy and therefore multiplicative structures on spectra were always given up
to homotopy as well. Nevertheless, the techniques of Boardman and Vogt [4]
and May, Quinn, Ray and Tornehave [14] allowed for various stricter notions
of stricter ring structures, namely ring spectra which are homotopy associa-
tive (resp. commutative) up to higher coherences, the so-called A∞ (resp.
E∞) ring spectra. The coherences were encoded via operads in the May
approach and via categories of operators in standard form in the work of
Boardman and Vogt.

With the help of these methods it was possible to identify important spectra
as E∞ ring spectra. For instance, the complex cobordism spectrum MU and
other bordism spectra are E∞ spectra [14, IV §2], as are real and complex
connective K-theory ko and ku [14, VIII §2]. But for instance, it is currently
unknown whether the Brown-Peterson spectrum BP at a prime possesses an
E∞ structure.

The development of a strict smash product allows additional methods for
proving that certain spectra have multiplicative structures and all examples
of A∞ and E∞ spectra get a strict model by the comparison results of [8,
II 4.5, II 4.6]. But many new examples can be gained by working in these
strict monoidal categories. For instance, as Bousfield localizations preserve
algebra structures on spectra [8, VIII 2.2], the commutative structures on ko

3



4 Preface

and ku can be used to prove that real and complex K-theory, KO and KU
are commutative S-algebras [8, VIII 4.3].

In addition to the construction of algebra spectra as above there are other
approaches to imposing associative or commutative algebra structures on a
given spectrum: There are several obstruction theories where certain ob-
struction groups are identified whose vanishing implies the existence of an
associative or commutative multiplication on a spectrum. The earliest work
in this direction is contained in the paper by Alan Robinson [18] from 1989,
which developed an obstruction theory for the detection of A∞ spectra and
applied it to prove that the Morava K-theories K(n) at odd primes have un-
countable many A∞-structures. Later in [1] this method was used to show
that completed versions of the Johnson-Wilson spectra possess A∞ structures.
Other obstruction theories for associative algebra structures are contained in
the work of Hopkins and Miller [17], Goerss [9] and Lazarev [12].

Later obstruction theories for commutative structures were developed by
Basterra [2], Goerss and Hopkins [10], and Robinson [19]. A common feature
of all of these obstruction theories is the fact that the obstruction groups
live in some generalized versions of André-Quillen cohomology. There will be
a short overview about the different types of these cohomology theories for
commutative algebras and comparison results between them in [3].

For example the Hopkins-Miller approach led to an A∞ structure on each
Lubin Tate spectrum En; the work of Goerss-Hopkins (compare the paper
“Moduli Spaces of Commutative Ring Spectra” [10] in this volume) shows
that this structure can be refined to an E∞ multiplication.

The papers in this book deal with two different general topics. On the one
hand the papers by Elmendorf, Schwede, and Joachim deal with foundational
matters and with the construction of E∞ structures.

• Tony Elmendorf’s article “The development of structured ring spec-
tra” [5] gives background material to the evolution of the symmetric
monoidal category of spectra of S-modules of [8]. His second paper
“Compromises forced by Lewis’s theorem” [6] describes problems one
necessarily meets when constructing such a symmetric monoidal cat-
egory which models the stable homotopy category. There is a list
of natural properties such a category might reasonably be required to
have and Lewis’s theorem shows that these are inconsistent. The third
paper [7] in this series represents joint work of Tony Elmendorf and
Mike Mandell. That paper sketches how one might use permutative
categories to model connective spectra. They construct a symmetric
monoidal product on permutative categories and give evidence why
this should model the smash-product of spectra. A by-product is a
short proof for the fact that bipermutative categories give rise to com-
mutative spectra by forming the associated K-theory spectrum.
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• Stefan Schwede’s paper “Morita theory in abelian, derived and stable
model categories” discusses an enlarged version of Morita equivalence.
The subject of the paper [21] is to transfer the well-known notion
for Morita equivalence of rings to the derived category of a ring and
further to modules over a ring spectrum.

• In “Higher coherences for equivariant K-theory” Michael Joachim
gives an E∞ model for G-equivariant K-theory, for G a compact Lie
group and he proves that the G-equivariant analog of the Atiyah-Bott-
Shapiro orientation from Spinc-bordism to K-theory has an E∞-model
as well.

The second part of this book is concerned with obstruction theories for
algebra structures on spectra.

• We start with a survey called “(Co-)Homology theories for commu-
tative (S-)algebras” where we describe some of the cohomology the-
ories for commutative algebras and discuss some comparison results
for these.

• Alan Robinson gives an overview over his obstruction theories for A∞
and E∞ structures on spectra in his paper “Classical obstructions and
S-algebras”. Besides this he proves, that there are no obstructions to
upgrading a homotopy unit to a strict unit for an A∞ (resp. E∞)
spectrum.

• The paper by Paul Goerss and Mike Hopkins “Moduli spaces of com-
mutative ring spectra” is a summary of the obstruction theory using
methods of Dwyer, Kan and Stover; in particular it discusses the ex-
ample of the Lubin-Tate spectra.

• Andrey Lazarev’s paper “Cohomology theories for highly structured
ring spectra” describes the approach to obstruction theory using topo-
logical André-Quillen homology, which was defined by Basterra, and
its counterpart in the theory for associative algebra structures, called
topological derivations.

Andrew Baker Birgit Richter
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THE DEVELOPMENT OF STRUCTURED RING SPECTRA

A. D. ELMENDORF

Abstract. The problem of giving a succinct description of multiplica-
tive structure on spectra was recognized almost as soon as the idea of a
spectrum was formulated. This paper aims to describe the major features
of the historical precursors to the S-module approach of [2]. In particu-
lar, we consider the purely homotopical notion of a ring spectrum, May’s
concepts of external smash product and its internalization, the Lewis-May
twisted half-smash product, and this product’s use in formulating May and
Quinn’s notion of an E∞ ring spectrum. We then describe how three es-
sentially trivial (but crucial) observations led to the idea of an L-spectrum,
and soon thereafter to S-modules. We conclude by describing the good
formal and homotopical properties of the category of S-modules.

The aim of this paper is to give some historical background to the first of the
modern treatments of structured ring spectra: the S-module approach of [2].
There have been subsequent models developed as well; I’d like to mention in
particular the symmetric spectra originally developed by Jeff Smith [3] and
the orthogonal spectra of Mandell and May ([6] and [7]). There has been
quite a lot of work done relating these various approaches, but this paper is
concerned with the S-module approach only.

The invention of spectra, in the sense of algebraic topology, is usually
credited to Lima in the late 1950’s, although the first definition in print
appears to be Spanier’s [10]. There were a number of sources for the idea,
of which I’d like to mention three: stable maps and the Spanier-Whitehead
category, cohomology and Eilenberg-Mac Lane spaces, and cobordism. All of
these involve sequences of spaces A0, A1, . . . and maps

Ai → ΩAi+1

(or equivalently, ΣAi → Ai+1.) Two of the problems that were recognized
early on were

(1) What is the “right” notion of morphism; some only “start to exist”
after n stages, and

(2) what is the correct way to formulate multiplicative structure?

Boardman gave what were quickly recognized as the right answers after
passage to homotopy – he constructed a symmetric monoidal closed triangu-
lated category, now universally called the stable category, whose study has

2000 Mathematics Subject Classification. 55P42.
Key words and phrases. ring spectra, smash product.
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8 The Development of Structured Ring Spectra

a large literature of its own. Although Boardman never published his con-
struction, an account was given by Vogt [11]. Adams gave a treatment in
his Chicago notes [1], and May also gave a construction in a series of papers
and books; see particularly [8] and [9]. All these constructions shared a com-
mon problem: the smash product construction in the underlying category of
spectra was not associative until passage to homotopy. As a consequence,
there were no strict ring spectra, and no “good” categories of module spec-
tra. One problem in particular will illustrate this: if R is a ring spectrum in
the weak sense, i.e., it descends to a ring object in the stable category, and
if M and N are R-modules in the same weak sense, and further we have a
map M → N of R-modules, then the cofiber of this map need not even be an
R-module. Although topologists were able to use these weak notions to good
effect nonetheless, the situation was clearly less than completely satisfactory.

Progress came first from Peter May, who began by resolving problem 1; see
[8]. His solution was to restrict attention to spectra for which the structure
maps Ai → ΩAi+1 are homeomorphisms. Having done so, he showed that all
spectra are weakly equivalent to ones of this restrictive form, and further, the
“naive” sort of morphism, consisting of sequences of maps making obvious
diagrams commute, suffice for this sort of spectrum. (The modern point of
view is that he restricts his attention to fibrant objects.) The next step was
to remove the indexation on natural numbers, by developing what he called
coordinate-free spectra ; see [9], although some details were later deleted in the
equivariant version due to Lewis and May [4] (and ironically enough, restored
in the definition of L-spectra, below.) These are defined by first picking a
universe U : a real inner product space isomorphic to R∞, topologized using
the colimit topology from the sequence

{0} ⊂ R1 ⊂ R2 ⊂ · · · ,

with this topology used to topologize spaces of linear isometries that will arise
shortly. The index set for a spectrum over the universe U is the set of finite
dimensional subspaces of U . In detail, a spectrum E assigns a space EV to
each finite dimensional subspace V < U , and whenever W ⊥ V , there is a
structure homeomorphism

EV
∼= // ΩW E(V ⊕W ),

subject to an associativity diagram. Here ΩW X is the function space F (SW ,
X), and SW is the one-point compactification of W . Morphisms from E to
E ′ consist of maps EV → E ′V making the obvious squares commute. We
get the category SU of spectra over U . We note for later use that SU is both
complete and cocomplete, meaning it has all limits and colimits; this is not
related to the coordinate-free nature of the spectra in SU .

A key point about spectra with structure maps consisting of homeomor-
phisms is that the constituent spaces need only be given for a cofinal set of
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indices: the rest can be filled in by looping spaces given for larger indices.
This allows us to define the external smash product, which is a functor
SU ×SU ′ → S(U ⊕U ′) for any pair of universes U and U ′. From the previous
remark, we need only consider subspaces of U ⊕ U ′ of the form V ⊕ V ′ for
V < U and V ′ < U ′, and for these, we make a preliminary definition of

(E ∧ E ′)(V ⊕ V ′) := EV ∧ E ′V ′.

For structure maps, we use the composite

ΣW⊕W ′
EV ∧ E ′V ′ ∼= ΣW EV ∧ ΣW ′

E ′V ′ → E(V ⊕W ) ∧ E ′(V ′ ⊕W ′)

= (E ∧ E ′)(V ⊕ V ′ ⊕W ⊕W ′).

The main philosophical point here is that there is no issue with permuting
indices, since all of the indexing subspaces are orthogonal, so the direct sum is
completely independent of the order of the summands. There is one technical
annoyance to be confronted: the adjoint structure maps

(E ∧ E ′)(V ⊕ V ′) → ΩW⊕W ′
(E ∧ E ′)(V ⊕ V ′ ⊕W ⊕W ′)

are not homeomorphisms any more. However, there is a “spectrification”
functor that corrects this situation, and we do get a good smash product
E ∧E ′ indexed on U ⊕U ′, where by “good” I mean that we get a symmetric
monoidal structure on the category

∐
n≥0

S(Un).

Unfortunately, the homotopy category we get is wrong: instead of the stable
category, we get a coproduct of one copy of the unstable homotopy category
(for n = 0) and infinitely many of the stable category. May’s solution for this
is to pick an element f ∈ I(U2,U) (the space of linear isometries from U2 to
U), and “push down” E∧E ′ using f : we get a spectrum f∗(E∧E ′) ∈ SU . (The

push down process proceeds by defining (f∗D)(V ) = ΣV−ff−1V D(f−1V ), and
then spectrifying.) Unfortunately, this destroys the associativity and commu-
tativity of the external smash product, since no such choice of f is associative
and commutative. May does show that this gives the right construction in
homotopy.

The technical heart of the solution via S-modules is the twisted half-smash
product introduced by Lewis, May, and Steinberger [4]. This is a functor
with input two universes U and U ′, an unbased space A with a structure map
A → I(U ,U ′), and a spectrum E over the first universe U . The output is
a spectrum A n E over U ′. This construction has the following important
formal properties:

(1) Given A → I(U ,U ′) and B → I(U ′,U ′′), then there is a canonical
isomorphism

B n (An E) ∼= (B × A)n E.
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(2) Given A1 → I(U1,U ′1) and A2 → I(U2,U ′2), then there is a canonical
isomorphism

(A1 n E1) ∧ (A2 n E2) ∼= (A1 × A2)n (E1 ∧ E2).

(3) If f ∈ I(U ,U ′), then {f}n E ∼= f∗E. In particular, {idU}n E ∼= E.

In addition, the most important homotopical property of the twisted half-
smash product is the following: given a homotopy equivalence A1 → A2 (not
a weak equivalence) and a structure map A2 → I(U ,U ′), then the induced
map

A1 n E → A2 n E

is a homotopy equivalence when E is “tame”; this hypothesis is satisfied if
E is a CW-spectrum. In general, we don’t know if this map is even a weak
equivalence. The point is that the homotopy equivalence between A1 and A2

need not be over I(U ,U ′). For further details, see [2], especially the Appendix
by Michael Cole. This homotopical property implies that the inclusion map
{f} ⊂ I(U2,U) induces a homotopy equivalence

f∗(E ∧ E ′) ' I(U2,U)n (E ∧ E ′)

for tame spectra E and E ′.
We are now in a position to describe the original notion of a structured

ring spectrum, called an E∞ ring spectrum. First, for notation, we let L(n) =
I(Un,U); this is the nth space in the linear isometries operad using the
universe U . The intuition is that given a spectrum E, the spectrum L(n)nE∧n

encodes all possible n-fold smash powers of E, and has the correct homotopy
type (at least when E is tame.)

Definition 1. An E∞ ring spectrum R over U is a spectrum over U together
with structure maps

ξn : L(n)nR∧n → R.

These must be “coherent” in the sense that several diagrams must commute;
the most important (and largest) is the following, in which the map γ is the
structure map for the operad L:

L(n)n ((L(j1)nR∧j1) ∧ · · · ∧ (L(jn)nR∧jn))

∼=
²²

1n(ξj1
∧···∧ξjn )

++XXXXXXXXXXXXXXXXXXXXXXXXX

(L(n)× L(j1)× · · · × L(jn))nR∧(j1+···+jn)

γnid
²²

L(n)nR∧n

ξn

²²
L(j1 + · · ·+ jn)nR∧(j1+···+jn)

ξj1+···+jn

// R.

Further, the maps must be commutative, in the sense that ξn descends to a
map from the orbit spectrum L(n)nΣn R∧n.

This definition can be given in an alternative, somewhat more formal way:
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Definition 2. Given a spectrum E over U , let

CE =
∨
n≥0

L(n)nΣn E∧n.

Then C is a monad in SU , and an E∞ ring spectrum is the same thing as a
C-algebra.

And there things stood for 15 or 20 years.
It wasn’t until 1993 that a combination of three essentially trivial ob-

servations led to a breakthrough with the development of L-spectra and,
from them, S-modules; see [2] for full details. The first observation is that
L(2) n (E ∧ E ′) is a canonical smash product for E and E ′, encoding all
possible choices of f∗, and further it has the correct homotopy type. The
stumbling block is that it’s not associative. The key to correcting this defect
comes from the second observation, which is that C has a tiny submonad L,
defined as

LE := L(1)n E.

An L-spectrum is simply an algebra over the monad L. Since L is a
submonad of C, it follows automatically that every E∞ ring spectrum is an
L-spectrum. Further, although this took a bit of work, L-spectra form a
perfectly good model of the stable category.

The third observation, due to Mike Hopkins, tells us how to put the first
two observations together in order to construct an associative smash product.
It is:

Lemma 3. (Hopkins’ Lemma) Consider the left action of L(1) on L(j)
for any j and the right action of L(1) × L(1) on L(2), both by means of
composition. Then if i ≥ 1 and j ≥ 1, the structure map γ of the operad L
induces an isomorphism

L(2)×L(1)×L(1) L(i)× L(j) ∼= L(i + j).

Proof. By choosing isomorphisms U i ∼= U and U j ∼= U , the coequalizer splits.
¤

This allows us to make a key definition.

Definition 4. Given L-spectra M and N , their smash product is given by

M ∧L N := L(2)nL(1)×L(1) (M ∧N).

Here the unsubscripted smash product is the external smash product de-
scribed above.

Proposition 5. The smash product of L-spectra is coherently associative and
commutative.
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Proof. The essential point is the associativity, and this follows by using Hop-
kins’ Lemma to show that both ways of associating are canonically isomorphic
to

L(3)nL(1)3 (M1 ∧M2 ∧M3).

¤

A small problem is that this smash product of L-spectra is not quite unital;
instead, there is a canonical weak equivalence

λ : S ∧L M → M

for any L-spectrum M , but this is sufficient to formulate most concepts.
In particular, we can define a strictly commutative L-ring spectrum as an
L-spectrum A together with a unit map η : S → A and an associative,
commutative, and unital map

µ : A ∧L A → A.

It is now an easy proposition that this recovers exactly the definition of E∞
ring spectrum!

However, we don’t have to be satisfied with the weak notion of units present
with L-spectra, because of a stroke of good luck: it turns out that the unit
map for the sphere spectrum, λ : S ∧L S → S, is an isomorphism. This
is because of the “accident” that Hopkins’ lemma is true when i = j = 0,
although the proof is different (and the lemma fails when one index is 0
and the other is not.) It follows immediately that λ : S ∧L M → M is an
isomorphism precisely when M is of the form S ∧L M ′, and it is these M ’s
that we call S-modules. A bit of extra work gives us the following:

Proposition 6. The smash product of L-spectra is symmetric monoidal on
the full subcategory of S-modules, and this subcategory models the stable cat-
egory with its smash product.

We write the category of S-modules as MS.
We are now in a good position to mimic all the formal apparatus of com-

mutative algebra, once a few more details are settled; it is to these we now
turn. First, we would like to have a function spectrum construction adjoint to
the smash product, just as one has in categories of (ordinary) modules. This
relies ultimately on the fact that the twisted half-smash product has a right
adjoint, called the twisted function spectrum, written F [A,E ′), with input
A → I(U ,U ′) and a spectrum E ′ over U ′, and output a spectrum over U .
For details, see [2]. The end result is all we could expect: there is a function
spectrum construction on S-modules, written FS(M, N) for which

MS(M ∧L N,P ) ∼= MS(M, FS(N, P )).

Our second piece of unfinished business is to show that MS has all the
limits and colimits we could possibly want.
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Proposition 7. The category of S-modules is complete and cocomplete.

Proof. First, May’s category SU is complete and cocomplete, and the cate-
gory of L-spectra is a category of algebras over it. Therefore, by [5], section
VI.2, exercise 2, the category of L-spectra is complete. Further, L has a right
adjoint L#, given by L#E := F [L(1), E). L# is consequently a comonad
and the category of algebras over L can be identified with the category of
coalgebras over L#. By the dual exercise, L-spectra form a cocomplete cat-
egory. Next, we examine the functor S ∧L : L-spectra → MS, and find
that it has both a left and a right adjoint, with the right adjoint being the
inclusion of MS into L-spectra. Consequently, colimits in MS are created in
L-spectra, and limits exist and are gotten by applying S ∧L to the limit in
L-spectra. ¤

Now we can import the entire formal apparatus of commutative algebra
into stable homotopy theory: rings, commutative rings, algebras, left and
right modules, tensor products, and function objects, with all the expected
properties. As an example, we define a commutative S-algebra to be simply a
commutative monoid in the symmetric monoidal category of S-modules, and
we quickly see that all of them are E∞ ring spectra, and further, given an
E∞ ring spectrum A, then S ∧L A is a commutative S-algebra. Because of
the isomorphism S ∧L S ∼= S, this accounts for all commutative S-algebras,
and since the unit map λ : S ∧L A → A is always a weak equivalence, and
easily seen to be a map of E∞ ring spectra, we recover all the homotopical
properties of E∞ ring spectra by considering only commutative S-algebras.

I’d like to close by mentioning additional structure that is present: the cat-
egories of S-modules, S-algebras, commutative S-algebras, and the categories
of algebras and modules over a given S-algebra are all topological model cat-
egories in which all objects are fibrant. In some sense this is the most exciting
part of the new developments with structured ring spectra, since it allows us
to talk about homotopy categories that were not even in the picture previ-
ously. These new homotopy categories have already inspired a considerable
body of work, some of which appears elsewhere in this volume, but clearly
much more is still to be done. Let’s look forward to the exploration of these
brave new worlds!
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COMPROMISES FORCED BY LEWIS’S THEOREM

A. D. ELMENDORF

Abstract. In 1991, Gaunce Lewis published a theorem showing that a
quite minimal list of desiderata for an “ideal” category of spectra was
inconsistent; see [4]. This result requires any category modeling stable
homotopy theory to make some compromises in its formal structure. This
short paper describes the compromises present in MS , the category of
S-modules developed in [2], together with the amusing consequence that
MS contains a copy of the (unstable!) category of topological spaces.

At this point we have several categories of spectra that are symmetric
monoidal, with their smash products descending to the smash product in the
stable category; let me mention in particular the S-modules of [2] and the
symmetric spectra of [3]. These categories are much more nicely behaved
than any of their predecessors, but their behavior is not absolutely ideal,
because it can’t be. This is a theorem of Gaunce Lewis’s, whose paper [4] was
published before any of the current batch of symmetric monoidal categories of
spectra were developed. Suppose we have a candidate for a “good” category
of spectra, which we ambiguously call S. Lewis sets out the following pretty
minimal list of properties for S, all of which are devoutly to be desired:

(1) The category S has a symmetric monoidal product, which we call
smash and write ∧, as usual.

(2) Let T be the category of based topological spaces (in some convenient
version such as compactly generated weak Hausdorff). Then there is
a pair of functors Σ∞ : T → S and Ω∞ : S → T with Σ∞ being left
adjoint to Ω∞.

(3) The unit for the smash product in S is Σ∞S0.
(4) Σ∞ is a lax monoidal functor in the sense that there is a natural map

Σ∞(X ∧ Y ) → Σ∞X ∧ Σ∞Y,

subject to diagrams encoding commutation with the monoidal struc-
ture maps.

2000 Mathematics Subject Classification. 55P42.
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16 Compromises forced by Lewis’s theorem

(5) There is a natural weak equivalence θ : Ω∞Σ∞X → QX (where QX
is the usual stabilization construction) for which the diagram

X
η

zzuuuuuuuuuu
η

!!CC
CC

CC
CC

Ω∞Σ∞X
θ // QX

commutes, where η is used generically for the unit of an adjunction.

Theorem 1. (Lewis ’89) The above five properties are inconsistent.

The proof is distressingly simple. Equivalent to property 4, there is a natural
map

Ω∞E1 ∧ Ω∞E2 → Ω∞(E1 ∧ E2)

which also commutes with the monoidal structure maps. Suppose E is a
commutative monoid in S: what we would like to call a strictly commutative
ring spectrum. Then the two maps

Ω∞E ∧ Ω∞E // Ω∞(E ∧ E)
Ω∞µ // Ω∞E

and

S0
η // Ω∞Σ∞S0 // Ω∞E

make Ω∞E into a commutative monoid in T , using the symmetric monoidal
smash product of based spaces. Now the unit, in this case Σ∞S0, is always
a commutative monoid in a symmetric monoidal category, so in particular,
Ω∞Σ∞S0 must be a commutative monoid in T . From property 5, we now
see that QS0 is weakly equivalent to a commutative monoid. It follows from
a theorem of Moore [5] that QS0 is homotopic to a product of Eilenberg-
Mac Lane spaces. Life would be a lot simpler if this were true. . .

As a consequence of this theorem, every “good” category of spectra has to
edge around the fact that it can’t satisfy all five of these properties simulta-
neously. Here’s what MS, the category of S-modules does.
MS is symmetric monoidal, so property 1 is satisfied, and there is an

adjoint pair (Σ∞, Ω∞), so 2 is satisfied. We actually have an isomorphism

Σ∞(X ∧ Y ) ∼= Σ∞X ∧S Σ∞Y,

so property 3 is more than satisfied. And the unit for ∧S is Σ∞S0, so property
4 is satisfied, too. This leaves property 5 to fail, which it does in spectacular
fashion: Ω∞Σ∞X is actually homeomorphic to X for all spaces X, no matter
how badly behaved! Clearly Ω∞ is not what we usually think, since Σ∞

does look pretty much like what we think it should. In fact, what I’ve been
calling Ω∞E is actually the space MS(S,E) for an S-module E. The fact
that MS(S, Σ∞X) ∼= X is a special case of the following theorem; see [1] for
details:
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Theorem 2. The functor Σ∞ : T →MS induces a homeomorphism

T (X, Y ) →MS(Σ∞X, Σ∞Y )

for all spaces X and Y .

The proof reduces the general case to the specific one first mentioned, and
then computes in an extremely explicit fashion.

As a consequence of this theorem, MS has inside it a perfect copy of
T , the category of topological spaces, as the full subcategory of suspension
spectra. This should seem bizarre, since the purpose of MS is to model stable
homotopy, and in T , nothing has been stabilized. In fact, if we just use honest
homotopy classes, which amounts to taking π0 of the mapping spaces between
spectra, we don’t get stable homotopy, as we see from the presence of this
copy of T . The situation is saved by the requirement that we invert the
weak equivalences, not just the ordinary homotopy equivalences, and doing
so precisely stabilizes the maps between suspension spectra. See [1] for the
details. As an added amusement, we find that if X is a CW complex, then
in the model category structure on MS, the S-module Σ∞X is homotopic to
a cofibrant S-module precisely when X is contractible. From this point of
view, it’s cofibrant replacement that stabilizes the maps between suspension
spectra.

In conclusion, I should mention that there is another candidate for the
(Σ∞, Ω∞) adjunction between T and MS which does satisfy Ω∞Σ∞X ' QX.
Obviously, this is the correct pair of functors to use when doing homotopy
theory. However, if we use this pair, we find that Σ∞S0 is not the unit of
the smash product of S-modules, this being crucial to the proof of Lewis’s
theorem. Once again, we have to compromise when setting up the formal
properties of a “good” category of spectra.
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PERMUTATIVE CATEGORIES AS A MODEL OF
CONNECTIVE STABLE HOMOTOPY

A. D. ELMENDORF AND M. A. MANDELL

Abstract. We aim to provide a more efficient way of processing multi-
plicative structure in the passage from permutative categories to spectra.
In particular, we develop a multiplicative endomorphism operad for any
permutative category, and show that under our passage to spectra, this en-
domorphism operad maps to the endomorphism operad of the associated
spectrum. Together with the result that a permutative category supports
bipermutative structure if and only if there is a map from a canonical E∞
operad into the multiplicative endomorphism operad, this gives a relatively
simple proof that every bipermutative category gives rise to an E∞ ring
spectrum. The other major result of our work so far is the development
of a symmetric monoidal product on a certain category of permutative
categories which captures all the homotopy information inherent in the
category of all permutative categories.

This note describes some aspects of an on-going project to relate various
structures on categories to corresponding structures on spectra. This is a
preliminary report only; an exposition with full details is still in preparation.

One source of motivation for our project comes from a number of questions
that Gunnar Carlsson asked about the K-theory spectra of permutative cat-
egories which are naturally raised by the development of associative smash
products in [2]. First, we already knew that the spectrum given by a biper-
mutative category is an E∞ ring spectrum, or equivalently a commutative
S-algebra. Carlsson’s first question was to ask what structure on a permuta-
tive category would give its associated spectrum a module structure over such
a commutative S-algebra. More importantly, he asked what the underlying
permutative category would be for the smash product and function spectrum
for two such module permutative categories. We don’t have full answers to
these questions, but we do have some interesting progress to report.

A second source of motivation comes from a claim that Bob Thomason
made in one of his last papers [8] that he had found a symmetric monoidal
product on permutative categories that modelled the smash product of con-
nective spectra. He proved in [8] that one recovered all weak homotopy types
of connective spectra by taking the K-theory of permutative categories.
Thomason was scheduled to talk about this at an Oberwolfach conference
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20 Permutative categories

where Peter May spoke about the results later written up in [2]. Unfortu-
nately, Thomason withdrew his talk, and died shortly thereafter. We have
been unable to find anyone who knows what his construction was. Chuck
Weibel has not found it in Thomason’s papers.

Let’s begin with the definition of a permutative category. For our purposes,
it will be a small category A together with a direct sum functor ⊕ : A×A →
A which is strictly associative, and a natural commutativity isomorphism
γ : a⊕ b ∼= b⊕ a for which γ2 = id and the following diagram commutes:

a⊕ b⊕ c
γ //

γ⊕1 ''OOOOOOOOOOO b⊕ c⊕ a

b⊕ a⊕ c.

1⊕γ

77ppppppppppp

The experts will notice the absence of any unit condition in this definition.
We find it convenient to omit this, since if one is needed, we can simply adjoin
a disjoint unit. If there was one present already, the new one will be joined
to it by the group completion process in passage to the K-theory spectrum,
and we will lose no homotopy information by forgetting the original unit.

Next, we need a small result that characterizes permutative categories in
terms an operad action. There is well-known operad “Σ” of sets whose nth
term is the symmetric group Σn. Its algebras are precisely the monoids; with
unit if you include Σ0 = ∗ in your operad, without if you don’t. Next, we
apply a functor “E” from sets to categories. Given a set X, the objects of
EX are the elements of the set X, and given two elements of X, say a and b,
the hom-set EX(a, b) = ∗, a one point set. This completely determines the
composition structure for EX. (We call this EX, because if G is a group,
then the classifying space of EG is precisely the universal principal G-bundle
usually called EG.) This functor E is right adjoint to the functor sending
a (small) category to its set of objects, and therefore E preserves products
as well as all other limits. Consequently, if we apply E to an operad of sets,
such as Σ, we get an operad of categories, or Cat-operad.

Proposition 1. (Dunn) Permutative categories are precisely the algebras
over EΣ.

This was apparently first noticed by Dunn [1], and the proof is simply to
check definitions. We get for free the following corollary:

Corollary 2. The free permutative category PB on a category B is given by
the construction

PB =
∐
n≥1

EΣn ×Σn Bn.

This defines a monad in Cat, the category of small categories, whose algebras
are precisely the permutative categories.
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(If you want your permutative categories to have units, you start your
indexing at 0 instead of 1.)

This characterization of permutative categories gives us the first of the
types of morphisms that we want to discuss.

Definition 3. Let A and B be permutative categories. A strict morphism
f : A → B is a map of P-algebras.

It is an easy exercise to see that this agrees with the usual definition of a
strict morphism: a functor f for which f(a1⊕ a2) = f(a1)⊕ f(a2) and which
converts the commutativity isomorphism in A into the one in B. We now
have a category of permutative categories, which we call Strict, after the
sort of morphisms we use. It is easy to enrich Strict over Cat. This category
has some good properties and some weaknesses. One of the good properties
is the following.

Corollary 4. Strict is complete and cocomplete.

Proof. Since the category of (small) categories is complete, and Strict is a
category of algebras over a monad in Cat, Strict is automatically complete,
with limits created in Cat. See [4], section VI.2, exercise 2. By essentially the
same argument as in [2, II.7.2], the functor P preserves reflexive coequalizers,
and it follows that Strict is cocomplete as well, with reflexive coequalizers
created in Cat. See [2, II.7.4]. ¤

It’s worth noting what colimits in Strict look like in general, at least on
the level of objects. The objects of any permutative category form a monoid
(without unit), and the forgetful functor from Strict to monoids has both a
left and a right adjoint. (The right adjoint is just E again; the left adjoint
is more complicated.) Consequently, the objects of a colimit of permutative
categories are just the colimit of the objects as monoids. Note also that the
objects of PB are the free monoid on the objects of B.

We find strict morphisms to be too restrictive. For one thing, if we try to
turn the category Strict(A,B) into a permutative category in the obvious
way, using (f ⊕ g)(a) := f(a)⊕ g(a), we find that f ⊕ g is no longer a strict
morphism. In order to cure this defect, we consider lax morphisms.

Definition 5. Let A and B be permutative categories. A lax morphism
f : A → B is a functor together with a natural map

λ : fa1 ⊕ fa2 → f(a1 ⊕ a2)

for which the following two diagrams commute:

fa1 ⊕ fa2 ⊕ fa3
λ⊕1 //

1⊕λ
²²

f(a1 ⊕ a2)⊕ fa3

λ
²²

fa1 ⊕ f(a2 ⊕ a3)
λ

// f(a1 ⊕ a2 ⊕ a3),
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fa1 ⊕ fa2
λ //

γ

²²

f(a1 ⊕ a2)

fγ
²²

fa2 ⊕ fa1
λ // f(a2 ⊕ a1).

Composition of lax maps is easy to define, as is an enrichment to Cat, and
we get a category (actually, a 2-category) Lax of permutative categories and
lax maps. While Lax is neither complete nor cocomplete, at least we can give
the category Lax(A,B) the structure of a permutative category by means of
the definition

(f ⊕ g)(a) := fa⊕ ga;

the structure map is given by

(f ⊕ g)(a1)⊕ (f ⊕ g)(a2) = fa1⊕ ga1⊕ fa2⊕ ga2

∼=−→ fa1⊕ fa2⊕ ga1⊕ ga2

λf⊕λg−−−−→ f(a1 ⊕ a2)⊕ g(a1 ⊕ ga2) = (f ⊕ g)(a1 ⊕ a2).

(Notice that even if f and g are strict maps, the presence of the commuta-
tivity isomorphism in this structure map prevents f ⊕ g from being strict.)
Attempting to provide this internal hom functor with a left adjoint leads us
to bilinear maps.

Definition 6. Let A, B, and C be permutative categories. A bilinear map
f : A × B → C is a functor which is lax in each variable separately, where
the lax structure maps are related by the diagram below; in other words, it
consists of a functor f and “distributivity” maps

d1 : f(a1, b)⊕ f(a2, b) → f(a1 ⊕ a2, b)

d2 : f(a, b1)⊕ f(a, b2) → f(a, b1 ⊕ b2)

each subject to the two diagrams given before for a lax structure map and
making the following diagram relating the two distributivity maps commute:

f(a1, b1 ⊕ b2)⊕ f(a2, b1 ⊕ b2)

d1

²²

f(a1, b1)⊕ f(a1, b2)⊕ f(a2, b1)⊕ f(a2, b2)

d2⊕d2 11dddddddddddddd

OO

1⊕γ⊕1

²²

f(a1 ⊕ b1, a2 ⊕ b2)

f(a1, b1)⊕ f(a2, b1)⊕ f(a1, b2)⊕ f(a2, b2)

d1⊕d1
--ZZZZZZZZZZZZZZ

f(a1 ⊕ a2, b1)⊕ f(a1 ⊕ a2, b2).

d2

OO

If we write Bilin(A,B; C) for the bilinear maps from A×B to C, we find
that

Lax(A,Lax(B,C)) ∼= Bilin(A,B; C).
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Of course, this doesn’t really provide the desired left adjoint, but it does
provide the starting point for our treatment of ring objects within the category
of permutative categories.

Our first set of results requires generalizing bilinear maps to n-linear maps.
To be precise, an n-linear map has n “input” permutative categories A1, . . . ,
An and an “output” permutative category B. An n-linear map is then a
functor

f : A1 × · · · × An → B

that is lax in each variable separately, with each pair of lax structure maps
satisfying the same compatibility condition specified above in the pentagon
diagram for a bilinear map. These should be thought of as being roughly
analogous to n-linear maps of vector spaces, pretending we know nothing
about tensor products. In particular, they compose in the same way: if we
have nj-linear maps fj : Aj1 × · · · × Ajnj

→ Bj for 1 ≤ j ≤ k and a k-
linear map g : B1 × · · · × Bk → C, then the composite g ◦ (f1 × · · · × fk)
is an (n1 + · · · + nk)-linear map. The entire structure is an instance of the
categorical notion of a “multicategory,” but we restrict ourselves here to the
special case where A1 = · · · = An = B, in which case we find ourselves with
a sequence of categories

n-lin(A, . . . , A; A)

for each permutative category A. (The objects are the functors and struc-
ture maps just described, and the morphisms are structure-preserving natural
transformations.) Writing this category as Mn(A), we find that it has an ev-
ident Σn-action, and there is a multiproduct

γ : Mk(A)×Mn1(A)× · · · ×Mnk
(A) →Mn1+···+nk

(A)

given by the formula above:

γ(g; f1, . . . , fk) = g ◦ (f1 × · · · × fk).

It is now routine to verify that this sequence of categories forms an operad of
categories, which we denote by M(A).

We think of M(A) as being the multiplicative endomorphism operad of
A. This is justified by the our first main result, which again exploits our
canonical operad EΣ, this time multiplicatively. First, we need the notion of
a bipermutative category, which is a category equipped with two permutative
structures ⊕ and ⊗, with distributivity maps

dl : (a1 ⊗ b)⊕ (a2 ⊗ b) → (a1 ⊕ a2)⊗ b

and

dr : (a⊗ b1)⊕ (a⊗ b2) → a⊗ (b1 ⊕ b2)

satisfying appropriate coherence conditions. (May [5] requires both maps
to be isomorphisms and one of them to be the identity, but we find these
restrictions unnecessary.) Now we have
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Theorem 7. Let A be a permutative category. Then bipermutative structures
on A are in bijective correspondence with operad maps EΣ →M(A).

The idea of the proof is that the product in the multiplicative structure
arises from the element 1 ∈ Σ2, which is an object of EΣ2 and therefore
gives a bilinear map ⊗ : A × A → A. The distributivity maps are the
bilinear structure maps, and the commutativity isomorphism is the image of
the isomorphism between the two elements of Σ2 in EΣ2. One then checks
that these data generate the rest of the map of operads.

Next, observe that if we take the nerve of the component categories of
a Cat-operad, we get an operad of simplicial sets, since nerve is product
preserving. Consequently, any time we have a bipermutative category A, we
get a map of simplicial operads

NEΣ → NM(A).

This brings us to our next major theorem.

Theorem 8. For any permutative category A, there is a construction of the
K-theory spectrum KA as a symmetric spectrum, together with a map of
simplicial operads

NM(A) → End∧(KA),

where the target is the endomorphism operad of KA using the symmetric
monoidal smash product of symmetric spectra.

In fact, we have much more: our construction of the K-theory spectrum
preserves the entire multicategory structure, allowing us to treat rings, mod-
ules, and algebras from a unified perspective. We restrict our attention here
to rings only; the key corollary in this case is as follows:

Corollary 9. If A is a bipermutative category, then KA is equivalent to a
strictly commutative ring symmetric spectrum.

Proof. The composite map of operads

NEΣ → NM(A) → End∧(KA)

makes KA an E∞ ring in the category of symmetric spectra, and the homo-
topy category of E∞ ring symmetric spectra is equivalent to the homotopy
category of commutative ring symmetric spectra. ¤

While this result is in the literature [6], the proof there is much more intri-
cate and contains some errors, patches for which have never been published.
Further, our treatment allows for a weaker notion of bipermutative category,
and generalizes with little additional effort to modules and algebras, although
we will not pursue this here.

The construction of the K-theory spectrum on which this all relies is a
modification of May’s description in [7], which is in turn based on ideas of
Segal. The most convenient way for us to view May’s description is by looking
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at F , the category of finite based sets. May associates to each permutative
category A a functor we’ll call JA : F → Cat. We can then use the iterated
smash product functor ∧n : Fn → F , a canonical functor ∆op → F originally
described by Segal and which presents S1 as a simplicial set, the nerve functor
from Cat to the category of simplicial sets, and finally diagonalization to
obtain a sequence of simplicial sets which turn out to form a symmetric
spectrum. May’s construction of the central functor JA involves systems
of objects of A indexed on subsets of the based sets forming the objects of
F . Composed with the smash product functor ∧n : Fn → F , this requires
indexing on subsets of n-fold products. Our modification, which allows us
much greater multiplicative precision, is essentially a restriction of indexing
sets to those subsets which are themselves n-fold products.

We turn now to the quest for a construction that actually represents the
smash product of connective spectra. We have, from above, bilinear maps,
and what is needed is an analogue of the tensor product from algebra: a
universal bilinear target. We can construct one if we restrict universality to
be with respect to strict maps.

Theorem 10. Given permutative categories A and B, there is a permuta-
tive category written £2(A,B), together with a bilinear map from A × B to
£2(A,B) inducing an isomorphism

Bilin(A×B, C) ∼= Strict(£2(A,B), C).

The argument relies on the cocompleteness of Strict. Note first that if we
have categories X and Y , a permutative category C, and functors F : X → Y
and G : X → C, then we can form the pushout in Strict

PX
G //

PF
²²

C

²²
PY // F∗C,

where G is the unique strict map extending G. Then it is easy to check that
a strict map α : C → C ′ factors through F∗C via a strict map if and only
if G ◦ α factors through Y via an ordinary functor. This allows us to glue
morphisms and relations into a permutative category in a universal manner.
To construct £2(A,B), we start with the unit map A×B → P(A×B), which
is universal among all functors from A × B to a permutative category, but
isn’t bilinear. We write the image of the object (a, b) of A × B as a⊗ b. To
build in a left distributivity map

dl : (a1 ⊗ b)⊕ (a2 ⊗ b) → (a1 ⊕ a2)⊗ b,

we note that the source and target expressions each specify functors A×A×
B → P(A×B), which we can package as a single functor

A× A×B × {• •} → P(A×B),
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which plays the role of G in our pushout diagram above. For F , we just use
the functor induced by

{• •} → {• → •},
and we get a pushout

P(A× A×B × {• •}) //

²²

P(A×B)

²²
P(A× A×B × {• → •}) // P1(A×B)

in Strict. It follows that the composite

A×B → P(A×B) → P1(A×B)

is a universal map among those supporting a natural transformation dl. An-
other pushout of this sort builds in dr, and we get a map A×B → P2(A×B)
universal among those supporting natural transformations dl and dr.

In order to force dl and dr to satisfy their necessary coherence conditions,
we have to make some diagrams commute, and we use the same technique on
all of them. As an example, we need an associativity diagram for dr:

(a⊗ b1)⊕ (a⊗ b2)⊕ (a⊗ b3)
dr⊕1 //

1⊕dr

²²

(a⊗ (b1 ⊕ b2))⊕ (a⊗ b3)

dr

²²
(a⊗ b1)⊕ (a⊗ (b2 ⊕ b3))

dr

// a⊗ (b1 ⊕ b2 ⊕ b3).

The upper left and lower right corner expressions each specify functors A ×
B3 → P2(A×B), and the two ways around the square each specify a natural
transformation, so we can package the square as a single functor

A×B3 × {• ⇒ •} → P2(A×B).

We want to force the square to commute, which means forcing the two natural
transformations to coincide, so we push out along the functor induced by the
collapse functor {• ⇒ •} → {• → •}, and get a diagram

P(A×B3 × {• ⇒ •}) //

²²

P2(A×B)

²²
P(A×B3 × {• → •}) // P3(A×B).

The resulting functor A×B → P3(A×B) is universal among functors together
with natural maps dl and dr for which dr satisfies the associativity diagram.
Further pushouts using exactly the same technique force the remaining re-
quired diagrams to commute, completing the construction of £2(A × B).
It is interesting to note that the functor from Strict to the category of
monoids that forgets morphisms and remembers only objects has a right
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adjoint, namely the translation category functor E, and therefore the “ob-
jects” functor preserves pushouts. Since all the pushouts in the construction
of £2(A,B) are along maps that are isomorphisms on objects, we see that
£2(A,B) has the same objects as P(A× B), namely the free monoid on the
objects of A×B.

Similar constructions produce universal n-linear targets £n(A1, . . . , An).
Combining the previous theorem with the earlier result about bilinear

maps, we find that

Lax(A,Lax(B, C)) ∼= Strict(£2(A,B), C),

so £2 is not quite left adjoint to the hom functor in Lax. Further, £2 is not
associative. In order to go further, we need to consider what might seem a
trivial case of the £n construction: the case n = 1. Examining the definition,
we find that a 1-linear map is just a lax map, so the construction gives us a
universal lax map

η : A → £1A

inducing an isomorphism

Lax(A,B) ∼= Strict(£1A,B).

As a result, £1 provides us with a left adjoint to the inclusion functor from
Strict into Lax. Accordingly, we change notation and define S, the stricti-
fication functor, to be £1. We will also write S for the composite with the
inclusion functor from Strict into Lax, so we get a functor

S : Strict → Strict

which is a comonad, being the composite of a left and a right adjoint. Our
main category of interest is S-coalg, the category of coalgebras in Strict
over the comonad S.

The category S-coalg has more good properties than either Strict or Lax.
The first one follows from:

Proposition 11. S preserves equalizers in Strict.

As an immediate consequence, we have

Corollary 12. S-coalg is complete and cocomplete, with equalizers of S-
coalgebras created in Strict (and therefore in Cat.)

Proof. This is dual to the proof that Strict is complete and cocomplete. ¤
The proof of proposition 11 relies on an alternative description of S, as

follows. Let J be the category with objects n = {1, . . . , n} for n ≥ 1, and
morphisms the surjections. Then any permutative category A determines
a lax functor A∗ : J → Cat, where A∗(n) = An, and if p : m → n is a
surjection, then A∗(p) : Am → An is given on objects by the formula

A∗(p)(a1, . . . , am) = ×n
j=1

⊕

p(i)=j

ai,



28 Permutative categories

using the natural order on the set p−1(j), and similarly for morphisms. This
is merely a lax functor because it preserves composition only up to natural
isomorphism, not strictly. Now we can display SA as a construction that goes
by various names in the literature, including wreath product, Grothendieck
construction, and homotopy colimit, and which is usually written J ∫

A∗.
The objects consist of the free monoid (without unit) on the objects of A:

∐
n≥1

|A|n .

The morphisms from (a1, . . . , am) to (b1, . . . , bn) consist of ordered pairs (f, p),
where p ∈ J (m,n), and f is a morphism in An with jth component

fj :
⊕

p(i)=j

ai → bj.

Given another morphism (g, q) : (b1, . . . , bn) → (c1, . . . , cs), we define (g, q) ◦
(f, p) to be (h, q ◦ p), where h has as its kth component the composite

⊕

qp(i)=k

ai
∼=

⊕

q(j)=k

⊕

p(i)=j

ai
⊕fj //

⊕

q(j)=k

bj
gk // ck.

The essential feature is the ability to use the permutative structure of A
to rearrange the summands as indicated by the unlabelled isomorphism. We
define the permutative structure on SA by concatenation on both objects and
morphisms. It is now fairly straightforward to check that the inclusion of A as
the full subcategory on the objects at filtration level 1 is a universal lax map,
and therefore this is a legitimate description of SA. The proof of theorem 11
is now an explicit check using this description. One thing we would like to
have, but do not, is a comparably explicit description of £n(A1, . . . , An) for
n ≥ 2.

An indication that S-coalg is the “right” category of permutative cate-
gories to work with is the fact that Lax embeds in S-coalg. To see this, we
just look at the composite of isomorphisms

Lax(A,B) ∼= Strict(SA, B) ∼= S-coalg(SA, SB)

and an easy check shows that this is simply induced by the functor S. An
amusing addendum is that the natural forgetful map S-coalg → Strict is
actually an embedding, so we have succeeded in displaying Lax as a full sub-
category inside a complete and cocomplete subcategory of Strict. There are
definitely other objects in S-coalg besides the strictifications SA, however;
the free permutative categories PB are examples and so are all the universal
n-linear targets £n(A1, . . . , An) for n > 1. This is important because our
construction of a tensor product, which we discuss next, does not preserve
S-coalgebras of the form SA.

Another indication of the “rightness” of the category of S-coalgebras is
that it models the connective stable category in the same way Lax and Strict
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do. Let hoSΣ denote the stable category, thought of as a localization of the
category of symmetric spectra. We have inclusions of subcategories

S-coalg → Strict → Lax,

as well as the K-theory functor Lax
K //hoSΣ , which is actually a composite

Lax
K // SΣ // hoSΣ.

Let K denote the class of morphisms in Lax sent to isomorphisms by this com-
posite K, as well as its restrictions to Strict or S-coalg. Thomason showed
in [8] that K induces an equivalence of categories from either Lax[K−1] or
Strict[K−1] to hoSΣ

0 , the full subcategory of hoSΣ generated by the connec-
tive spectra. In fact, we may restrict further to S-coalg[K−1] and still get
such an equivalence. The reason is that the diagram

Lax
S //

K
++XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX S-coalg // Strict // Lax

K
²²

hoSΣ
0 ,

although it does not commute strictly, does commute up to natural isomor-
phism. This in turn follows from the following:

Proposition 13. The universal lax map η : A → SA induces a homotopy
equivalence of K-theory spectra.

Proof. If we let ε : SA → A be the counit of the strictification adjunction,
then εη = idA. Further, although ηε is not the identity (A and SA are
certainly not isomorphic!), there is a natural transformation ω : idSA → ηε of
lax maps; in other words, ω is a morphism in Lax(SA, SA). (What ω does
is use the surjection {1, . . . , n} → {1} to define a canonical morphism in SA
from (a1, . . . , an) to ηε(a1, . . . , an) = (a1⊕· · ·⊕an).) Our construction of the
K-theory spectrum is a continuous functor in the sense that it preserves the
enrichment over simplicial sets derived from the nerve construction, and it
follows that idKSA and Kη◦Kε are in the same component of SΣ(KSA, KSA)
and are consequently homotopic. Since Kε ◦Kη = K(εη) = idKA, it follows
that Kε and Kη are inverse homotopy equivalences. ¤

The really nice thing about S-coalgebras is that we can shrink the univer-
sal bilinear target pairing £2 to a pairing that is associative. We call the
construction the tensor product of S-coalgebras, and it is defined, annoyingly
enough, as an equalizer. Given an S-coalgebra A, there are two canonical
maps A → SA: one is the universal lax map η that comes with the structure
of S, and the other is the structure map of A as an S-coalgebra, which is a
strict map we call χ. Given two S-coalgebras A and B, both £2(η, η) and
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£2(χ, χ) give us maps of S-coalgebras from £2(A,B) to £2(SA, SB). We
define A⊗B as the equalizer of these two maps:

A⊗B // £2(A,B)
�2(χ,χ)

//

�2(η,η)
// £2(SA, SB).

Theorem 14. Using this tensor product, S-coalg is a symmetric monoidal
category, with P(∗) as the unit.

Since we want this tensor product to model the smash product of connective
spectra, it is comforting to realize that the spectrum associated to P(∗) is the
sphere spectrum.

Given this theorem (whose proof will not appear here), we can now sketch
some evidence that this tensor product actually models the smash product of
connective spectra. First, it is a basic fact (and easy to show) that for any
permutative categories A and B, we have SA⊗ SB ∼= £2(A,B); in fact, this
is a special case of the more general

SA1 ⊗ · · · ⊗ SAn
∼= £n(A1 . . . An).

Consequently, we have an isomorphism (of categories)

n-lin(A1 × · · · × An, B) ∼= S-coalg(SA1 ⊗ · · · ⊗ SAn, SB).

Restricting to the special case in which A1 = · · · = An = B, we find that
n-linear maps from n copies of A to A itself are just S-coalg(SA⊗n, SA),
so the endomorphism operad M(A) is just the endomorphism operad of SA
using this symmetric monoidal tensor product of S-coalgebras. Since this is
precisely the operad that gives rise to ring spectra on passage to K-theory,
it seems likely that the tensor product of S-coalgebras represents the smash
product of connective spectra.

In fact, this is just the tip of the iceberg, since in general, maps of S-
coalgebras from SA1 ⊗ · · · ⊗ SAn to SB give us maps of symmetric spectra
from KA1 ∧ · · · ∧ KAn to KB in a natural fashion. Using what are now
fairly standard tricks with operads, we can now model modules, algebras, and
the rest of the structure of algebra within the category of S-coalgebras in a
way that passes cleanly to the multiplicative structure of symmetric spectra.
Some of the details are still being written down, but a promising picture
is emerging of a model in permutative categories for structured algebra in
connective stable homotopy.
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1. Introduction

The paper [Mo58] by Kiiti Morita seems to be the first systematic study
of equivalences between module categories. Morita treats both contravari-
ant equivalences (which he calls dualities of module categories) and covariant
equivalences (which he calls isomorphisms of module categories) and shows
that they always arise from suitable bimodules, either via contravariant hom
functors (for ‘dualities’) or via covariant hom functors and tensor products
(for ‘isomorphisms’). The term ‘Morita theory’ is now used for results con-
cerning equivalences of various kinds of module categories. The authors of
the obituary article [AGH] consider Morita’s theorem “probably one of the
most frequently used single results in modern algebra”.

In this survey article, we focus on the covariant form of Morita theory, so
our basic question is:

When do two ‘rings’ have ‘equivalent’ module categories ?

We discuss this question in different contexts:

• (Classical) When are the module categories of two rings equivalent as
categories ?

33
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• (Derived) When are the derived categories of two rings equivalent as
triangulated categories ?

• (Homotopical) When are the module categories of two ring spectra
Quillen equivalent as model categories ?

There is always a related question, which is in a sense more general:
What characterizes the category of modules over a ‘ring’ ?

The answer is, mutatis mutandis, always the same: modules over a ‘ring’
are characterized by the existence of a ‘small generator’, which plays the role
of the free module of rank one. The precise meaning of ‘small generator’
depends on the context, be it an abelian category, a derived category or a
stable model category. We restrict our attention to categories which have
a single small generator; this keeps things simple, while showing the main
ideas. Almost everything can be generalized to categories (abelian, derived
or stable model categories) with a set of small generators. One would have to
talk about ringoids (also called rings with many objects) and their differential
graded and spectral analogues.

Background: for a historical perspective on Morita’s work we suggest a
look at the obituary article [AGH] by Arhangel’skii, Goodearl, and Huisgen-
Zimmermann. The history of Morita theory for derived categories and ‘tilting
theory’ is summarized in Section 3.1 of the book by König and Zimmermann
[KZ]. Both sources contain lots of further references.

For general background material on derived and triangulated categories,
see [SGA 41

2
] (Appendix by Verdier), [GM], [Ver96], or [Wei94]. We freely

use the language of model categories, alongside with the concepts of Quillen
adjoint pair and Quillen equivalence. For general background on model cate-
gories see Quillen’s original article [Qui67], a modern introduction [DwSp95],
or [Hov99] for a more complete overview.

Acknowledgments: The Morita theory in stable model categories which
I describe in Section 4 is based on joint work with Brooke Shipley spread
over many years and several papers; I would like to take this opportunity
to thank her for the pleasant and fruitful collaboration. I would also like to
thank Andy Baker and Birgit Richter for organizing the wonderful workshop
Structured ring spectra and their applications in Glasgow.

2. Morita theory in abelian categories

To start, we review the covariant Morita theory for modules; this is essen-
tially the content of Section 3 of [Mo58]. This and related material is treated
in more detail in [Ba, II §3], [AF92, §22] or [Lam, §18].

Definition 2.1. Let A be an abelian category with infinite sums. An object
M of A is small if the hom functor A(M,−) preserves sums; M is a generator
if every object of A is an epimorphic image of a sum of (possibly infinitely
many) copies of M .
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The emphasis in the smallness definition is on infinite sums; finite sums are
isomorphic to finite products, so they are automatically preserved by the hom
functor. For modules over a ring, smallness is closely related to finite gen-
eration: every finitely generated module is small and for projective modules,
‘small’ and ‘finitely generated’ are equivalent concepts. Rentschler [Ren69]
gives an example of a small module which is not finitely generated.

A generator can equivalently be defined by the property that the functor
A(M,−) is faithful, compare [Ba, II Prop. 1.1]. A small projective generator is
called a progenerator. The main example is when A = Mod-R is the category
of right modules over a ring R. Then the free module of rank one is a small
projective generator. In this case, a general R-module M is a generator for
Mod-R if and only if the free R-module of rank one is an epimorphic image
of a sum of copies of M .

Here is one formulation of the classical Morita theorem for rings:

Theorem 2.2. For two rings R and S, the following conditions are equiva-
lent.

(1) The categories of right R-modules and right S-modules are equivalent.
(2) The category of right S-modules has a small projective generator whose

endomorphism ring is isomorphic to R.
(3) There exists an R-S-bimodule M such that the functor

−⊗R M : Mod-R −→ Mod-S

is an equivalence of categories.

If these conditions hold, then R and S are said to be Morita equivalent.

Here are some elementary remarks on Morita equivalence. Condition (1)
above is symmetric in R and S. So if an R-S-bimodule M realizes an equiva-
lence of module categories, then the inverse equivalence is also realized by an
S-R-bimodule N . Since the equivalences are inverse to each other, M ⊗S N
is then isomorphic to R as an R-bimodule and N ⊗R M is isomorphic to S
as an S-bimodule. Moreover, M and N are then projective as right modules,
and N is isomorphic to HomS(M,S) as a bimodule.

If R is Morita equivalent to S, then the opposite ring Rop is Morita equiv-
alent to Sop. Indeed, suppose the R-S-bimodule M and the S-R-bimodule N
satisfy

M ⊗S N ∼= R and N ⊗R M ∼= S

as bimodules. Since the category of right Rop-modules is isomorphic to the
category of left R-modules, we can view M as an Sop-Rop-bimodule and N
as an Rop-Sop-bimodule, and then they provide the equivalence of categories
between Mod-Rop and Mod-Sop. Similarly, if R is Morita equivalent to S and
R′ is Morita equivalent to S ′, then R ⊗ S is Morita equivalent to R′ ⊗ S ′.
Here, and in the rest of the paper, undecoratd tensor products are taken over
Z.
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Invariants which are preserved under Morita equivalence include all con-
cepts which can be defined from the category of modules without reference
to the ring. Examples are the number of isomorphism classes of projective
modules, of simple modules or of indecomposable modules, or the algebraic
K-theory of the ring. The center Z(R) = {r ∈ R | rs = sr for all s ∈ R} is
also Morita invariant, since the center of R is isomorphic to the endomorphism
ring of the identity functor of Mod-R. A ring isomorphism

Z(R) −→ End(IdMod-R)

is obtained as follows: if r ∈ Z(R) is a central element, then for every R-
module M , multiplication by r is R-linear. So the collection of R-homo-
morphisms {×r : M −→ M}M∈Mod-R is a natural transformation from the
identity functor to itself. For more details, see [Ba, II Prop 2.1] or [Lam,
Remark 18.43]. In particular, if two commutative rings are Morita equivalent,
then they are already isomorphic.

There is a variation of the Morita theorem 2.2 relative to a commutative
ring k, with essentially the same proof. In this version R and S are k-algebras,
condition (1) refers to a k-linear equivalence of module categories, condition
(2) requires an isomorphism of k-algebras and in part (3), M has to be a k-
symmetric bimodule, i.e., the scalars from the ground ring k act in the same
way from the left (through R) and from the right (through S).

We sketch the proof of Theorem 2.2 because it serves as the blueprint for
analogous results in the contexts of differential graded rings and ring spectra.

Suppose (1) holds and let

F : Mod-R −→ Mod-S

be an equivalence of categories. The free R-module of rank one is a small
projective generator of the category of R-modules. Being projective, small
or a generator are categorical conditions, so they are preserved by an equiv-
alence of categories. So the S-module FR is a small projective generator of
the category of S-modules. Since F is an equivalence of categories, it is in
particular an additive fully faithful functor. So F restricts to an isomorphism
of rings

F : R ∼= EndR(R)
∼=−−−−→ EndS(FR) .

Now assume condition (2) and let P be a small projective S-module which
generates the category Mod-S. After choosing an isomorphism f : R ∼=
EndS(P ), we can view P as an R-S-bimodule by setting r · x = f(r)(x)
for r ∈ R and x ∈ P . We show that P satisfies the conditions of (3) by
showing that the adjoint functors −⊗RP and HomS(P,−) are actually inverse
equivalences.

The adjunction unit is the R-linear map

X −→ HomS(P, X ⊗R P ) , x 7−→ (y 7−→ x⊗ y) .
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For X = R, the map adjunction unit coincides with the isomorphism f , so it
is bijective. Since P is small, source and target commute with sums, finite or
infinite, so the unit is bijective for every free R-module. Since P is projective
over S, both sides of the adjunction unit are right exact as functors of X.
Every R-module is the cokernel of a morphism between free R-modules, so
the adjunction unit is bijective in general.

The adjunction counit is the S-linear evaluation map

HomS(P, Y )⊗R P −→ Y , φ⊗ x 7−→ φ(x) .

For Y = P , the counit is an isomorphism since the right action of R on
HomS(P, P ) arises from the isomorphism R ∼= HomS(P, P ). Now the ar-
gument proceeds as for the adjunction unit: both sides are right exact and
preserves sums, finite or infinite, in the variable Y . Since P is a generator,
every S-module is the cokernel of a morphism between direct sums of copies
of P , so the counit is bijective in general.

Condition (1) is a special case of (3), so this finishes the proof of the Morita
theorem.

Example 2.3. The easiest example of a Morita equivalence involves ma-
trix algebras. Any free R-module of finite rank n ≥ 1 is a small projective
generator for the category of right R-modules. The endomorphism ring

EndR(Rn) ∼= Mn(R)

is the ring of n × n matrices with entries in R. So R and the matrix ring
Mn(R) are Morita equivalent. The bimodules which induce the equivalences
of module categories can both be taken to be Rn, but viewed as ‘row vectors’
(or 1× n matrices) and ‘column vectors’ (or n× 1 matrices) respectively.

Matrix rings do not provide the most general kind of Morita equivalences,
as the example below shows. However, every ring Morita equivalent to R
is isomorphic to a ring of the form eMn(R)e where e ∈ Mn(R) is a full
idempotent in the n×n matrix ring, i.e., we have e2 = e and Mn(R)eMn(R) =
Mn(R). Indeed, if P is a small projective generator for a ring R, then P is
a summand of a free module of finite rank n, say. Thus P is isomorphic to
the image of an idempotent n × n matrix e, and then EndR(P ) ∼= eMn(R)e
as rings.

Example 2.4. The following example of a Morita equivalence which is not of
matrix algebra type was pointed out to me by M. Künzer and N. Strickland.
Consider a commutative ring R and an invertible R-module Q. In other
words, there exists another R-module Q′ and an isomorphism of R-modules
Q ⊗R Q′ ∼= R. Then tensor product with Q over R is a self-equivalence of
the category of right R-modules (with quasi-inverse the tensor product with
Q′). This self-equivalence is not isomorphic to the identity functor unless Q
is free of rank one.
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Because tensor product with an invertible module Q is an equivalence of
categories, it follows that Q is a progenerator, with endomorphism ring iso-
morphic to R. Moreover, the ‘inverse’ module Q′ is isomorphic to the R-linear
dual Q∗ = HomR(Q,R). Now we consider the direct sum P = R ⊕Q, which
is another small projective generator for Mod-R. Then R is Morita equivalent
to the endomorphism ring of P ,

EndR(P ) = HomR(R⊕Q,R⊕Q) .

As an R-module, EndR(P ) is thus isomorphic to R⊕Q⊕Q∗ ⊕R. So if Q is
not free, then EndR(P ) is not free over its center, hence not a matrix algebra.

For a specific example we consider the ring

R = Z[u]/(u2 − 5u) .

We set Q = (2, u) C R, the ideal generated by 2 and u. Then Q is not free as
an R-module, but it is invertible because the evaluation map

HomR(Q,R)⊗R Q −→ R , φ⊗ x 7−→ φ(x)

is an isomorphism. Note that the inclusion Q −→ R becomes an isomorphism
after inverting 2; so after inverting 2 the module P = R ⊕ Q is free of rank
2 and hence the ring EndR(P )[1

2
] is isomorphic to the ring of 2 × 2 matrices

over R[1
2
].

The implication (2)=⇒(1) in the Morita theorem 2.2 can be stated in a
more general form, and then it gives a characterization of module categories
as the cocomplete abelian categories with a small projective generator.

Theorem 2.5. Let A be an abelian category with infinite sums and a small
projective generator P . Then the functor

A(P,−) : A −→ Mod-EndA(P )

is an equivalence of categories.

Proof. We give the same proof as in Bass’ book [Ba, II Thm. 1.3]. Let us say
that an object X of A is good if the map

A(P,−) : A(X,Y ) −→ HomEndA(P )(A(P,X),A(P, Y )) (2.6)

is bijective for every object Y of A. We note that:

• The generator P is good since A(P, P ) is the free EndA(P )-module of
rank one.

• The class of good objects is closed under sums, finite or infinite: since
P is small, A(P,−) preserves sums and both sides of the map (2.6)
take direct sums in X to direct products.

• If f : X −→ X ′ is a morphism between good objects in A, then the
cokernel of f is also good. This uses that P is projective, so A(P,−)
is an exact functor and both sides of the map (2.6) are right exact in
X.
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Since P is a generator, every object can be written as the cokernel of a
morphism between sums of copies of P . So every object of A is good, which
precisely means that the hom functor A(P,−) is full and faithful.

It remains to check that every EndA(P )-module is isomorphic to a module
in the image of the functor A(P,−). The free EndA(P )-module of rank one
is the image of P . Since A(P,−) commutes with sums, every free module is
in the image, up to isomorphism. Finally, every EndA(P )-module X has a
presentation, so it occurs in an exact sequence of EndA(P )-modules

⊕
I

EndA(P )
g−→

⊕
J

EndA(P ) −→ X −→ 0 .

Since A(P,−) is full, the homomorphism g is isomorphic to A(P, f) for some
morphism f :

⊕
I P −→ ⊕

J P in A. Since the functor A(P,−) is exact,
X is the image of the cokernel of f . Thus A(P,−) is an equivalence of
categories. ¤

Theorem 2.5 can be applied to the abelian category of right modules over
a ring S; then we conclude that for every small projective generator P of
Mod-S the functor

HomS(P,−) : Mod-S −→ Mod-EndS(P )

is an equivalence of categories. This shows again that condition (2) in the
Morita theorem 2.2 implies condition (1).

3. Morita theory in derived categories

Morita theory for derived categories is about the question:

When are the derived categories D(R) and D(S)
of two rings R and S equivalent?

Here the derived category D(R) is defined from (Z-graded and unbounded)
chain complexes of right R-modules by formally inverting the quasi-isomor-
phisms, i.e., the chain maps which induce isomorphisms of homology groups.
Of course, if R and S are Morita equivalent, then they are also derived equiv-
alent. But it turns out that derived equivalences happen under more general
circumstances.

Rickard [Ric89a, Ric91] developed a Morita theory for derived categories
based on the notion of a tilting complex. Rickard’s theorem did not come
out of the blue, and he had built on previous work of several other people
on tilting modules. Section 3.1 of the book by König and Zimmermann [KZ]
gives a summary of the history in this area; this book also contains many
more details, examples and references on the use of derived categories in
representation theory.

We follow Keller’s approach from [Kel94a], based on the (differential graded)
endomorphism ring of a tilting complex. A similar approach to and more
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applications of Morita theory in derived categories can be found in the pa-
per [DG02] by Dwyer and Greenlees.

3.1. The derived category. In this section, R is any ring. All chain com-
plexes are Z-graded and homological, i.e., the differential decreases the degree
by 1.

Definition 3.1. A chain complex C of R-modules is cofibrant if there exists
an exhaustive increasing filtration by subcomplexes

0 = C0 ⊆ C1 ⊆ · · · ⊆ Cn ⊆ · · ·
such that each subquotient Cn/Cn−1 consists of projective modules and has
trivial differential. The (unbounded) derived category D(R) of the ring R has
as objects the cofibrant complexes of R-modules and as morphisms the chain
homotopy classes of chain maps.

Our definition of the derived category is different from the usual one. The
more traditional way is to start with the homotopy category of all complexes,
not necessarily cofibrant; then one uses a calculus of fractions to formally
invert the class of quasi-isomorphisms. These two ways of constructing D(R)
lead to equivalent categories.

The shift functor in D(R) is given by shifting a complex, i.e.,

(A[1])n = An−1

with differential d : (A[1])n = An−1 −→ An−2 = (A[1])n−1 the negative of the
differential of the original complex A. The mapping cone Cϕ of a chain map
ϕ : A −→ B is defined by

(Cϕ)n = Bn ⊕ An−1 , d(x, y) = (dx + ϕ(y),−dy) . (3.2)

The mapping cone comes with an inclusion i : B −→ Cϕ and a projection
p : Cϕ −→ A[1] which induce an isomorphism (Cϕ)/B ∼= A[1]; if A and B
are cofibrant, then so are the shift A[1] and the mapping cone.

Remark 3.3. The following remarks are meant to give a better feeling for
the notion of ‘cofibrant complex’ and the unbounded derived category.

(i) The concept of a ‘cofibrant complex’ is closely related to, but stronger
than, a complex of projective modules. Indeed, if C is a cofibrant
complex, then in every dimension k ∈ Z, each subquotient Cn

k /Cn−1
k

is projective. So Cn
k splits as the sum of the subquotients,

Cn
k
∼=

n⊕
i=1

Ci
k/C

i−1
k .

Since Ck is the union of the submodules Cn
k , the module Ck also

splits as the sum of the countably many subquotients Ci
k/C

i−1
k . In

particular, Ck is a sum of projective modules. Hence every cofibrant
complex is dimensionwise projective. If C is a complex of projective
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modules which is bounded below, then it is also cofibrant. For example,
if C is trivial in negative dimensions, then as the filtration we can
simply take the (stupid) truncations of C, i.e.,

Ci
n =

{
Cn for n < i

0 for n ≥ i.

So for bounded below complexes, ‘cofibrant’ is equivalent to ‘dimen-
sionwise projective’.

On the other hand, not every complex which is dimensionwise pro-
jective is also cofibrant. The standard example is the complex C in
which Ck is the free Z/4-module of rank one for all k ∈ Z, and where
every differential d : Ck −→ Ck−1 is multiplication by 2.

(ii) Every quasi-isomorphism between cofibrant complexes is a chain ho-
motopy equivalence. For every complex of R-modules X, there is
a cofibrant complex Xc and a quasi-isomorphism Xc −→ X; to-
gether these two facts essentially prove that the derived category D(R)
enjoys the universal property of the localization of the category of
chain complexes of R-modules with the class of quasi-isomorphisms
inverted. These properties are very analogous to the properties that
CW-complexes have among all topological spaces: every weak equiv-
alences between CW-complexes is a homotopy equivalence and every
space admits a CW-approximation. This analogy is made precise in
[KM, Part III].

(iii) The concept of a cofibrant chain complex is closely related to that
of a K-projective complex as defined by Spaltenstein [Spa88, Sec. 1.1]
(who attributes this notion to J. Bernstein; Keller [KZ, 8.1.1] calls
this homotopically projective). A chain complex is K-projective if ev-
ery chain map into an acyclic complex (i.e., a complex with trivial
homology) is chain null-homotopic.

Every cofibrant complex is K-projective. Conversely, every K-pro-
jective complex X is chain homotopy equivalent to a cofibrant com-
plex. Indeed, we can choose a cofibrant replacement, i.e., a cofibrant
complex Xc and a quasi-isomorphism q : Xc −→ X; the mapping cone
Cq is then acyclic. We have a short exact sequence of chain homotopy
classes of chain maps in Cq,

[Xc[1], Cq] −→ [Cq, Cq] −→ [X,Cq] ;

both X and Xc are K-projective, so the left and right groups are
trivial. Thus the identity map of Cq is null-homotopic and so the
mapping cone of q is chain contractible. Thus the map q : Xc −→ X
is a chain homotopy equivalence.

(iv) We use the term ‘cofibrant’ complex because they are the cofibrant
objects in the projective model category structure on chain complexes
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of R-modules [Hov99, 2.3.11]. In this model structure, the weak equiv-
alences are the quasi-isomorphisms, the fibrations are the surjections
and the cofibrations are the injections whose cokernel is cofibrant in
the sense of Definition 3.1. In particular, every chain complex is fi-
brant in the projective model structure.

Since every object is fibrant and because the fibrations (= surjec-
tions) and weak equivalences (= quasi-isomorphisms) already have
well-established names, it is unnecessary, and overly complicated, to
use the language of model categories in order to work with the derived
category of a ring.

(v) There is a ‘dual’ approach to the derived category D(R) as the ho-
motopy category of ‘fibrant’ complexes (attention: these are not the
fibrant objects in the projective model structure – there every complex
is fibrant). This uses the notion of a ‘K-injective’ [Spa88, Sec. 1.1] or
‘homotopically injective’ [KZ, 8.1.1] complex, or the injective model
structure on the category of complexes of R-modules [Hov99, 2.3.13].
It is often useful to have both descriptions available. Given arbitrary
chain complexes C and D, we choose a cofibrant/K-projective resolu-

tion Cc ∼−→ C and a fibrant/K-injective resolution D
∼−→ Df. Then

the maps induce isomorphisms of chain homotopy classes of chain
maps

[Cc, D]
∼=−−→ [Cc, Df]

∼=←−− [C,Df] .

There is an additive functor

[0] : Mod-R −→ D(R)

which is a fully faithful embedding onto the full subcategory of the derived
category consisting of the complexes whose homology is concentrated in di-
mension zero. So we can think of the R-modules as sitting inside the derived
category D(R). Had we defined the derived category from the category of all
complexes of R-modules by formally inverting the quasi-isomorphisms, then
we could define the complex M [0] by putting the R-module M in dimension
0, and taking trivial chain modules everywhere else. With our present defi-
nition of D(R) we let M [0] be a choice of resolution P• of M by projective
R-modules. Such a resolution is unique up to chain homotopy equivalence
and it is cofibrant when viewed as a chain complex (by Remark 3.3 (i) above).
Moreover, every R-linear map M −→ N is covered by a unique chain homo-
topy class between the chosen projective resolutions. In other words, we really
get a functor from R-modules to the derived category D(R), together with a
natural isomorphism H0(M [0]) ∼= M .

The usual definition of Ext-groups involves a choice of projective resolution
P• of the source module M , and then Extn

R(M,N) can be defined as the
chain homotopy classes of chain maps from the resolution P• to N , shifted
up into dimension n. We get the same result if N is also replaced by a
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projective resolution; this says that Ext-groups can be obtained from the
derived category via

Extn
R(M, N) ∼= D(R)(M [0], N [n]) . (3.4)

The derived category of a ring has more structure. The category D(R) is
additive since the homotopy relation for chain maps is additive. But D(R)
is no longer an abelian category such as the category of chain complexes.
Indeed, notions such as ‘monomorphism’, ‘epimorphisms, ‘kernels’ for chain
maps do not interact well with the passage to chain homotopy classes. The
distinguished triangles in D(R) are what is left of the abelian structure on
the category of chain complexes, and D(R) is an example of a triangulated
category.

The distinguished triangles are the diagrams which are isomorphic in D(R)
to a mapping cone triangle. More precisely, a diagram in D(R) of the form

X
f−→ Y

g−→ Z
h−→ X[1] (3.5)

is called a distinguished triangle if and only if there exists a chain map ϕ :
A −→ B between cofibrant complexes and isomorphisms ι1 : A ∼= X, ι2 : B ∼=
Y and ι3 : Cϕ ∼= Z in D(R) such that the diagram

A
ϕ //

ι1

²²

B
i //

ι2

²²

Cϕ
p //

ι3

²²

A[1]

ι1[1]
²²

X
f

// Y g
// Z

h
// X[1]

commutes in D(R).
We do not want to reproduce the complete definition of a triangulated

category here; the data of a triangulated category consists of

(i) an additive category T ,
(ii) a self-equivalence [1] : T −→ T called the shift functor and
(iii) a class of distinguished triangles, i.e., a collection of diagrams in T of

the form (3.5).

This data is subject to several axioms which can be found for example in
[Ver96], [Wei94, Sec. 10.2] [Nee01] or [KZ, 2.3].

Distinguished triangles are the source of many long exact sequences that
come up in nature. Indeed, the axioms which we have suppressed imply in
particular that for every distinguished triangle of the form (3.5) and every
object W of T the sequence of abelian morphism groups

T (W,X)
f∗−→ T (W,Y )

g∗−→ T (W,Z)
h∗−→ T (W,X[1])

is exact. One of the axioms also says that one can ‘rotate’ triangles, i.e., a
sequence (3.5) is a distinguished triangle if and only if the sequence

Y
g−−→ Z

h−−→ X[1]
−f [1]−−−→ Y [1]
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is a distinguished triangle. So if we keep rotating a distinguished triangle in
both directions and take morphisms from a fixed object W , we end up with
a long exact sequence of abelian groups

· · · T (W,X)
f∗−−→T (W,Y )

g∗−−→ T (W,Z)
h∗−−→ T (W,X[1]) (3.6)

−f [1]∗−−−→ T (W,Y [1])
−g[1]∗−−−→ T (W,Z[1])

−h[1]∗−−−→ T (W,X[2]) · · ·
The axioms of a triangulated category also guarantee a similar long exact
sequence when taking morphism from a triangle (and its rotations) into a
fixed object W .

In the derived category D(R), the long exact sequence (3.6) becomes some-
thing more familiar when we take W = R[0], the free R-module of rank one,
viewed as a complex concentrated in dimension zero. For every chain com-
plex C, cofibrant or not, the chain homotopy classes of morphisms from R to
C are naturally isomorphic to the homology module H0C; so the long exact
sequence (3.6) specializes to the long exact sequence of homology modules

· · · −→ H0(A)
H0(ϕ)−−−−→ H0(B) −→ H0(Cϕ)

δ−→ H−1(A) −→ · · · .

Small generators. We will often require infinite direct sums in a triangu-
lated category. The unbounded derived category D(R) has direct sums, finite
and infinite. Indeed, the direct sum of any number of cofibrant complexes is
again cofibrant (take the direct sum of the filtrations which are required in
Definition 3.1), and this also represents the direct sum in D(R). This is one
point where it is important to allow unbounded complexes. There are vari-
ants of the derived category which start with complexes which are bounded
or bounded below. One also gets triangulated categories in much the same
way as for D(R), but for example the countable family {R[−n]}n≥0 has no
direct sum in the bounded or bounded below derived categories.

In the Morita equivalence questions, a suitably defined notion of ‘small gen-
erator’ pops up regularly. The following concepts for triangulated categories
are analogous to the ones for abelian categories in Definition 2.1.

Definition 3.7. Let T be a triangulated category with infinite coproducts.
An object M of T is small if the hom functor T (M,−) preserves sums; M
is a generator if there is no proper full triangulated subcategory of T (with
shift and triangles induced from T ) which contains M and is closed under
infinite sums.

As in abelian categories, the hom functor T (M,−) automatically preserves
finite sums. What we call ‘small’ is sometimes called compact or finite in the
literature on triangulated categories. A triangulated category with infinite
coproducts and a set of small generators is often called compactly generated.

The class of small objects in any triangulated category is closed under
shifting in either direction, taking finite sums and taking direct summands.
Moreover, if two of the three objects in a distinguished triangle are small, then
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so is the third one (one has to exploit that the morphisms from a distinguished
triangle into a fixed object give rise to a long exact sequence).

There is a convenient criterion for when a small object M generates a
triangulated category T with infinite coproducts: M generates T in the sense
of Definition 3.7 if and only if it ‘detects objects’, i.e., an object X of T is
trivial if and only if there are no graded maps from M to X, i.e. T (M [n], X) =
0 for all n ∈ Z. For the equivalence of the two conditions, see for example
[SS03, Lemma 2.2.1].

The complex R[0] consisting of the free module of rank one concentrated
in dimension 0 is a small generator for the derived category D(R). Indeed,
morphisms in D(R) out of the complex R[0] represent homology, i.e., there is
a natural isomorphism

D(R)(R[n], C) ∼= Hn(C)

for every cofibrant complex C. Since homology commutes with infinite sums,
the complex R[0] is small in D(R). Moreover, if all the morphism groups
D(R)(R[n], C) are trivial as n ranges over the integers, then the complex C is
acyclic, hence contractible, and so it is trivial in the derived category D(R).
In other words, mapping out of shifted copies of the complex R[0] detects
whether an object in D(R) is trivial or not, so R[0] is also a generator, by the
previous criterion.

There is a nice characterization of the small objects in the derived category
of a ring. Every bounded complex of finitely generated projective modules
is built from summands of the small object R[0] by shifts and extensions in
triangles. Since the class of small objects is closed under these operations,
a bounded complex of finitely generated projective modules is small. Con-
versely, these are the only small objects, up to isomorphism in D(R):

Theorem 3.8. Let R be a ring. A complex of R-modules is small in the de-
rived category D(R) if and only if it is quasi-isomorphic to a bounded complex
of finitely generated projective R-modules.

The proof that every small object in D(R) is quasi-isomorphic to a bounded
complex of finitely generated projective modules is more involved. It is a
special case of a result about triangulated categories T with a set of small
generators. Neeman [Nee92] showed that every small object in T is a direct
summand of an iterated extension of finitely many shifted generators. The
proof can also be found in [Kel94a, 5.3].

There are non-trivial triangulated categories in which only the zero objects
are small, see for example [Kel94b] or [HS99, Cor. B.13]. If a triangulated
category has a set of generators, then the coproduct of all of them is a single
generator. However, an infinite coproduct of non-trivial small objects is not
small. So the property of having a single small generator is something special.
In fact we see in Theorem 4.16 below that this condition characterizes the
module categories over ring spectra among the stable model categories. A
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triangulated category need not have a set of generators whatsoever (one could
consider all objects, but in general these form a proper class). For example
K(Z), the homotopy category of chain complexes of abelian groups, is not
generated by a set [Nee01, E.3].

Equivalences of triangulated categories. A functor between trian-
gulated categories is called exact if it commutes with shift and preserves
distinguished triangles. More precisely, F : S −→ T is exact it is is equipped
with a natural isomorphism ιX : F (X[1]) ∼= F (X)[1] such that for every dis-
tinguished triangle (3.5) the sequence

F (X)
F (f)−−→ F (Y )

F (g)−−→ F (Z)
ιX◦F (h)−−−−−→ F (X)[1]

is again a distinguished triangle. An exact functor is automatically additive.
An equivalence of triangulated categories is an equivalence of categories which
is exact and whose inverse functor is also exact.

Exact equivalences between derived categories preserve all concepts which
can be defined from D(R) using only the triangulated structure. One such
invariant is the Grothendieck group K0(R), defined as the free abelian group
generated by the isomorphism classes of finitely generated projective R-mo-
dules, modulo the relation

[P ] + [Q] = [P ⊕Q] .

For any compactly generated triangulated category T , the Grothendieck
group K0(T ) is defined as the free abelian group generated by the isomor-
phism classes of small objects in T , modulo the relation

[X] + [Z] = [Y ]

for every distinguished triangle

X −→ Y −→ Z −→ X[1]

involving small objects X, Y and Z (the morphisms in the triangle do not
affect the relation). The split triangle

X
(1,0)−−→ X ⊕ Y

(0
1)−−→ Y

0−−→ X[1]

is always distinguished, so the relation [X ⊕ Y ] = [X] + [Y ] holds in K0(T ).
So for every ring R, the assignment

K0(R) −→ K0(D(R)) , [P ] 7−→ [P [0]] (3.9)

defines a group homomorphism. This is in fact an isomorphism, see [Gr77,
Sec. 7]. The inverse takes the class in K0(D(R)) of a bounded complex C of
finitely generated projective modules to its ‘Euler characteristic’,∑

n∈Z
(−1)n[Cn] ∈ K0(R) .

It is much less obvious that constructions such as the center of a ring,
Hochschild and cyclic homology and the higher Quillen K-groups are also
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invariants of the derived category. In contrast to the Grothendieck group K0,
there is no construction which produces these groups from the triangulated
structure of D(R) only. The proof that two derived equivalent rings share
these invariants uses the ‘tilting theory’ which we outline in the next section.
More precisely, if R and S are derived equivalent flat algebras over some
commutative ground ring, then there exists a two-sided tilting complex, i.e.,
a chain complex C of R-S-bimodules such that the functor − ⊗R C induces
a (possibly different) derived equivalence [Ric91]. Tensor product with the
bimodule complex C then induces an equivalence of K-theory spaces by the
work of Thomason-Trobaugh [TT, Thm. 1.9.8]. Without the flatness as-
sumption, the Waldhausen categories of small, cofibrant chain complexes can
be related through an intermediate category of differential graded modules,
to still obtain an equivalence of K-theory spaces; for more details we refer
to [DuSh]. Similarly, Hochschild homology and cohomology (see [Ric91, Prop.
2.5], or, including the Gerstenhaber bracket, see [Kel03]) and cyclic homology
(see [Kel96, Kel98]) are isomorphic for derived equivalent rings which are flat
algebras over some commutative ground ring. The invariance of the center
under derived equivalence is established in [Ric89a, Prop. 9.2] or [KZ, Prop.
6.3.2].

There is a general argument which we will use several times to verify that
certain triangulated functors are equivalences, so we state it as a separate
proposition. This Proposition 3.10 is a version of ‘Beilinson’s Lemma’ [Bei78]
and is typically applied when F is the total derived functor of a suitable
left adjoint. In the following proposition, it is crucial that the functor F be
defined and exact on the entire triangulated category S. It is easy to find
non-equivalent triangulated categories S and T with infinite sums and small
generators P and Q respectively such that

S(P, P )∗ ∼= T (Q,Q)∗

as graded rings. For example one can take a differential graded ring A with a
non-trivial triple Massey product and consider derived categories S = D(A)
and T = D(H∗A) (where the cohomology ring of A is given the trivial differ-
ential).

Proposition 3.10. Let F : S −→ T be an exact functor between triangulated
categories with infinite sums. Suppose that F preserves infinite sums and S
has a small generator P such that

(i) FP is a small generator of T and
(ii) for all integers n, the map

F : S(P [n], P ) −→ T (FP [n], FP )

is bijective

Then F is an equivalence of categories.
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Proof. We consider the full subcategory of S consisting of those Y for which
the map

F : S(P [n], Y ) −→ T (FP [n], FY ) (3.11)

is bijective for all n ∈ Z. By assumption this subcategory contains P . Since
F is exact, the subcategory is closed under extensions. Since P and FP
are small and F preserves coproducts, this subcategory is also closed under
coproducts. Since P generates S, the map (3.11) is thus bijective for arbitrary
Y .

Similarly for arbitrary but fixed Y the full subcategory of S consisting of
those X for which the map F : S(X, Y ) −→ T (FX, FY ) is bijective is closed
under extensions and coproducts. By the first part, it also contains P , so this
subcategory is all of S. In other words, F is full and faithful.

Now we consider the full subcategory of T of objects which are isomorphic
to an object in the image of F . This subcategory contains the generator
FP and it is closed under shifts and coproducts since these are preserved by
F . We claim that this subcategory is also closed under extensions. Since
FP generates T , this shows that F is essentially surjective and hence an
equivalence.

To prove the last claim we consider a distinguished triangle

X
f−−→ Y −→ Z −→ X[1] .

Since the subcategory under consideration is closed under isomorphism and
shift in either direction we can assume that X = F (X ′) and Y = F (Y ′) are
objects in the image of F . Since F is full there exists a map f ′ : X ′ −→ Y ′

satisfying F (f ′) = f . We can then choose a mapping cone for the map
f ′ and a compatible map from Z to F (Cone(f ′)) which is necessarily an
isomorphism. ¤

3.2. Derived equivalences after Rickard and Keller. In this section
we state and prove Rickard’s “Morita theory for derived categories”. Rickard
shows in [Ric89a, Thm. 6.4] that the existence of a tilting complex is necessary
and sufficient for an equivalence between the unbounded derived categories
of two rings. A tilting complex is a special small generator of the derived
category, see Definition (3.12) below. The idea to use differential graded
algebras in the proof is due to Keller [Kel94a], and we closely follow his
approach.

The notion of a tilting complex comes up naturally when we examine the
properties of the preferred generator R[0] of the derived category D(R). First
of all, the free R-module of rank one, considered as a complex concentrated
in dimension zero, is a small generator of the derived category D(R). Since
R is a free module, it has no self-extensions. Because Ext groups can be
identified with morphisms in the derived category (see (3.4)), this means
that the graded self-maps of the complex R[0] are concentrated in dimension



Stefan Schwede 49

zero:
D(R)(R[n], R) = 0 for n 6= 0.

A tilting complex is any complex which also has these properties. Hence
the definition is made so that the image of R[0] under an equivalence of
triangulated categories is a tilting complex.

Definition 3.12. A tilting complex for a ring R is a bounded complex T of
finitely generated projective R-modules which generates the derived category
D(R) and whose graded ring of self maps D(R)(T, T )∗ is concentrated in
dimension zero.

Special kinds of tilting complexes are the tilting modules; we give examples
of tilting modules and tilting complexes in Section 3.3. The following theorem
is due to Rickard [Ric89a, Thm. 6.4].

Theorem 3.13. For two rings R and S the following conditions are equiva-
lent.

(1) The unbounded derived categories of R and S are equivalent as trian-
gulated categories.

(2) There is a tilting complex T in D(S) whose endomorphism ring
D(S)(T, T ) is isomorphic to R.

Moreover, conditions (1) and (2) are implied by the condition
(3) There exists a chain complex of R-S-bimodules M such that the derived

tensor product functor

−⊗L
R M : D(R) −→ D(S)

is an equivalence of categories.

If R or S is flat as an abelian group, then all three conditions are equivalent.

Instead of using the unbounded derived category, one can replace condition
(1) by an equivalence between the full subcategories of homologically bounded
below or small objects inside the derived categories, see for example [Ric89a,
Thm. 6.4]. There is a version relative to a commutative ring k. Then R and
S are k-algebras, conditions (1) and (3) then refer to k-linear equivalences of
derived categories, condition (2) requires an isomorphism of k-algebras and
in the addendum, one of R or S has to be flat as a k-module.

Remark 3.14. A derived equivalence F from D(R) to D(S) which is not al-
ready a Morita equivalence maps the R-modules inside D(R) (i.e., complexes
with homology concentrated in dimension 0) “transversely” to the S-modules
inside D(S); more precisely, for an R-module M , the complex F (M [0]) can
have non-trivial homology in several, or even in infinitely many dimensions;
we give an example in 3.26 below. However, the homology of F (M [0]) is
always bounded below.

A related point is that we can not recover the module category Mod-R
from D(R), viewed as an abstract triangulated category. This is because we
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cannot make sense of “complexes with homology concentrated in dimension
0” unless we specify a homology functor like H0, or we single out the class
of complexes with homology in non-negative dimensions. This sort of extra
structure is called a t-structure [BBD, 1.3] on a triangulated category. Every
t-structure has a heart, an abelian category which plays the role of complexes
in D(R) with homology concentrated in dimension zero.

The most involved part of the tilting theorem is the implication (2)=⇒(1),
i.e., showing that a tilting complex gives rise to a derived equivalence. The
proof we give is due to Keller; in the original paper [Kel94a], his setup is more
general (he works in differential graded categories in order to allow ‘many
generator’ versions). In the special case of interest for us, the exposition
simplifies somewhat [KZ, Ch. 8]. Given a tilting complex T in D(S), the
comparison between the derived categories of R and S passes through the
derived category of a certain differential graded ring (generalizing the derived
category of a an ordinary ring), namely the endomorphism DG ring EndS(T )
of the tilting complex T (generalizing the endomorphism ring). So we start
by introducing these new characters.

Definition 3.15. A differential graded ring is a Z-graded ring A together
with a differential d of degree −1 which satisfies the Leibniz rule

d(a · b) = d(a) · b + (−1)|a| a · d(b) (3.16)

for all homogeneous elements a, b ∈ A. A differential graded right module (or
DG module for short) over a differential graded ring A consists of a graded
right A-module together with a differential d of degree −1 which satisfies the
Leibniz rule (3.16), but where now a is a homogeneous element of the module
and b is a homogeneous element of A. A homomorphism of DG modules is
a homomorphism of graded A-modules which is also a chain map. A chain
homotopy between homomorphisms of DG modules is a homomorphism of
graded A-modules of degree 1 which is also a chain homotopy.

A differential graded A-module M is cofibrant if there exists an exhaustive
increasing filtration by sub DG modules

0 = M0 ⊆ M1 ⊆ · · · ⊆ Mn ⊆ · · ·
such that each subquotient Mn/Mn−1 is a direct summand of a direct sum
of shifted copies of A. The derived category D(A) of the differential graded
ring A has as objects the cofibrant DG modules over A and as morphisms the
chain homotopy classes of DG module homomorphisms.

Up to chain homotopy equivalence, the cofibrant DG modules are the ones
which have Keller’s ‘property (P)’ in [Kel94a, 3.1]. A cofibrant differential
graded module is sometimes called ‘semi-free’ or a ‘cell module’ [KM, Part
III] (up to direct summands).
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Remark 3.17. We need some facts about differential graded rings and mod-
ules which are not very difficult to prove, but which we do not want to discuss
in detail.

(i) Several of the remarks from 3.3 carry over from rings to DG rings.
A cofibrant DG A-module is projective as a graded A-module, ignor-
ing the differential. Every quasi-isomorphism between cofibrant DG
modules is a chain homotopy equivalence, and every DG module can
be approximated up to quasi-isomorphism by a cofibrant one. A DG
module is called homotopically projective if every homomorphism into
an acyclic DG module is null-homotopic. Then a DG module is ho-
motopically projective if and only if it is chain homotopy equivalent,
as a DG module, to a cofibrant DG module.

(ii) The derived category D(A) of a differential graded ring A is naturally
a triangulated category. The shift functor is again given by reindexing
a DG module, and distinguished triangles arise from mapping cones
as for the derived category of a ring. The only thing to note is that for
a homomorphism f : M −→ N of DG modules over A, the mapping
cone becomes a graded A-module as the direct sum N ⊕ M [1], and
this A-action satisfies the Leibniz rule with respect to the mapping
cone differential (3.2).

(iii) Suppose that f : A −→ B is a homomorphism of differential graded
rings, i.e., f is a multiplicative chain homomorphism. Then extension
of scalars M 7→ M ⊗A B is exact on cofibrant differential graded
modules (since the underlying graded modules over the graded ring
underlying A are projective), it takes cofibrant modules to cofibrant
modules, and it preserves the chain homotopy relation. So extension
of scalars induces an exact functor on the level of derived categories

D(A)
−⊗L

AB
// D(B)

f∗
oo , (3.18)

called the left derived functor. This derived functor has an exact
right adjoint f ∗ induced by restriction of scalars along f . This is not
completely obvious with our definition of the derived category, since
a cofibrant differential graded B-module is usually not cofibrant when
viewed as a DG module over A via f .

If f : A −→ B is a quasi-isomorphism of differential graded rings,
then the derived functors of restriction and extension of scalars (3.18)
are inverse equivalences of triangulated categories.

(iv) Suppose A is a differential graded ring whose homology is concentrated
in dimension zero. Then A is quasi-isomorphic, as a differential graded
ring, to the zeroth homology ring H0A. Indeed, a chain of two quasi-
isomorphisms is given by

A
inclusion←−−−−− A+

projection−−−−−−→ H0(A) .
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Here A+ is the differential graded sub-ring of A given by

(A+)n =





An for n > 0

Ker (d : A0 −→ A−1) for n = 0, and

0 for n < 0.

Since the homology of A is trivial in negative dimensions, the inclusion
A+ −→ A is a quasi-isomorphism. Since A+ is trivial in negative
dimensions, the projection A+ −→ H0(A+) is a homomorphism of
differential graded rings, where the target is concentrated in dimension
zero. This projection is also a quasi-isomorphism since the homology
of A, and hence that of A+, is trivial in positive dimensions.

Homomorphism complexes. Let A be a DG ring and let M and N
be DG modules over A, not necessarily cofibrant. We defined the homomor-
phism complex HomA(M,N) as follows. In dimension n ∈ Z, the chain group
HomA(M, N)n is the group of graded A-module homomorphisms of degree n,
i.e.,

HomA(M, N)n = HomA(M [n], N) .

The differentials of M and N do not play any role in the definition of the
chain groups, but they enter in the formula for the differential which makes
HomA(M, N) into a chain complex. This differential d : HomA(M,N)n −→
HomA(M, N)n−1 is defined by

d(f) = dN ◦ f − (−1)nf ◦ dM . (3.19)

Here f is a graded A-module map of degree n and the composites dN ◦ f and
f ◦ dM are then graded A-module maps of degree n− 1.

With this definition, the 0-cycles in HomA(M,N) are those graded A-
module maps f which satisfy dN ◦ f − f ◦ dM = 0, so they are precisely
the DG homomorphisms from M to N . Moreover, if f, g : M −→ N are two
DG A-module maps, then the difference f−g is a coboundary in the complex
HomA(M, N) if and only if f is chain homotopic to g. So we have established
a natural isomorphism

H0 (HomA(M, N)) ∼= [M,N ]

between the zeroth homology of the complex HomA(M,N) and the chain
homotopy classes of DG A-homomorphisms from M to N .

Now suppose that we have a third DG module L. Then the composition of
graded A-module maps gives a bilinear pairing between the homomorphism
complexes

◦ : HomA(N,L)m × HomA(M,N)n −→ HomA(M, L)m+n .

Moreover, composition and the differential (3.19) satisfy the Leibniz rule,
i.e., for graded A-module maps f : M −→ N of degree n and g : N −→ L of
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degree m we have

d(g ◦ f) = dg ◦ f + (−1)mg ◦ df

as graded maps from M to L.
The following consequences are crucial for the remaining step in the tilting

theorem:
• for every DG A-module M , the endomorphism complex HomA(M,M) =
EndA(M) is a differential graded ring under composition and M is a differ-
ential graded EndA(M)-A-bimodule;
• for every DG A-module N , the homomorphism complex HomA(M, N) is a
differential graded module over EndA(M) under composition. Moreover the
functor HomA(M,−) : Mod-A −→ Mod-EndA(M) is right adjoint to tensor-
ing with the EndA(M)-A-bimodule M ;
• if M is cofibrant, then the functor HomA(M,−) is exact and takes quasi-
isomorphisms of DG A-modules to quasi-isomorphisms. Moreover, its left
adjoint −⊗EndA(M) M preserves cofibrant objects and chain homotopies. So
there exists a derived functor on the level of derived categories

−⊗L
EndA(M) M : D(EndA(M)) −→ D(A) ,

an exact functor which preserves infinite sums.
The following theorem is a special case of Lemma 6.1 in [Kel94a].

Theorem 3.20. Let A be a DG ring and M a cofibrant A-module which is a
small generator for the derived category D(A). Then the derived functor

−⊗L
EndA(M) M : D(EndA(M)) −→ D(A) (3.21)

is an equivalence of triangulated categories.

Proof. The total left derived functor (3.21) is an exact functor between trian-
gulated categories which preserves infinite sums. Moreover, it takes the free
EndA(M)-module of rank one — which is a small generator for the derived
category of EndA(M) — to the small generator M for D(A). The induced
map of graded endomorphism rings

−⊗L
EndA(M) M : D(EndA(M))(EndA(M), EndA(M))∗ −→ D(A)(M,M)∗

is an isomorphism (both sides are isomorphic to the homology ring of
EndA(M)). So Proposition 3.10 shows that this derived functor is an equiv-
alence of triangulated categories. ¤

After all these preparations we can give the

Proof of the tilting theorem 3.13. Clearly, condition (3) implies condition (1).
Now we assume condition (1) and we choose an exact equivalence F from the
derived category D(R) to D(S). The defining properties of a tilting complex
are preserved under exact equivalences of triangulated categories. Since R[0],
the free R-module of rank one, concentrated in dimension zero, is a tilting
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complex for the ring R, its image T = F (R[0]) is a tilting complex for S.
Moreover, F restricts to a ring isomorphism

F : R ∼= D(R)(R[0], R[0])
∼=−−−−→ D(S)(T, T ) .

Hence condition (2) holds.
For the implication (2)=⇒(1) we are given a tilting complex T in D(S)

and an isomorphism of rings D(S)(T, T ) ∼= R. The complex T is naturally a
differential graded EndS(T )-S-bimodule, and by Theorem 3.20, the derived
functor

−⊗L
EndS(T ) T : D(EndS(T )) −→ D(S)

is an equivalence of triangulated categories. The isomorphism of graded rings

H∗ (EndS(T )) ∼= D(S)(T, T )∗

and the defining property of a tilting complex show that the homology of
EndS(T ) is concentrated in dimension zero. So there is a chain of two quasi-
isomorphisms between EndS(T ) and the ring H0 (EndS(T )) ∼= D(S)(T, T ) ∼=
R. Restriction and extension of scalars along these quasi-isomorphisms gives a
chain of equivalences between the derived categories of the differential graded
ring EndS(T ) and the derived category of the ordinary ring D(S)(T, T ).
Putting all of this together we end up with a chain of three equivalences
of triangulated categories:

D(R) ∼= D(EndS(T )+) ∼= D(EndS(T )) ∼= D(S) .

It remains to prove the implication (2)=⇒(3), assuming that R or S is flat.
Let T be a tilting complex in D(S) and f : D(S)(T, T ) −→ R an isomorphism
of rings. The homology of EndS(T ) is isomorphic to the graded self maps of
T in D(S), so it is concentrated in dimension 0. So the inclusion of the
DG sub-ring EndS(T )+ into the endomorphism DG ring EndS(T ) induces
an isomorphism on homology, compare Remark 3.17 (iv). Since EndS(T )+

is trivial in negative dimensions, there is a unique morphisms of DG rings
EndS(T )+ −→ R which realizes the isomorphism f on H0. We choose a
flat resolution of EndS(T )+, i.e., a DG ring E and a quasi-isomorphism of

DG rings E
'−→ EndS(T )+, such that the functor E ⊗ − preserves quasi-

isomorphisms between chain complexes of abelian groups (see for example
[Kel99, 3.2 Lemma (a)]). We end up with a chain of two quasi-isomorphisms
of DG rings

R
'←−− E

'−−→ EndS(T ) .

The complex T is naturally a DG EndS(T )-S-bimodule, and we restrict the
left action to E and view T as a DG E-S-bimodule. We choose a cofibrant
replacement T c ∼−→ T as a DG E-S-bimodule. Then we obtain the desired
complex of R-S-bimodules by

M = R⊗E T c .
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Tensoring with M over R has a total left derived functor

−⊗L
R M : D(R) −→ D(S) (3.22)

(although this is not obvious with our definition since M need not be cofibrant
as a complex of right S-modules, and then −⊗R M does not takes values in
cofibrant complexes). In order to show that this derived functor is an exact
equivalence we use that the diagram of triangulated categories

D(E)
−⊗L

EEndS(T )
//

−⊗L
ER

²²

D(EndS(T ))

−⊗L
EndS(T )

T

²²
D(R)

−⊗L
RM

// D(S)

(3.23)

commutes up to natural isomorphism. Indeed, two ways around the square are
given by derived tensor product with the E-S-bimodules M respectively T ,
so it suffices to find a chain of quasi-isomorphisms of DG bimodules between
M and T .

Since E is cofibrant as a complex of abelian groups and the composite map
E −→ EndS(T )+ −→ R is a quasi-isomorphism, E ⊗ Sop models the derived
tensor product of R and S. If one of R or S are flat, then R⊗Sop also models
the derived tensor product, so that the map

E ⊗ Sop −→ R⊗ Sop

is a quasi-isomorphism of DG rings. Since T c is cofibrant as an E ⊗ Sop-
module, the induced map

T c = (E ⊗ Sop)E⊗SopT c −→ (R⊗ Sop)E⊗SopT c ∼= R⊗E T c = M

is a quasi-isomorphism. So we have a chain of two quasi-isomorphisms of
E-S-bimodules

T
'←−− T c '−−→ M .

The left and upper functors in the commutative square (3.23) are derived
from extensions of scalars along quasi-isomorphisms of DG rings; thus they
are exact equivalence of triangulated categories. The right vertical derived
functor is an exact equivalence by Theorem 3.20. So we conclude that the
lower horizontal functor (3.22) in the square (3.23) is also an exact equivalence
of triangulated categories. This establishes condition (3). ¤
3.3. Examples. Historically, tilting modules seem to have been the first ex-
amples of derived equivalences which are not Morita equivalences. I will not
try to give an account of the history of tilting modules and rather refer to
[KZ, Sec. 3.1] or [AGH].

Definition 3.24. Let R be a finite dimensional algebra over a field. A tilting
module is a finitely generated R-module T with the following properties.

(i) T has projective dimension 0 or 1,
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(ii) T has no self-extensions, i.e., Ext1
R(T, T ) = 0,

(iii) there is an exact sequence of right R-modules

0 −→ R −→ T1 −→ T2 −→ 0

such that T1 and T2 are direct summands of a finite sum of copies of
T .

Note that if the tilting module T is actually projective, then condition
(ii) is automatic and the exact sequence required in (iii) splits. So then the
free R-module of rank one is a summand of a finite sum of copies of T , and
hence T is a finitely generated projective generator for Mod-R. So R is then
Morita equivalent to the endomorphism ring of the tilting module T , by the
Morita theorem 2.2. For a self-injective algebra, for example a group algebra
over a field, the converse also holds; indeed, every module of finite projective
dimension over a self-injective algebra is already projective. So for these
algebras, tilting is the same as Morita equivalence.

If the projective dimension of the tilting module T is 1, then we do not get
an equivalence between the modules over R and S = EndR(T ), but we get a
derived equivalence. Indeed, since R is noetherian, condition (i) implies that
T has a 2-step resolution P1 −→ P0 by two finitely generated projective R-
modules; this resolution is a small object in the derived category D(R), and its
graded self-maps in D(R) are concentrated in dimension 0 by condition (ii).
Condition (iii) implies that the complex R[0] is contained in the triangulated
subcategory generated by the resolution, and the resolution is thus a generator
for D(R), hence a tilting complex.

Example 3.25. For an example of a non-projective tilting module we fix a
field k and we let A be the algebra of upper triangular 3× 3 matrices over k,

A =








x11 x12 x13

0 x22 x23

0 0 x33


 | xij ∈ k



 .

Up to isomorphism, there are three indecomposable projective right A-modu-
les, namely the row vectors

P 1 = {(y1, y2, y3) | y1, y2, y3 ∈ k}
and its A-submodules

P 2 = {(0, y2, y3) | y2, y3 ∈ k} and P 3 = {(0, 0, y3) | y3 ∈ k} .

These projectives are the covers of three corresponding simple modules, name-
ly

S1 = P 1/P 2 , S2 = P 2/P 3 , and S3 = P 3 .

In particular, S3 is projective and S1 and S2 have projective dimension 1.
We define the tilting module T as the direct sum

T = P 1 ⊕ P 2 ⊕ S2 .
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The projective resolution

0 −−−→ P 1 ⊕ P 2 ⊕ P 3 inclusion−−−−−→ P 1 ⊕ P 2 ⊕ P 2 −−−→ S2 −−−→ 0

can be used to calculate Ext1
A(T, T ) = Ext1

A(S2, T ) = 0. Since P 1⊕P 2⊕P 3 is
a free A-module of rank one, this short exact sequence verifies tilting condition
(iii) in Definition 3.24 for the A-module T .

Altogether this shows that T is a tilting module for A of projective dimen-
sion one. So A ‘tilts’ to the endomorphism algebra of T ; this endomorphism
algebra can be calculated directly, and it comes out to be another subalgebra
of the 3× 3 matrices over k, namely

EndA(T ) ∼=







x11 x12 x13

0 x22 0
0 0 x33


 | xij ∈ k



 .

(hint: the modules P 1 and S2 do not map to each other nor to P 2, and the
remaining relevant morphism spaces are 1-dimensional over k.) The alge-
bras A and EndA(T ) are not Morita equivalent. Indeed, both have exactly
three isomorphism classes of indecomposable projective modules, but in one
case these modules are ‘directed’ (i.e., linearly ordered under the existence
of non-trivial homomorphisms), whereas in the other case two of these inde-
composable projectives do not map to each other non-trivially.

The preceding example, and many other ones, are often described using
representations of quivers. Indeed, the upper triangular matrices A and the
tilted algebra EndA(T ) are isomorphic to the path algebras of the A3-quivers

• // • // • respectively • •oo // • .

Example 3.26. We obtain a tilting complex whose homology is concentrated
in more then one dimension by ‘spreading out’ the free module of rank one.
Let R = R1×R2 be the product of two rings. Let P1 = R1×0 and P2 = 0×R2

be the two ”blocks”, i.e., the projective R-bimodules corresponding to the
central idempotents (1, 0) and (0, 1) in R. Then R = P1 ⊕ P2 as an R-
bimodule, and there are no non-trivial R-homomorphisms between P1 and
P2. Now take T = P1[0] ⊕ P2[n] for some number n 6= 0. This is a complex
of R-modules with trivial differential whose homology is concentrated in two
dimensions. Moreover, the complex T is a small generator for the derived
category D(R). But the only non-trivial self-maps of T are of degree 0 since
P1 and P2 don’t map to each other. Hence T is a tilting complex which is
not (quasi-isomorphic to) a tilting module. The endomorphisms of T are
again the ring R, so it is a non-trivial self-tilting complex of R. Under the
equivalence D(R) ∼= D(R1)×D(R2), the self-equivalence induced by T is the
identity on the first factor and the n-fold shift on the second factor.

More examples of tilting complexes can be found in Sections 4 and 5
of [Ric89b] or Chapter 5 of [KZ].
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4. Morita theory in stable model categories

Now we carry the Morita philosophy one step further: we sketch Morita
theory for ring spectra and for stable model categories. As a summary one can
say that essentially everything which we have said for rings and differential
graded rings works, suitably interpreted, for ring spectra as well.

First a few words about what we mean by a ring spectrum. The stable
homotopy category of algebraic topology has a symmetric monoidal smash
product; the monoids are homotopy-associative ring spectra, and they rep-
resent multiplicative cohomology theories. While the notion of a homotopy-
associative ring spectrum is useful for many things, it does not have a good
enough module theory for our present purpose. One can certainly consider
spectra with a homotopy-associative action of a homotopy-associative ring
spectrum; but the mapping cone of a homomorphism between such modules
does not inherit a natural action of the ring spectrum, and the category of
such modules does not form a triangulated category.

So in order to carry out the Morita-theory program we need a highly struc-
tured model for the category of spectra which admits a symmetric monoidal
and homotopically well behaved smash product — before passing to the
homotopy category ! The first examples of such categories were the S-
modules [EKMM] and the symmetric spectra [HSS]; by now several more
such categories have been constructed [Lyd98, MMSS]. All these spectra cat-
egories are model categories in the sense of Quillen [Qui67] and the appropriate
notion of equivalence is that of a ‘Quillen equivalence’ [Hov99, Def. 1.3.12]
since these equivalences preserve the ‘homotopy theory’, not just the homo-
topy category; all known model categories of spectra are Quillen equivalent
in a monoidal fashion.

For definiteness, we work in one specific category of spectra with nice smash
product, namely the symmetric spectra based on simplicial sets, as introduced
by Hovey, Shipley and Smith [HSS]. The monoids are called symmetric ring
spectra, and I personally think that they are the simplest kind of ring spec-
tra; as far as their homotopy category is concerned, symmetric ring spectra
are equivalent to the older notion of A∞-ring spectrum, and commutative
symmetric ring spectra are equivalent to E∞-ring spectra. The good thing is
that operads are not needed anymore.

However, using symmetric spectra is not essential and the results described
in this section could also be developed in more or less the same way in any
other of the known model categories of spectra with compatible smash prod-
uct. Alternatively, we could have taken an axiomatic approach and use the
term ‘spectra’ for any stable, monoidal model category in which the unit ob-
ject ‘looks and feels’ like the sphere spectrum. Indeed, we are essentially only
using the following properties of the category of symmetric spectra:

(i) there is a symmetric monoidal smash product, which makes symmetric
spectra into a monoidal model category ([Hov99, 4.2.6], [SS00]);
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(ii) the model structure is stable (Definition 4.1);
(iii) the unit S of the smash product is a small generator (Definition 3.7)

of the homotopy category of spectra;
(iv) the (derived) space of self maps of the unit object S is weakly equiv-

alent to QS0 = hocolimn ΩnSn and in the homotopy category, there
are no maps of negative degree from S to itself.

A large part of the material in this section is taken from a joint paper with
Shipley [SS03]. Two other papers devoted to Morita theory in the context of
ring spectra are [DGI] by Dwyer, Greenlees and Iyengar and [BL] by Baker
and Lazarev.

4.1. Stable model categories. Recall from [Qui67, I.2] or [Hov99, 6.1] that
the homotopy category of a pointed model category supports a suspension
and a loop functor. In short, for any object X the map to the zero object
can be factored

X −→ C
'−−→ ∗

as a cofibration followed by a weak equivalence. The suspension of X is then
defined as the quotient of the cofibration, ΣX = C/X. Dually, the loop
object ΩX is the fiber of a fibration from a weakly contractible object to X.
On the level of homotopy categories, the suspension and loop constructions
become functorial, and Σ is left adjoint to Ω.

Definition 4.1. A stable model category is a pointed model category for which
the functors Ω and Σ on the homotopy category are inverse equivalences.

The homotopy category of a stable model category has a large amount of
extra structure, some of which is relevant for us. First of all, it is naturally
a triangulated category, see [Hov99, 7.1.6] for a detailed proof. The rough
outline is as follows: by definition of ‘stable’ the suspension functor is a self-
equivalence of the homotopy category and it defines the shift functor. Since
every object is a two-fold suspension, hence an abelian co-group object, the
homotopy category of a stable model category is additive. Furthermore, by
[Hov99, 7.1.11] the cofiber sequences and fiber sequences of [Qui67, 1.3] coin-
cide up to sign in the stable case, and they define the distinguished triangles.
The model categories which we consider have all limits and colimits, so the
homotopy categories have infinite sums and products. Objects of a stable
model category are called ‘generators’ or ‘small’ if they have this property
as objects of the triangulated homotopy category, compare Definition 3.7.

A Quillen adjoint functor pair between stable model categories gives rise
to total derived functors which are exact functors with respect to the trian-
gulated structure; in other words both total derived functors commute with
suspension and preserve distinguished triangles.

Examples 4.2.
(1) Chain complexes. In the previous section, we have already seen an
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important class of examples from algebra, namely the category of chain com-
plexes over a ring R. This category actually has several different stable model
structures: the projective model structure (see Remark 3.3 (iv)) and the in-
jective model structure (see Remark 3.3 (v)) have as weak equivalences the
quasi-isomorphisms. There is a clash of terminology here: the homotopy cate-
gory in the sense of homotopical algebra is obtained by formally inverting the
weak equivalences; so for the projective and injective model structures, this
gives the unbounded derived category D(R). But the category of unbounded
chain complexes admits another model structure in which the weak equiva-
lences are the chain homotopy equivalences, see e.g. [CH, Ex. 3.4]. Thus for
this model structure, the homotopy category is what is commonly called the
homotopy category, often denoted by K(R). The derived category D(R) is a
quotient of the homotopy category K(R); the derived category D(R) has a
single small generator, but for example the homotopy category of chain com-
plexes of abelian groups K(Z) does not have a set of generators whatsoever,
compare [Nee01, E.3.2]. The three stable model structures on chain complexes
of modules have been generalized in various directions to chain complexes in
abelian categories or to other differential graded objects, see [CH], [Bek00]
and [Hov01a].

(2) The stable module category of a Frobenius ring. A different kind
of algebraic example — not involving chain complexes — is formed by the
stable module categories of Frobenius rings. A Frobenius ring A is defined by
the property that the classes of projective and injective A-modules coincide.
Important examples are finite dimensional self-injective algebras over a field,
in particular finite dimensional Hopf-algebras, such as group algebras of finite
groups. The stable module category has as objects the A-modules (not chain
complexes of modules). Morphisms in the stable category or represented
by module homomorphisms, but two homomorphisms are identified if their
difference factors through a projective (= injective) A-module.

Fortunately the two different meanings of ‘stable’ fit together nicely: the
stable module category is the homotopy category associated to a stable model
category structure on the category of A-modules, see [Hov99, Sec. 2]. The
cofibrations are the monomorphisms, the fibrations are the epimorphisms,
and the weak equivalences are the maps which become isomorphisms in the
stable category. Every finitely generated module is small when considered as
an object of the stable module category. As in the case of chain complexes
of modules, there is usually no point in making the model structure explicit
since the cofibration, fibrations and weak equivalences coincide with certain
well-known concepts.

Quillen equivalences between stable module categories arise under the name
of stable equivalences of Morita type ([Bro94, Sec. 5], [KZ, Ch. 11]). For sim-
plicity, suppose that A and B are two finite-dimensional self-injective algebras
over a field k; then A and B are in particular Frobenius rings. Consider an
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A-B-bimodule M (by which we mean a k-symmetric bimodule, also known
as a right module over Aop ⊗k B), which is projective as left A-module and
as a right B-module separately. Then the adjoint functor pair

Mod-A
−⊗AM //

Mod-B
HomB(M,−)

oo (4.3)

is Quillen adjoint pair with respect to the ‘stable’ model structures.
A stable equivalence of Morita type consists of an A-B-bimodule M and

a B-A-bimodule N such that both M and N are projective as left and right
modules separately, and such that there are direct sum decompositions

N ⊗A M ∼= B ⊕X and M ⊗B N ∼= A⊕ Y

as bimodules, where Y is a projective A-A-bimodule and B is a projective
B-B-bimodule. In this situation, the functors − ⊗A M and − ⊗B N induce
inverse equivalences of the stable module categories. Moreover, the Quillen
adjoint pair (4.3) is a Quillen equivalence.

Rickard observed [Ric89b] that a derived equivalence between self-injective,
finite-dimensional algebras also gives rise to a stable equivalence of Morita
type.

In the above algebraic examples, there is no real need for the language
of model categories; moreover, ‘Morita theory’ is covered by Keller’s paper
[Kel94a], which uses differential graded categories. A whole new world of
stable model categories comes from homotopy theory, see the following list.
The associated homotopy categories yield triangulated categories which are
not immediately visible to the eyes of an algebraist, since they do not arise
from abelian categories.

(3) Spectra. The prototypical example of a stable model category (which
is not ‘algebraic’), is ‘the’ category of spectra. We review one model, the
symmetric spectra of Hovey, Shipley and Smith [HSS] in more detail in Section
4.2. Many other model categories of spectra have been constructed, see for
example [BF78, Rob87a, Jar97, EKMM, Lyd98, MMSS]. All known model
categories of spectra Quillen equivalent (see e.g. [HSS, Thm. 4.2.5], [Sch01a]
or [MMSS]), and their common homotopy category is referred to as the stable
homotopy category. The sphere spectrum is a small generator for stable
homotopy category.

(4) Modules over ring spectra. Modules over an S-algebra [EKMM,
VII.1], over a symmetric ring spectrum [HSS, 5.4.2], or over an orthogonal
ring spectrum [MMSS] form stable model categories. We recall symmetric
ring spectra and their module spectra in Section 4.2. In each case a module
is small if and only if it is weakly equivalent to a retract of a finite cell module.
The free module of rank one is a small generator. More generally there are
stable model categories of modules over ‘symmetric ring spectra with several
objects’, or spectral categories, see [SS03, A.1].
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(5) Equivariant stable homotopy theory. If G is a compact Lie group,
there is a category of G-equivariant coordinate free spectra [LMS86] which
is a stable model category. Modern versions of this model category are the
G-equivariant orthogonal spectra of [MM02] and G-equivariant S-modules
of [EKMM]. In this case the equivariant suspension spectra of the coset
spaces G/H+ for all closed subgroups H ⊆ G form a set of small generators.

(6) Presheaves of spectra. For every Grothendieck site Jardine [Jar87]
constructs a stable model category of presheaves of Bousfield-Friedlander type
spectra; the weak equivalences are the maps which induce isomorphisms of the
associated sheaves of stable homotopy groups. For a general site these stable
model categories do not seem to have a set of small generators. A similar
model structure for presheaves of symmetric spectra is developed in [Jar00a].

(7) The stabilization of a model category. Modulo technicalities, every
pointed model category gives rise to an associated stable model category by
‘inverting’ the suspension functor, i.e., by passage to internal spectra. This
has been carried out, under different hypotheses, in [Sch97] and [Hov01b].

(8) Bousfield localization. Following Bousfield [Bou75], localized model
structures for modules over an S-algebra are constructed in [EKMM, VIII
1.1]. Hirschhorn [Hir03] shows that under quite general hypotheses the lo-
calization of a model category is again a model category. The localization
of a stable model category is stable and localization preserves generators.
Smallness need not be preserved.

(9) Motivic stable homotopy. In [MV, Voe98] Morel and Voevodsky
introduced the A1-local model category structure for schemes over a base.
An associated stable homotopy category of A1-local T -spectra (where T =
A1/(A1 − 0) is the ‘Tate-sphere’) is an important tool in Voevodsky’s proof
of the Milnor conjecture [Voe]. There are several stable model categories
underlying this motivic stable homotopy category, see for example [Jar00b],
[Hov01b], [Hu03] or [DØR].

4.2. Symmetric ring and module spectra. In this section we give a quick
introduction to symmetric spectra and symmetric ring and module spectra.
I recommend reading the original, self-contained paper by Hovey, Shipley
and Smith [HSS]. At several points, our exposition differs from theirs; for
example, we let the spheres act from the right.

Definition 4.4. [HSS] A symmetric spectrum consists of the following data:

• a sequence of pointed simplicial sets Xn for n ≥ 0
• for each n ≥ 0 a base-point preserving action of the symmetric group

Σn on Xn

• pointed maps αp,q : Xp ∧ Sq −→ Xp+q for p, q ≥ 0 which are Σp ×Σq-
equivariant; here S1 = ∆1/∂∆1, Sq = (S1)∧q and Σq permutes the
factors.

This data is subject to the following conditions:
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• under the identification Xn
∼= Xn∧S0, the map αn,0 : Xn∧S0 −→ Xn

is the identity,
• for p, q, r ≥ 0, the following square commutes

Xp ∧ Sq ∧ Sr αp,q ∧ Id
//

∼=
²²

Xp+q ∧ Sr

αp+q,r

²²
Xp ∧ Sq+r

αp,q+r

// Xp+q+r .

(4.5)

A morphism f : X −→ Y of symmetric spectra consists of Σn-equivariant
pointed maps fn : Xn −→ Yn for n ≥ 0, which are compatible with the
structure maps in the sense that fp+q ◦αp,q = αp,q ◦ (fq ∧ IdSq) for all p, q ≥ 0.
The category of symmetric spectra is denoted by SpΣ.

The definition we have just given is somewhat redundant, and Hovey, Ship-
ley and Smith use a more economical definition in [HSS, Def. 1.2.2]. Indeed,
the commuting square (4.5), shows that all action maps αp,q are given by
composites of the maps αp,1 : Xp ∧ S1 −→ Xp+1 for varying p.

A first example is the symmetric sphere spectrum S given by Sn = Sn,
where the symmetric group permutes the factors and αp.q : Sp ∧ Sq −→ Sp+q

is the canonical isomorphism. More generally, every pointed simplicial set K
gives rise to a suspension spectrum Σ∞K via

(Σ∞K)n = K ∧ Sn ;

then we have S ∼= Σ∞S0.
A symmetric spectrum is cofibrant if it has the left lifting property for

levelwise acyclic fibrations. More precisely, A is cofibrant if the following
holds: for every morphism f : X −→ Y of symmetric spectra such that
fn : Xn −→ Yn is a weak equivalence and Kan fibration for all n, and for
every morphism ι : A −→ X, there exists a morphism ῑ : A −→ Y such
that ι = f ῑ. Suspension spectra are examples of cofibrant symmetric spectra.
An equivalent definition uses the latching space LnA, a simplicial set which
roughly is the ‘stuff coming from dimensions below n’; see [HSS, 5.2.1] for the
precise definition. A symmetric spectrum A is cofibrant if and only if for all
n, the map LnA −→ An is injective and symmetric group Σn is freely on the
complement of the image, see [HSS, Prop. 5.2.2]. An Ω-spectrum is defined
by the properties that each simplicial set Xn is a Kan complex and all the
maps Xn −→ Ω(Xn+1) adjoint to αn,1 are weak homotopy equivalences. The
stable homotopy category has as objects the cofibrant symmetric Ω-spectra
and as morphisms the homotopy classes of morphisms of symmetric spectra.

Although we just gave a perfectly good definition of the stable homotopy
category, in order to work with it one needs an ambient model category
structure. One such model structure is the stable model structure of [HSS,
Thm. 3.4.4]. A morphism of symmetric spectra is a stable equivalence if it
induces isomorphisms on all cohomology theories represented by (injective)
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Ω-spectra, see [HSS, Def, 3.1.3] for the precise statement. There is a notion
of cofibration such that a symmetric spectrum X is cofibrant in the above
sense if and only if the map from the trivial symmetric spectrum to X is a
cofibration. The Ω-spectra then coincide with the stably fibrant symmetric
spectra. There are other model structure for symmetric spectra with the same
class of weak (=stable) equivalences, hence with the same homotopy category,
for example the S-model structure which is hinted at in [HSS, 5.3.6].

Stable equivalences versus π∗-isomorphisms. One of the tricky points
with symmetric spectra is the relationship between stable equivalences and
π∗-isomorphisms. The stable equivalences are defined as the morphisms which
induce isomorphisms on all cohomology theories; there is the strictly smaller
class of morphisms which induce isomorphisms on stable homotopy groups.
The k-th stable homotopy group of a symmetric spectrum X is defined as the
colimit

πkX = colimn πn+k|Xn| ,

where |Xn| denotes the geometric realization of the simplicial set Xn. The
colimit is taken over the maps

πn+k |Xn| −∧S1−−−−→ πn+k+1

(|Xn| ∧ S1
) (αn,1)∗−−−−−→ πn+k+1 |Xn+1| . (4.6)

While every π∗-isomorphism of symmetric spectra is a stable equivalence
[HSS, Thm. 3.1.11], the converse is not true. The standard example is the
following: consider the symmetric spectrum F1S

1 freely generated by the
circle S1 in dimension 1. Explicitly, F1S

1 is given by

(F1S
1)n = Σ+

n ∧Σn−1 Sn−1 ∧ S1 .

So (F1S
1)n is a wedge of n copies of Sn and in the stable range, i.e., up to

roughly dimensions 2n, the homotopy groups of (F1S
1)n are a direct sum of n

copies of the homotopy groups of Sn. Moreover, in the stable range, the map
in the colimit system (4.6) is a direct summand inclusion into (n + 1) copies
of the homotopy groups of Sn. Thus in the colimit, the stable homotopy
groups of the symmetric spectrum F1S

1 are a countably infinite direct sum
of copies of the stable homotopy groups of spheres. Since F1S

1 is freely
generated by the circle S1 in dimension 1, it ought to be a desuspension of the
suspension spectrum of the circle. However, the necessary symmetric group
actions ‘blow up’ such free objects with the effect that the stable homotopy
groups are larger than they should be. This example indicates that inverting
only the π∗-isomorphisms would leave too many stable homotopy types, and
the resulting category could not be equivalent to the usual stable homotopy
category.

Smash product. One of the main features which distinguishes symmet-
ric spectra from the more classical spectra is the internal smash product.
The smash product of symmetric spectra can be described via its univer-
sal property, analogous to universal property of the tensor product over a
commutative ring. Indeed, if R is a commutative ring and M and N are
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right R-modules, then a bilinear map to another left R-module W is a map
b : M×N −→ W such that for each m ∈ M the map b(m,−) : N −→ W and
each n ∈ N the map b(−, n) : M −→ W are R-linear. The tensor product
M⊗R N is the universal example of a right R-module together with a bilinear
map from M ×N .

Let us define a bilinear morphism b : (X,Y ) −→ Z from two symmetric
spectra X and Y to a symmetric spectrum Z to consist of a collection of
Σp × Σq-equivariant maps of pointed simplicial sets

bp,q : Xp ∧ Yq −→ Zp+q

for p, q ≥ 0, such that for all p, q, r ≥ 0, the following diagram commutes

Xp ∧ Yq ∧ Sr

Id∧αq,r

vvmmmmmmmmmmmmmmm

bp,q∧Id

²²

Id∧twist // Xp ∧ Sr ∧ Yq

αp,r∧Id

²²
Xp ∧ Yq+r

bp,q+r ((QQQQQQQQQQQQQQQ
Zp+q ∧ Sr

αp+q,r

²²

Xp+r ∧ Yq

bp+r,q

²²
Zp+q+r Zp+r+q

1×χr,q

oo

(4.7)

The automorphism 1×χr,q of Zp+q+r may look surprising at first sight. Here
1 × χr,q ∈ Σp+r+q denotes the block permutation which fixes the first p ele-
ments, and which moves the next q elements past the last r elements. This
can be viewed as a topological version of the sign rule which says that when
two symbols of degree q and r are permuted past each other, the sign (−1)qr

should appear as well. The block permutation χr,q has sign (−1)qr and it
compensates the upper vertical interchange of Yq and Sr. A good way to
keep track of such permutations is to carefully distinguish between indices
such as r + q and q + r. Of course these two numbers are equal, but the
fact that one arises naturally instead of the other reminds us that a block
permutation should be inserted.

The smash product X∧Y is the universal example of a symmetric spectrum
with a bilinear morphism from X and Y . In other words, it comes with
a bilinear morphism ι : (X,Y ) −→ X ∧ Y such that for every symmetric
spectrum Z the map

SpΣ(X ∧ Y, Z) −→ Bi-SpΣ((X,Y ), Z) (4.8)

is bijective. If we suppose that such a universal object exist, this property
characterizes the smash product and the maps ιp,q : Xp ∧ Yq −→ (X ∧ Y )p+q

up to canonical isomorphism. An actual construction as a certain coequalizer
is given in [HSS, Def. 2.2.3]; in this article, we will only use the universal
property of the smash product.

We use the universal property to derive that the smash product is functorial
and symmetric monoidal. For example, let f : X −→ Y and f ′ : X ′ −→ Y ′
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be morphisms of symmetric spectra. Then the collection of maps of pointed
simplicial sets{

Xp ∧ X ′
q

fq∧f ′q−−−→ Yp ∧ Y ′
q

ιp,q−−→ (Y ∧ Y ′)p+q

}

p,q≥0

form a bilinear morphism (X,X ′) −→ Y ∧ Y ′, so it corresponds to a unique
morphism of symmetric spectra f ∧ f ′ : X ∧ X ′ −→ Y ∧ Y ′. The univer-
sal property implies functoriality in both arguments. For the proof of the
associativity of the smash product we notice that the family
{

Xp ∧ Yq ∧ Zr
ιp,q∧Id−−−−→ (X ∧ Y )p+q ∧ Zr

ιp+q,r−−−→ ((X ∧ Y ) ∧ Z)p+q+r

}
p,q,r≥0

and the family
{

Xp ∧ Yq ∧ Zr
Id∧ιq,r−−−−→ Xp ∧ (Y ∧ Z)q+r

ιp,q+r−−−→ (X ∧ (Y ∧ Z))p+q+r

}
p,q,r≥0

both have the universal property of a tri-linear morphism out of X, Y and
Z. The uniqueness of universal objects gives a preferred isomorphism of
symmetric spectra

(X ∧ Y ) ∧ Z ∼= X ∧ (Y ∧ Z) .

The symmetry isomorphism X ∧ Y ∼= Y ∧ X corresponds to the bilinear
morphism{

Xp ∧ Yq
twist−−→ Yq ∧ Xp

ιq,p−−→ (Y ∧X)q+p
χq,p−−→ (Y ∧X)p+q

}
p,q≥0

. (4.9)

The block permutation χq,p is crucial here: without it we would not get a
bilinear morphism is the sense of diagram (4.7). In much the same spirit, the
universal properties can be used to provide unit isomorphisms S ∧X ∼= X ∼=
X ∧ S, to verify the coherence conditions of a symmetric monoidal structure,
and to establish an isomorphism of suspension spectra

(Σ∞K) ∧ (Σ∞L) ∼= Σ∞(K ∧ L) .

The symmetric monoidal structure given by the smash product of symmetric
spectra is closed in the sense that internal function objects exist as well. For
each pair of symmetric spectra X and Y there is a symmetric function spec-
trum Hom(X, Y ) [HSS, 2.2.9], and there are natural composition morphisms

◦ : Hom(Y, Z) ∧ Hom(X,Y ) −→ Hom(X, Z)

which are associative and unital with respect to a unit map S −→ Hom(X,X).
Moreover, the usual adjunction isomorphism

SpΣ(X ∧ Y, Z) ∼= SpΣ(X, Hom(Y, Z))

relates the smash product and function spectra.
Ring and module spectra. The smash product of symmetric spectra

leads to the concomitant concepts symmetric ring spectra, module spectra
and algebra spectra.
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Definition 4.10. A symmetric ring spectrum is a symmetric spectrum R
together with morphisms of symmetric spectra

η : S −→ R and µ : R ∧ R −→ R ,

called the unit and multiplication map, which satisfy certain associativity
and unit conditions (see [McL, VII.3]). A ring spectrum R is commutative if
the multiplication map is unchanged when composed with the twist, or the
symmetry isomorphism (4.9), of R ∧ R. A morphism of ring spectra is a
morphism of spectra commuting with the multiplication and unit maps. If
R is a symmetric ring spectrum, a right R-module is a spectrum N together
with an action map N ∧ R −→ N satisfying associativity and unit conditions
(see again [McL, VII.4]). A morphism of right R-modules is a morphism of
spectra commuting with the action of R. We denote the category of right
R-modules by Mod-R.

With the universal property of the smash product we can make the struc-
ture of a symmetric ring spectrum more explicit. The multiplication map
µ : R ∧ R −→ R corresponds to a family of pointed, Σp × Σq-equivariant
maps

µp,q : Rp ∧ Rq −→ Rp+q

for p, q ≥ 0, which are bilinear in the sense of diagram (4.7). The maps are
supposed to be associative and unital with respect to the maps ηp : Sp −→ Rp

which constitute the unit map η : S −→ R.
The commutativity isomorphism of the smash product involves the block

permutation χq,p, see (4.9). So the multiplication of a symmetric ring spec-
trum is commutative if and only if the following diagrams commute for all
p, q ≥ 0

Rp ∧ Rq
µp,q //

twist
²²

Rp+q

χp,q

²²
Rq ∧ Rp µq,p

// Rq+p

The block permutation χp,q has sign (−1)pq, so this diagram is reminiscent of
the sign rule in a graded ring which is commutative in the graded sense.

The unit S of the smash product is a ring spectrum in a unique way, and
S-modules are the same as symmetric spectra. The smash product of two ring
spectra is naturally a ring spectrum. For a ring spectrum R the opposite ring
spectrum Rop is defined by composing the multiplication with the twist map
R ∧ R −→ R ∧ R (so in terms of the bilinear maps µp,q : Rp ∧Rq −→ Rp+q,
a block permutation appears). The definitions of left modules and bimodules
is hopefully clear; left R-modules and R-T -bimodule can also be defined as
right modules over the opposite ring spectrum Rop, respectively right modules
over the ring spectrum Rop ∧ T .
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A formal consequence of having a closed symmetric monoidal smash prod-
uct is that the category of R-modules inherits a smash product and function
objects. The smash product M ∧R N of a right R-module M and a left R-
module N can be defined as the coequalizer, in the category of symmetric
spectra, of the two maps

M ∧ R ∧ N //// M ∧ N

given by the action of R on M and N respectively. Alternatively, one can
characterize M∧RN as the universal example of a symmetric spectrum which
receives a bilinear map from M and N which is R-balanced, i.e., all the dia-
grams

Mp ∧Rq ∧Nr

αp,q∧Id

²²

Id∧αq,r // Mp ∧Nq+r

ιp,q+r

²²
Mp+q ∧Nr ιp+q,r

// (M ∧N)p+q+r

(4.11)

commute. If M happens to be a T -R-bimodule and N an R-S-bimodule, then
M ∧R N is naturally a T -S-bimodule. If R is a commutative ring spectrum,
the notions of left and right module coincide and agree with the notion of
a symmetric bimodule. In this case ∧R is an internal symmetric monoidal
smash product for R-modules. There are also internal function spectra and
function modules, enjoying the ‘usual’ adjointness properties with respect to
the various smash products.

The modules over a symmetric ring spectrum R inherit a model category
structure from symmetric spectra, see [HSS, Cor. 5.4.2] and [SS00, Thm. 4.1
(1)]. More precisely, a morphism of R-modules is called a weak equivalence
(resp. fibration) if the underlying morphism of symmetric spectra is a stable
equivalence (resp. stable fibration). The cofibrations are then determined by
the left lifting property with respect to all acyclic fibrations in Mod-R. This
model structure is stable, so the homotopy category of modules over a ring
spectrum is a triangulated category. The free module of rank one is a small
generator.

For a map R −→ S of ring spectra, there is a Quillen adjoint functor pair
analogous to restriction and extension of scalars: any S-module becomes an
R-module if we let R act through the map. This functor has a left adjoint
taking an R-module M to the S-module M ∧R S. If R −→ S is a sta-
ble equivalence, then the functors of restriction and extension of scalars are
a Quillen equivalence between the categories of R-modules and S-modules,
see [HSS, Thm. 5.4.5] and [SS00, Thm. 4.3].

Example 4.12 (Monoid ring spectra). If M is a simplicial monoid, and R is
a symmetric ring spectrum, we define a symmetric spectrum R[M ] by

R[M ]n = Rn ∧M+ ,
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where M+ denotes the underlying simplicial set of M , with disjoint basepoint
added. The unit map is the composite of the unit map of R and the wedge
summand inclusion indexed by the unit of M ; the multiplication map R[M ]∧
R[M ] −→ R[M ] is induced from the bilinear morphism

(Rp ∧M+) ∧ (Rq ∧M+) ∼= (Rp ∧Rq) ∧ (M ×M)+ µp,q∧mult.−−−−−−−→ Rp+q ∧M+ .

The construction of the monoid ring over S is left adjoint to the functor which
takes a symmetric ring spectrum R to the simplicial monoid R0.

Example 4.13 (Matrix ring spectra). Let R be a symmetric ring spectrum
and consider the wedge (coproduct)

R× n = R ∨ · · · ∨R︸ ︷︷ ︸
n

of n copies of the free R-module of rank 1. In the usual stable model structure,
the free module of rank 1 is cofibrant, hence so is R×n. We choose a fibrant
replacement R× n

∼−→ (R× n)f. The ring spectrum of n× n matrices over R
is defined as the endomorphism ring spectrum of (R× n)f,

Mn(R) = EndR((R× n)f) .

The stable equivalence type of the matrix ring spectrum Mn(R) is indepen-
dent of the choice of fibrant replacement, see Corollary A.2.4 of [SS03]. More-
over, the underlying spectrum of Mn(R) is isomorphic, in the stable homotopy
category, to a sum of n2 copies of R.

Example 4.14 (Eilenberg-Mac Lane spectra). For an abelian group A, the
Eilenberg-Mac Lane spectrum HA is defined by

(HA)n = A⊗ Z[Sn] ,

i.e., the underlying simplicial set of the dimensionwise tensor product of A
with the reduced free simplicial abelian generated by the simplicial n-sphere.
The symmetric groups acts by permuting the smash factors of Sn. The ho-
motopy groups of the symmetric spectrum HA are concentrated in dimension
zero, where we have a natural isomorphism π0HA ∼= A.

For two abelian groups A and B, a natural morphism of symmetric spectra

HA ∧HB −→ H(A⊗B)

is obtained, by the universal property (4.8), from the bilinear morphism

(HA)n ∧ (HB)m = (A⊗ Z[Sn]) ∧ (B ⊗ Z[Sm])

−→ (A⊗B)⊗ Z[Sn+m] = (H(A⊗B))n+m

given by(∑
i

ai · xi

)
∧

(∑
j

bj · x′j
)
7−→

∑
i,j

(ai ⊗ bj) · (xi ∧ x′j) .
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A unit map S −→ HZ is given by the inclusion of generators. With respect to
these maps, H becomes a lax symmetric monoidal functor from the category
of abelian groups to the category of symmetric spectra. As a formal conse-
quence, H turns a ring R into a symmetric ring spectrum with multiplication
map

HR ∧HR −→ H(R⊗R) −→ HR .

Similarly, an R-module structure on A gives rise to an HR-module structure
on HA.

The definition of the symmetric spectrum HA makes just as much sense
when A is a simplicial abelian group; thus the Eilenberg-Mac Lane func-
tor makes simplicial rings into symmetric ring spectra, respecting possible
commutativity of the multiplications. With a little bit of extra care, the
Eilenberg-Mac Lane construction can also be extended to a differential graded
context, compare [SS03, App. B] and [Ri03].

For a fixed ring B, the modules over the Eilenberg-Mac Lane ring spectrum
HB of a ring B have the same homotopy theory as complexes of B-modules.
The first results of this kind were obtained by Robinson for A∞-ring spec-
tra [Rob87b], and later for S-algebras in [EKMM, IV Thm. 2.4]; in both
cases, equivalences of triangulated homotopy categories are constructed. But
more is true: for any ring B, Theorem 5.1.6 of [SS03] provides a chain of two
Quillen equivalences between the categories of unbounded chain complexes of
B-modules and the HB-module spectra.

Example 4.15 (Cobordism spectra). We define a commutative symmetric
ring spectrum MO whose stable homotopy groups are isomorphic to the ring
of cobordism classes of smooth closed manifolds. We set

(MO)n = EO(n)+ ∧O(n) Sn .

Here O(n) is the n-th orthogonal group consisting of Euclidean automor-
phisms of Rn. The space EO(n) is the geometric realization of the simplicial
object of topological groups which in dimension k is the k-fold product of
copies of O(n), and where are face maps are projections. Thus EO(n) is a
topological group with a homomorphism O(n) −→ EO(n) coming from the
inclusion of 0-simplices. The underlying space of EO(n) is contractible and
has two commuting actions of O(n) from the left and the right. The right
O(n)-action is used to form the orbit space (MO)n, where we think of Sn as
the one-point compactification of Rnwith its natural left O(n)-action. Thus
the space (MO)n still has a left O(n)-action, which we restrict to an action of
the symmetric group Σn, sitting inside O(n) as the coordinate permutations.
Topologically, (MO)n is nothing but the Thom space of the tautological bun-
dle over the classifying space BO(n).

The unit of the ring spectrum MO is given by the maps

Sn ∼= O(n)+ ∧O(n) Sn −→ EO(n)+ ∧O(n) Sn = (MO)n
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using the ‘vertex map’ O(n) −→ EO(n). There are multiplication maps

(MO)p ∧ (MO)q −→ (MO)p+q

which are induced from the identification Sp∧Sq ∼= Sp+q which is equivariant
with respect to the group O(p) × O(q), viewed as a subgroup of O(p + q).
The fact that these multiplication maps are associative and commutative uses
that

• for topological groups G and H, the simplicial model of EG comes
with a natural, associative and commutative isomorphism E(G×H) ∼=
EG× EH;

• the group monomorphisms O(p) × O(q) −→ O(p + q) are strictly
associative, and the following diagram commutes

O(p)×O(q) //

twist
²²

O(p + q)

conj. by χp,q

²²
O(q)×O(p) // O(q + p)

where the right vertical map is conjugation by the permutation matrix
of the block permutation χp,q.

In very much the same way we obtain commutative symmetric ring spectra
model for the oriented cobordism spectrum MSO and the spin cobordism
spectrum MSpin. The complex cobordism ring spectrum MU does not fit
in here directly; one has to vary the notion of a symmetric spectrum slightly,
and consider only symmetric spectra which are defined ‘in even dimensions’.

4.3. Characterizing module categories over ring spectra. Several of
the examples of stable model categories in Section 4.1 already come as cate-
gories of modules over suitable rings or ring spectra. This is no coincidence.
In fact, every stable model category with a single small generator has the
same homotopy theory as the modules over a ring spectrum. This is an ana-
log of Theorem 2.5, which characterizes module categories over a ring as the
cocomplete abelian category with a small projective generator.

To an object P in a sufficiently nice stable model category C we can asso-
ciate a symmetric endomorphism ring spectrum EndC(P ); among other things,
this ring spectrum comes with an isomorphism of graded rings

π∗EndC(P ) ∼= Ho(C)(P, P )∗

between the homotopy groups of EndC(P ) and the morphism of P in the tri-
angulated homotopy category of C. The precise characterization is as follows:

Theorem 4.16. Let C be a stable model category which is simplicial, cofi-
brantly generated and proper. If C has a small generator P , then there exists
a chain of Quillen equivalences between C and the model category of EndC(P )-
modules,

C 'Q Mod-EndC(P ) .
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Unfortunately, the theorem is currently only known under the above tech-
nical hypothesis: the stable model category in question should be simplicial
(see [Qui67, II.2], [Hov99, 4.2.18]), cofibrantly generated (see [Hov99, Sec. 2.1]
or [SS00, Sec. 2]) and proper (see [BF78, Def. 1.2] or [HSS, Def. 5.5.2]). The
conditions enter in the construction of ‘good’ endomorphism ring spectra. I
suspect however, that these hypothesis are not essential and can be elimi-
nated with a clever use of framing techniques. For example, in [SS02, Sec. 6],
we use framings to construct function spectra in a arbitrary stable model cat-
egory; that construction does however not yield symmetric spectra, and there
is no good composition pairing. The condition of being a simplicial model
category can be removed by appealing to [RSS] or [Dug] where suitable model
categories are replaced by Quillen equivalent simplicial model categories.

This theorem is a special case of the more general result which applies to
stable model categories with a set of small generators (as opposed to a single
small generator), see [SS03, Thm. 3.3.3].

Spectral model categories. In the algebraic situations which we con-
sidered in Sections 2 and 3, the key point is to have a good notion of en-
domorphism ring or endomorphism DG ring together with a ‘tautological’
functor

HomA(P,−) : A −→ Mod-EndA(P ) . (4.17)

Then it is a matter of checking that when P is a small generator, the functor
Hom(P,−) is either an equivalence of categories (in the context of abelian
categories) or induces an equivalence of derived categories (in the context
of DG categories). For abelian categories the situation is straightforward,
and the ordinary endomorphism ring does the job. In the differential graded
context already a little complication comes in because the categorical hom
functor HomA(P,−) need not preserve quasi-isomorphisms in general.

For stable model categories, the key construction is again to have an endo-
morphism ring spectrum EndC(P ) together with a homotopically well-behaved
homomorphism functor (4.17) to modules over the endomorphism ring spec-
trum. This is easy for the following class of spectral model categories where
composable function spectra are part of the data. A spectral model category
is analogous to a simplicial model category [Qui67, II.2], but with the cat-
egory of simplicial sets replaced by symmetric spectra. Roughly speaking,
a spectral model category is a pointed model category which is compatibly
enriched over the stable model category of spectra. In particular there are
‘tensors’ K ∧ X and ‘cotensors’ XK of an object X of C and a symmetric
spectrum K, and function symmetric spectra HomC(A, Y ) between two ob-
jects of C. The compatibility is expressed by the following axiom which takes
the place of [Qui67, II.2 SM7]; there are two equivalent ‘adjoint’ forms of this
axiom, compare [Hov99, Lemma 4.2.2] or [SS03, 3.5].
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(Pushout product axiom) For every cofibration A −→ B in C and every
cofibration K −→ L of symmetric spectra, the pushout product map

L ∧ A ∪K∧A K ∧B −→ L ∧B

is a cofibration; the pushout product map is a weak equivalence if in addition
A −→ B is a weak equivalence in C or K −→ L is a stable equivalence of
symmetric spectra.

A spectral Quillen pair is a Quillen adjoint functor pair L : C −→ D and
R : D −→ C between spectral model categories together with a natural
isomorphism of symmetric homomorphism spectra

HomC(A, RX) ∼= HomD(LA,X)

which on the vertices of the 0-th level reduces to the adjunction isomorphism.
A spectral Quillen pair is a spectral Quillen equivalence if the underlying
Quillen functor pair is an ordinary Quillen equivalence.

A spectral model category is the same as a ‘SpΣ-model category’ in the
sense of [Hov99, Def. 4.2.18]; Hovey’s condition 2 of [Hov99, 4.2.18] is auto-
matic since the unit S for the smash product of symmetric spectra is cofibrant.
Similarly, a spectral Quillen pair is a ‘SpΣ-Quillen functor’ in Hovey’s termi-
nology. Examples of spectral model categories are module categories over a
ring spectrum, and the category of symmetric spectra over a suitable simpli-
cial model category [SS03, Thm. 3.8.2].

A spectral model category is in particular a simplicial and stable model
category. Moreover, for X a cofibrant and Y a fibrant object of a spectral
model category C there is a natural isomorphism of graded abelian groups
π∗HomC(X,Y ) ∼= Ho(C)(X,Y )∗. These facts are discussed in Lemma 3.5.2 of
[SS03].

For an object P in a spectral model category, the function spectrum EndC(P )
= HomC(P, P ) is naturally a ring spectrum; the multiplication is a special case
of the composition product

◦ : HomC(Y, Z) ∧ HomC(X, Y ) −→ HomC(X, Z) .

Via the composition pairing, the function symmetric spectrum HomC(P, X)
becomes a right module over the symmetric ring spectrum EndC(P ) for any
object X. In order for the endomorphism ring spectrum EndC(P ) to have
the correct homotopy type, the object P should be both cofibrant and fi-
brant. In that case, the ring of homotopy groups π∗EndC(P ) is isomorphic
to Ho(C)(P, P )∗, the ring of graded self maps of P in the homotopy cate-
gory of C. Moreover, the homotopy type of the endomorphism ring spectrum
then depends only on the weak equivalence type of the object (see [SS03, Cor.
A.2.4]). Note that this is not completely obvious since taking endomorphisms
is not a functor.

If P is a cofibrant object of a spectral model category, then the functor

HomC(P,−) : C −→ Mod-EndC(P )
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is the right adjoint of a Quillen adjoint functor pair, see [SS03, 3.9.3 (i)]. The
left adjoint is denoted

− ∧EndC(P ) P : Mod-EndC(P ) −→ C . (4.18)

For spectral model categories, the proof of Theorem 4.16 is now straightfor-
ward, and very analogous to the proofs of Theorem 2.5 and Theorem 3.20;
indeed, to obtain the following theorem, one applies Proposition 3.10 to the
total left derived functor of the left Quillen functor (4.18).

Theorem 4.19. Let C be a spectral model category and P a cofibrant-fibrant
object. If P is a small generator for C, then the adjoint pair HomC(P,−) and
− ∧EndC(P ) P forms a spectral Quillen equivalence.

The remaining step is worked out in Theorem 3.8.2 of [SS03], which proves
that every simplicial, cofibrantly generated, proper stable model category is
Quillen equivalent to a spectral model category, namely the category Sp(C) of
symmetric spectra over C. The proof is technical and we will not go into details
here. Theorem 4.16 follows by combining [SS03, Theorem 3.8.2] and Theorem
4.19 to obtain a diagram of model categories and Quillen equivalences (the
left adjoints are on top)

C Σ∞ // Sp(C)
Ev0

oo
HomC(P,−)

// Mod-EndC(P ) .
−∧EndC(P )P

oo

4.4. Morita context for ring spectra. Now we come to ‘Morita theory for
ring spectra’, by which we mean the question when two symmetric spectra
have Quillen equivalent module categories. For ring spectra, there is a signif-
icant difference between a Quillen equivalence of the module categories and
an equivalence of the homotopy categories. The former implies the latter,
but not conversely. The same kind of difference already exists for differential
graded rings, but it is not visible for ordinary rings (see Example 4.5 (5)).

We call a symmetric spectrum X flat if the functor X ∧− preserves stable
equivalences of symmetric spectra. If X is cofibrant, or more generally S-
cofibrant in the sense of [HSS, 5.3.6], then X is flat, see [HSS, 5.3.10]. Every
symmetric ring spectrum has a ‘flat resolution’: we may take a cofibrant
approximation in the stable model structure of symmetric ring spectra [HSS,
5.4.3]; the underlying symmetric spectrum of the approximation is cofibrant,
thus flat.

Theorem 4.20. (Morita context) The following are equivalent for two
symmetric ring spectra R and S.

(1) There exists a chain of spectral Quillen equivalences between the cate-
gories of R-modules and S-modules.

(2) There is a small, cofibrant and fibrant generator of the model category
of S-modules whose endomorphism ring spectrum is stably equivalent to R.
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Both conditions are implied by the following condition.
(3) There exists an R-S-bimodule M such that the derived smash product

functor

− ∧L
R M : Ho(Mod-R) −→ Ho(Mod-S)

is an equivalence of categories.

If moreover R or S is flat as a symmetric spectrum, then all three condi-
tions are equivalent.

Again there is a version of the Morita context 4.20 relative to a commutative
symmetric ring spectrum k. In that case, R and S are k-algebras, condition
(1) refers to k-linear spectral Quillen equivalences, condition (2) requires a
stable equivalence of k-algebras, the bimodule M in (3) has to be k-symmetric
and in the addendum, one of R or S has to be flat as a k-module.

Proof of Theorem 4.20. (2)=⇒ (1): Modules over a symmetric ring spec-
trum form a spectral model category; so this implication is a special case
of Theorem 4.19, combined with the fact that stably equivalent ring spectra
have Quillen equivalent module categories.

(1) =⇒ (2): To simplify things we suppose that there exists a single
spectral Quillen equivalence

Mod-R
Λ //

Mod-S
Φ

oo

with Λ the left adjoint. The general case of a chain of such Quillen equiv-
alences is treated in [SS03, Thm. 4.1.2]. We choose a trivial cofibration
ι : Λ(R) −→ Λ(R)f of S-modules such that M := Λ(R)f is fibrant; since
M is isomorphic in the homotopy category of S-modules to the image of the
free R-module of rank one under the equivalence of homotopy categories, M
is a small generator for the homotopy category of S-modules. It remains to
show that the endomorphism ring spectrum of M is stably equivalent to R.

We define EndS(ι), the endomorphism ring spectrum of the S-module map
ι : Λ(R) −→ M , as the pullback in the diagram of symmetric spectra

EndS(ι) //

²²

EndS(M)

ι∗
²²

R ι∗
// HomS(Λ(R),M)

(4.21)

The right vertical map ι∗ is obtained by applying HomS(−,M) to the acyclic
cofibration ι; since M is stably fibrant, ι∗ is acyclic fibration of symmetric
spectra. Since Λ and Φ form a Quillen equivalence, the adjoint ι̂ : R −→
Φ(M) of ι is a stable equivalence of R-modules. The lower horizontal map ι∗
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is the composite stable equivalence

R ∼= HomR(R,R)
HomR(R,ι̂)−−−−−−−→ HomR(R, Φ(M)) ∼= HomS(Λ(R),M) .

All maps in the pullback square (4.21) are thus stable equivalences and the
morphism connecting EndS(ι) to R and EndS(M) are homomorphisms of
symmetric ring spectra (whereas the lower right corner HomS(Λ(R),M) has
no multiplication). So R is indeed stably equivalent, as a symmetric ring
spectrum, to the endomorphisms of M .

(3)=⇒ (1): If M happens to be cofibrant as a right S-module, then smash-
ing with M over R is a left Quillen equivalence from R-modules to S-modules.
Since we did not assume that M is cofibrant over S, we have to be content
with a chain of two Quillen equivalences, which we get as follows.

Let M be an R-S-bimodule as in condition (3). We choose a cofibrant
approximation ι : Rc −→ R in the stable model structure of symmetric ring
spectra and we view M as an Rc-S-bimodule by restriction of scalars. Then
we choose a cofibrant approximation M c −→ M as Rc-S-bimodules. Since
the underlying symmetric spectrum of Rc is cofibrant [SS00, 4.1 (3)], Rc ∧ S
is cofibrant as a right S-module, and thus every cofibrant Rc-S-bimodule is
cofibrant as a right S-module. In particular, this holds for M c, and so we
have a chain of two spectral Quillen pairs

Mod-R
ι∗

// Mod-Rc
−∧RcRoo −∧RcMc

//
Mod-S .

HomS(Mc,−)
oo

The left pair is a Quillen equivalence since the approximation map ι : Rc −→
R is a stable equivalence. For every cofibrant Rc-module X, the map

X ∧Rc M c −→ X ∧Rc M ∼= (X ∧Rc R) ∧R M

is a stable equivalence. This means that the diagram of homotopy categories
and derived functors

Ho(Mod-Rc)
−∧L

RcR

vvnnnnnnnnnnnn −∧L
RcMc

((PPPPPPPPPPPP

Ho(Mod-R)
−∧L

RM

// Ho(Mod-S)

commutes up to natural isomorphism. Thus the right Quillen pair above
induces an equivalence of homotopy categories, so it is a Quillen equivalence.

(2)=⇒(3), assuming that R or S is flat: Let T be a cofibrant and
fibrant small generator of Ho(Mod-S) such that R is stably equivalent to
the endomorphism ring spectrum of T . We choose a cofibrant approximation

Rc '−→ R in the model category of symmetric ring spectra. Since T is cofibrant
and fibrant, its endomorphism ring spectrum is fibrant. So any isomorphism
between R and EndS(T ) in the homotopy category of symmetric ring spectra
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can be represented by a chain of two stable equivalences

R
'←−− Rc '−−→ EndS(T ) .

The module T is naturally an EndS(T )-S-bimodule, and we restrict the left
action to Rc and view T as an Rc-S-bimodule. We choose a cofibrant replace-
ment T c ∼−→ T as an Rc-S-bimodule. Then we set

M = R ∧Rc T c ,

an R-S-bimodule. We have no reason to suppose that M is cofibrant as a right
S-module, so we cannot assume that the functor −∧RM : Mod-R −→ Mod-S
is a left Quillen functor. Nevertheless, smashing with M over R takes stable
equivalences between cofibrant R-modules to stable equivalences, so it has a
total left derived functor

− ∧L
R M : Ho(Mod-R) −→ Ho(Mod-S) ;

we claim that this functor is an equivalence.
Since Rc is cofibrant as a symmetric ring spectrum, it is also cofibrant as

a symmetric spectrum [SS00, 4.1 (3)], so Rc ∧ Sop models the derived smash
product of R and S. If one of R or S is flat, then R ∧ Sop also models the
derived smash product, so that the map

Rc ∧ Sop −→ R ∧ Sop

is a stable equivalence of symmetric ring spectra. Since T c is cofibrant as an
Rc ∧ Sop-module, the induced map

T c = (Rc ∧ Sop)Rc∧SopT c → (R ∧ Sop)Rc∧SopT c ∼= R ∧Rc T c = M (4.22)

is a stable equivalence. We smash the stable equivalence (4.22) from the left
with an Rc-module X to get a natural map of S-modules

X ∧Rc T c −→ X ∧Rc M ∼= (X ∧Rc R) ∧R M . (4.23)

If X is cofibrant as an Rc-module, then X ∧Rc − takes stable equivalences
of left Rc-modules to stable equivalences, so in this case, the map (4.23) is a
stable equivalence. Thus the diagram of triangulated categories and derived
functors

Ho(Mod-Rc)
−∧L

RcT c

((PPPPPPPPPPPP−∧L
RcR

vvnnnnnnnnnnnn

Ho(Mod-R)
−∧L

RM

// Ho(Mod-S)

(4.24)

commutes up to natural isomorphism.
The left diagonal functor in the diagram (4.24) is derived from extensions

of scalars along stable equivalences of ring spectra; such extension of scalars
is a left Quillen equivalences, so the derived functor − ∧L

Rc R is an exact
equivalence of triangulated categories. We argued in the previous implication
that any cofibrant Rc ∧ Sop-module such as T c has an underlying cofibrant
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right S-module. So smashing with T c over Rc is a left Quillen functor. Since
T c is isomorphic to T in the homotopy category of S-modules, T c is a small
generator of Ho(Mod-S). So the right diagonal derived functor in (4.24) is
an exact equivalence by Proposition 3.10, applied to the free Rc-module of
rank 1. So we conclude that the lower horizontal functor in the diagram
(4.24) is also an exact equivalence of triangulated categories. This establishes
condition (3). ¤

4.5. Examples. (1) Matrix ring spectra. As for classical rings (compare
Example 2.3), matrix ring spectra give rise to the simplest kind of Morita
equivalence. Indeed over any a ring spectrum R, the ‘free module of rank
n’, i.e., the wedge of n copies of R, is a small generator for the homotopy
category of R-modules. The endomorphism ring spectrum of a (stably fibrant
replacement) of R × n is the n× n matrix ring spectrum as we defined it in
Example 4.13. So R and

Mn(R) = EndR((R× n)f)

are Morita equivalent as ring spectra.
(2) Upper triangular matrices. In Example 3.25 we saw that the upper

triangular 3 × 3 matrices over a field are derived equivalent, but not Morita
equivalent, to its sub-algebra of matrices of the form







x11 x12 x13

0 x22 0
0 0 x33


 | xij ∈ k



 .

We cannot directly define the algebra of 3× 3 matrices over a ring spectrum;
the problem is that the usual basis of elementary matrices is closed under
multiplication, but the unit matrix is a sum basis elements, not a single basis
element.

The algebras of Example 3.25 can also be obtained as the path algebras of
the two quivers

Q =

{
1

α // 2
β // 3

}
respectively

{
1 2oo // 3

}
.

With this in mind we can now run Example 3.25 with the ground field replaced
by a commutative symmetric ring spectrum R.

We construct the ‘path algebra’ indirectly via ‘representations of the quiver
Q over R’. A representation of Q over R is a collection

M =
{

M1
α−−→ M2

β−−→ M3

}

of three R-modules and two homomorphisms. A morphism f : M −→ N of
representations consists of R-homomorphisms fi : Mi −→ Ni for i = 1, 2, 3
satisfying αf1 = f2α and βf2 = f3β. There is a stable model structure on the
category of such representations in which a morphism f : M −→ N is a stable
equivalence or fibration if and only if each R-homomorphism fi : Mi −→ Ni is
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a stable equivalence or fibration for all i = 1, 2, 3. Moreover, f is a cofibration
if and only if the morphisms

f1 : M1 −→ N1 , f2∪α : M2∪M1 N1 −→ N2 and f3∪β : M3∪M2 N2 −→ N3

are cofibrations of R-modules.
We consider the ‘free’ or ‘projective’ representations P i given by P 1 =

{R =−→ R
=−→ R}, P 2 = {∗ → R

=−→ R} respectively P 3 = {∗ → ∗ → R}.
Then P i represents the evaluation functor, i.e., we have a natural isomorphism

HomQ-rep(P
i,M) ∼= Mi .

This implies that the wedge of these three representations is a small gener-
ator of the homotopy category of Q-representations. The three projective
representations are cofibrant; we let M4

3 (R) denote the endomorphism ring
spectrum of a stably fibrant approximation of their wedge,

M4
3 (R) = EndQ-rep((P

1 ∨ P 2 ∨ P 3)f) .

This symmetric ring spectrum deserves to be called the ‘upper triangular 3×3
matrices’ over R.

Now we find a different small generator for the model category of Q-
representations which is the analog of the tilting module in Example 3.25.
We note that the inclusion P 3 −→ P 2 is not a cofibration, and the quotient
P 2/P 3 = {∗ −→ R −→ ∗} is not cofibrant. A cofibrant approximation of this
quotient is given by the representation S2 = {∗ −→ R −→ CR} in which the
second map is the inclusion of R into its cone. We form the representation

T = P 1 ∨ P 2 ∨ S2 .

Then S2 represents the functor which sends a Q-representation M to the
homotopy fiber of the morphism β : M2 −→ M3, and thus

HomQ-rep(T, M) ∼= M1 ×M2 × hofibre(β : M2 −→ M3) .

This implies that T is also a small generator for the homotopy category of
Q-representation over R.

We conclude that the upper triangular matrix algebra M4
3 (R) is Quillen

equivalent to the endomorphism ring spectrum of a stably fibrant approxi-
mation of the representation T . Just as the endomorphisms of the generator
P 1 ∨ P 2 ∨ P 3 should be thought of as upper triangular matrices, the endo-
morphisms of the generator P 1 ∨ P 2 ∨ S2 are analogous to a certain algebra
of 3× 3 matrices over R, namely the ones of the form




R R R
∗ R ∗
∗ ∗ R


 .

Another example is obtained as follows. We consider the representation S1 =
{R −→ CR

=−→ CR} which is a cofibrant replacement of the representation
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P 1/P 2 and which represents the homotopy fiber of the morphism α : M1 −→
M2. Then

T ′ = S1 ∨ S2 ∨ P 3

is another small generator for the homotopy category of Q-representation over
R. So M4

3 (R) is also Quillen equivalent to the derived endomorphism ring
spectrum of T ′, which is an algebra of 3× 3 matrices of the form


R ΩR ∗
∗ R ΩR
∗ ∗ R


 ,

where each symbol ‘∗’ designates an entry in a stably contractible spectrum.
(3) Uniqueness results for stable homotopy theory. Theorem 4.16

characterizes module categories over ring spectra among stable model cate-
gories. This also yields a characterization of the model category of spectra:
a stable model category is Quillen equivalent to the category of symmetric
spectra if and only if it has a small generator P for which the unit map of
ring spectra S −→ End(P ) is a stable equivalence. The technical conditions
of being simplicial, cofibrantly generated and proper can be eliminated as in
[SS02] with the use of framings [Hov99, Chpt. 5]. The paper [SS02] also gives
other necessary and sufficient conditions for when a stable model category
is Quillen equivalent to spectra – some of them in terms of the homotopy
category and the natural action of the stable homotopy groups of spheres.
In [Sch01b], this result is extended to a uniqueness theorem showing that
the 2-local stable homotopy category has only one underlying model category
up to Quillen equivalence; the odd-primary version is work in progress. In
another direction, the uniqueness result is extended to include the monoidal
structure in [Sh2].

(4) Chain complexes and Eilenberg-Mac Lane spectra. For a ring
R, the category of chain complexes of R-modules (under quasi-isomorphisms)
is Quillen equivalent to the category of modules over the Eilenberg-Mac Lane
ring spectrum HR. An explicit chain of two Quillen equivalences can be
found in Theorem B.1.11 of [SS03]; I don’t know if it is possible to compare
the two categories by a single Quillen equivalence.

This result can also be viewed as an instance of Theorem 4.16: the free
R-module of rank one, considered as a complex concentrated in dimension
zero, is a small generator for the unbounded derived category of R. Since
the homotopy groups of its endomorphism ring spectrum (as an object of the
model category of chain complexes) are concentrated in dimension zero, the
endomorphism ring spectrum is stably equivalent to the Eilenberg-Mac Lane
ring spectrum for R (Proposition B.2.1 of [SS03]).

(5) A generalized tilting theorem. We interpret and generalize the
tilting theory from the perspective of stable model categories. A tilting object
in a stable model category C as a small generator T such that the graded ho-
momorphism group Ho(C)(T, T )∗ in the homotopy category is concentrated
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in dimension zero. The following ‘generalized tilting theorem’ of [SS03, Thm.
5.1.1] then shows that the existence of a tilting object is necessary and suffi-
cient for a stable model category to be Quillen equivalent or derived equivalent
to the category of unbounded chain complexes over a ring.

Generalized tilting theorem. Let C be a stable model category which is
simplicial, cofibrantly generated and proper, and let R be a ring. Then the
following conditions are equivalent:

(1) There is a chain of Quillen equivalences between C and the model cat-
egory of chain complexes of R-modules.

(2) The homotopy category of C is triangulated equivalent to the derived
category D(R).

(3) The model category C has a tilting object whose endomorphism ring in
Ho(C) is isomorphic to R.

In the derived category of a ring, a tilting object is the same as a tilting
complex, and the result reduces to Rickard’s tilting theorem 3.13.

The generalized tilting situation enjoys one very special feature. In general,
the notion of Quillen equivalence is considerably stronger than triangulated
equivalence of homotopy categories; two examples are given in [Sch01b, 2.1
and 2.2]. Hence it is somewhat remarkable that for complexes of modules over
rings, the two notions are in fact equivalent. In general the homotopy category
determines the homotopy groups of the endomorphism ring spectrum, but not
its homotopy type. The real reason behind the equivalences of conditions (1)
and (2) above is the fact that in contrast to arbitrary ring spectra, Eilenberg-
Mac Lane spectra are determined up to stable equivalence by their homotopy
groups. We explain this in more detail in Section 5 of [SS03].

(6) Frobenius rings. As in Example 4.2 (2) we consider a Frobenius ring
and assume that the stable module category has a small generator. Then
we are in the situation of Theorem 4.16; however this example is completely
algebraic, and there is no need to consider ring spectra to identify the stable
module category as the derived category of a suitable ‘ring’. In fact Keller
shows [Kel94a, 4.3] that in such a situation there exists a differential graded
algebra and an equivalence between the stable module category and the un-
bounded derived category of the differential graded algebra.

(7) Smashing Bousfield localizations. Let E be a spectrum and con-
sider the E-local model category structure on some model category of spectra
(see e.g. [EKMM, VIII 1.1]). This is another stable model category in which
the localization of the sphere spectrum LES is a generator. This localized
sphere is small if the localization is smashing, i.e., if a certain natural map
X ∧LES −→ LEX is a stable equivalence for all X. So for a smashing local-
ization the E-local model category of spectra is Quillen equivalent to modules
over the ring spectrum LES (which is the endomorphism ring spectrum of the
localized sphere in the localized model structure).
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(8) Finite localization. Suppose P is a small object of a triangulated
category T with infinite coproducts. Then there always exists an idempotent
localization functor LP on T whose acyclics are precisely the objects of the
localizing subcategory generated by P (compare [Mil92] or the proofs of [SS03,
Lemma 2.2.1] or [HPS97, Prop. 2.3.17]). These localizations are often referred
to as finite Bousfield localizations away from P .

This type of localization has a refinement to the model category level.
Suppose C is a stable model category and P a small object, and let LP denote
the associated localization functor on the homotopy category of C. By 4.19,
or rather the refined version [SS03, Thm. 3.9.3 (ii)], the acyclics for LP are
equivalent to the homotopy category of EndC(P )-modules, the equivalence
arising from a Quillen adjoint functor pair. Furthermore the counit of the
derived adjunction

HomC(P, X) ∧L
EndC(P ) P −→ X

is the acyclicization map and its cofiber is a model for the localization LP X.
(9) K(n)-local spectra. Even if a Bousfield localization is not smashing,

Theorem 4.16 might be applicable. As an example we consider Bousfield
localization with respect to the n-th Morava K-theory K(n) at a fixed prime.
The localization of the sphere is still a generator, but for n > 0 it is not small
in the local category, see [HPS97, 3.5.2]. However the localization of any finite
type n spectrum F is a small generator for the K(n)-local category [HS99,
7.3]. Hence the K(n)-local model category is Quillen equivalent to modules
over the endomorphism ring spectrum of LK(n)F .

I would like to conclude with a few words about invariants of ring spec-
tra which are preserved under Quillen equivalence (but not in general under
equivalences of triangulated homotopy categories). Such invariants include
the algebraic K-theory [DuSh], topological Hochschild homology and topo-
logical cyclic homology.

In the classical framework, the center of a ring is invariant under Morita and
derived equivalence. As a general philosophy for spectral algebra, definitions
which use elements are not well-suited for generalization to ring spectra. So
how do we define the ‘center’ of a ring spectrum, such that it only depends, up
to stable equivalence, on the Quillen equivalence class of the module category?
The center of an ordinary ring R is isomorphic to the endomorphism ring of
R, considered as a bimodule over itself, via

EndR⊗Rop(R) −→ Z(R) , f 7−→ f(1).

So we define the center of a ring spectrum R as the endomorphism ring
spectrum of a cofibrant-fibrant replacement of R, considered as a bimodule
over itself,

Z(R) = EndR∧Rop(Rcf, Rcf) . (4.25)

In this definition, R should be flat as a symmetric spectrum, in order for the
smash product R ∧Rop to have the ‘correct homotopy type’.
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This kind of center of a ring spectrum is homotopy commutative; slightly
more is true: the center (4.25) is often called the topological Hochschild co-
homology spectrum of the ring spectrum R, and its multiplication extends
to an action of an operad weakly equivalent to the operad of little discs, see
[McCS, Thm. 3]. However, the above center is usually not stably equivalent to
a commutative symmetric ring spectrum (or what is the same, E∞-homotopy
commutative); the Gerstenhaber operations on the homotopy of Z(R) are
obstruction to higher order commutativity. So is it just a coincidence that
the classical center of an ordinary ring is commutative ? Or is there some
‘higher’, E∞-commutative, center of a ring spectrum, yet to be discovered ?
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HIGHER COHERENCES FOR EQUIVARIANT K-THEORY

MICHAEL JOACHIM

Abstract. Let G be a compact Lie group. We show that concepts of
operator theory can be used to define an E∞-ring spectrum representing
G-equivariant K-theory. In addition we construct an E∞-model for the
G-equivariant Atiyah-Bott-Shapiro orientation MSpinc → K.

1. Introduction

About twenty-five years ago May, Quinn and Ray introduced the concept
of E∞-ring spectra [16, Chapter IV]. The definition was motiviated by the
fact that there is no way to construct an internal smash product on the cat-
egory of ordinary spectra and functions between them in such a way that
the smash product would equip this category of spectra with a symmetric
monoidal product. Of course there is the well-defined smash product on the
homotopy category of spectra. An E∞-structure on a commutative “homo-
topy ring spectrum” R or on a module M over it essentially guarantees that
the homotopy multiplications R ∧ R → R and R ∧M → M satisfy “all rel-
evant algebraic relations”. For example, E∞-structures allow to define the
smash product of two E∞-module spectra over an E∞-ring spectrum which
then again is an E∞-module spectrum over the E∞-ring spectrum which then
again will be an E∞-module spectrum over the E∞-ring spectrum.

Recently however several people suceeded in defining a symmetric monoidal
smash product on certain categories of spectra. Of course, for doing so one
needs to put some extra structure on the spectra. In particular one should
mention here the category of S-modules invented by Elmendorf, Kriz, Man-
dell and May, and the category of symmetric spectra invented by Smith. The
two approaches both have their specific advantages and disadvantages. The
definition of a commutative symmetric ring spectrum actually is quite easy
to give. However, if one is interested in the associated model category struc-
ture on the category of symmetric spectra or the category of module spectra
over a commutative symmetric ring spectrum then the corresponding theory
becomes quite complicated. Moreover, a priori it is not clear how one should
extend the definition of symmetric structure to the G-equivariant setting for
an arbitrary compact Lie group G. There is an obvious generalization of the
notion of a symmetric spectrum: one can replace the family of symmetric
groups in the definition of a symmetric spectrum by the corresponding fam-
ily of orthogonal groups. This resolves the two major disadvantages stated

87
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above: most of the difficulties one has with the model category structure on
the category of symmetric spectra go away, and there is an obvious way for
introducing an equivariant setting [14].

Let G be a compact Lie group. A nice way to define an equivariant or-
thogonal spectrum is provided by the so-called I -FSP s, introduced in [14].
The letter I here stands for a certain symmetric monoidal category built
out of finite dimensional real G-inner product spaces. The category I is a
symmetric monoidal G-category as is the category T∗ consisting of the well-
pointed compactly generated weak Hausdorff G-spaces and all (not necessar-
ily G-equivariant) maps between them.1 Taking one point compactifications
of finite dimensional real G-inner product spaces provides a strong symmet-
ric monoidal functor S : I → T∗, and an I -FSP by definition is a pair
(X, η) consisting of a lax symmetric monoidal functor X : I → T∗ and a
monoidal natural transformation η : S → X (see Section 2). An I -FSP can
be thought of as an G-equivariant FSP in the sense of Bökstedt which is
just defined on the image S(I ) ⊂ T∗. The concept of an I -FSP is quite
closely related to the old concept of E∞-structure: given an I -FSP one
obtains a corresponding E∞-ring spectrum, essentially given by a restriction
of the underlying functor that defines the I -FSP (see 2.2 and c.f. [12, VII,
Proposition 2.4]).

In this paper we construct two I -FSP s, K and MSpinc, as well as a map
of I -FSP s α : MSpinc → K. The first I -FSP K represents equivariant
periodic (complex) K-theory as defined in [19], the second one represents
equivariant Spinc-cobordism and the map α : MSpinc → K represents an
equivariant version of the Atiyah-Bott-Shapiro orientation MSpinc → K. In
particular this implies (using the old E∞-terminology)

Theorem

(A) For any compact Lie group equivariant periodic complex topological
K-theory can be represented by an equivariant E∞-ring spectrum.

(B) For any compact Lie group an equivariant version of the Atiyah-Bott-
Shapiro orientation MSpinc → K can be realized as a map of equi-
variant E∞-ring spectra.

Until recently it was not even known if the non-equivariant periodic K-
theory spectrum can be represented by an E∞-ring spectrum. It has been
known for a long time though that non-equivariant connective K-theory can
be represented by an E∞-ring spectrum [16, VIII, Theorem 2.1], and that the
periodic K-theory spectrum K can be obtained from the connective K-theory
spectrum k by localizing with respect to the Bott class in π2(k). However

1Here we adopted the notation used in [14]; it is important in the set-up of the theory
to carefully distinguish between the category T∗ and the subcategory T G

∗ consisting if all
G-equivariant maps.
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one did not know that one can perform localizations within the category of
E∞-ring spectra. The latter now can be shown using the theory of S-modules,
so we can obtain an E∞-model for K this way. A similar approach can be
used to show that equivariant periodic K-theory can be represented through
an equivariant E∞-spectrum in case G is a finite group (see [20]), but the
methods do not generalize to the case where G is an arbitrary compact Lie
group. For G = 1 an explicit geometric construction of an E∞-model for
the periodic K-theory spectrum also can be obtained from [9], where we
constructed a symmetric ring spectrum spectrum representing periodic real
K-theory. Where the second statement of the theorem is concerned, here
we are not even aware of any previously known explicit E∞-model for the
Atiyah-Bott-Shapiro orientation, even in the case where G = 1.

The construction of the I -FSP K is in fact related to the definition of the
symmetric ring spectrum KO representing non-equivariant KO-theory given
in [9]. There we have used Clifford linear Fredholm operators to build the
spaces KO(n) for the symmetric ring spectrum KO. One technical difficulty
in this approach was to introduce appropriate base points. In this paper we
show that more recent concepts of operator theory can be used in a straight-
forward manner to construct an I -FSP K which represents (periodic) equi-
variant K-theory. The appropriate concept is the so-called homomorphism
picture for equivariant KK-theory. In the homomorphism picture ([21],[17])
the K-homology group of a G-C∗-algebra is identified with the set of path
components of a space of ∗-homomorphism between certain C∗-algebras. It
follows that all spaces which are involved in our definition of K will be spaces
of ∗-homomorphisms, hence they all naturally come equipped with a base
point, given by the trivial ∗-homomorphism which sends all elements to zero.
Another advantage of this approach is that it is quite clear how one can
modify the definition of the I -FSP K in order to obtain E∞-ring spectra
KA representing the equivariant K-homology groups KG

∗ (A) for commutative
G-C∗-algebras A.

In this paper we are working with equivariant periodic complex topological
K-theory. However all constructions and proofs go through equally well for
equivariant periodic real topological K-theory, with the obvious modifications
which correspond to the different period of Bott periodicity in the real set-
ting. It follows that our constructions also can be used to show that equivari-
ant periodic real topological K-theory can be represented by an equivariant
E∞-spectrum, and that an equivariant version of the Atiyah-Bott-Shapiro
orientation MSpin → KO can be modelled by a map of equivariant E∞-ring
spectra.

The paper is organized as follows. In Section 2 we recall the definition of
an I -FSP and we show how an I -FSP X determines a multiplicative equi-
variant cohomology theory X∗ on the category T G

∗ , which is the subcategory
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of T∗ consisting of the equivariant maps. In the following two sections we con-
struct the I -FSP K which represents equivariant K-theory. By the latter

we mean that there is a natural isomorphism Φ∗ : K∗ → K̃∗
G of (reduced) mul-

tiplicative equivariant cohomology theories on K G
∗ , the full subcategory of

T G
∗ generated by the compact spaces in T G

∗ . In Section 5 we construct the
corresponding natural isomorphism Φ∗, using well-known concepts of equi-
variant KK-theory. The construction of the I -FSP MSpinc as well as the
map α : MSpinc → K are discussed in Section 6.

Convention: Throughout the paper we will work in the category of com-
pactly generated weak Hausdorff spaces. If a certain construction (like taking
mapping spaces) does not produce a compactly generated space at the first
place we think of it as being hit by the Kelley functor k without notice.

2. Symmetric monoidal categories and FSP ’s

A symmetric monoidal topological G-category is a topological G-category
C together with a continuous G-functor ⊕C : C × C → C and a unit object
uC such that the functor ⊕C is associative, commutative and unital up to
coherent natural isomorphism.2 Given two symmetric monoidal topological
G-categorgies C and D , a lax symmetric monoidal G-functor C → D consists
of a continuous G-functor X : C → D together with a natural transformation
of functors from C × C to D consisting of equivariant maps

µ = µa1,a2 : X(a1)⊕DX(a2) → X(a1⊕C a2), a1, a2 ∈ C

and an equivariant map λ : uD → X(uC ) such that all coherence diagrams
relating associativity, commutativity and unit isomorphisms of C and D are
commutative. A lax symmetric monoidal G-functor X = (X, µ, λ) is called a
strong symmetric monoidal G-functor if µ and λ are isomorphisms. A natu-
ral transformation of lax symmetric monoidal G-functors α : X→ Y is called
monoidal if the following diagrams commute

X(a1)⊕DX(a2)
α⊕Dα//

µX
²²

Y(a1)⊕DY(a2)

µY
²²

uD

λX

||yy
yy

yy
yy

y
λY

##FFFFFFFFF

X(a1⊕C a2)
α // Y(a1⊕C a2) X(uC )

α // Y(uC ).

Note that if X1,X2 : C → D are lax symmetric monoidal G-functors, then
we can define the product of the two functors X1⊕DX2 : C → D , given by
(X1⊕DX2)(a) = X1(a)⊕DX2(a), which naturally is a lax symmetric monoidal
G-functor.

Example 2.1. Let C = (C ,⊕C , uC ) and D = (D ,⊕D , uD) be symmetric
monoidal topological G-categories. Then there always is the trivial strong

2See [13, VII §1, §7] for a precise definition of the latter.
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symmetric monoidal G-functor called uD : C → D , denoted as the unit of
D . It associates to any object a ∈ C the unit uD and to any morphism
a → b in C the identity on uD . The corresponding natural transformation
C×C → D for any pair of objects (a1, a2) ∈ C 2 is given through the canonical
map uD⊕DuD → uD , and the corresponding morphism λ is the identity on
uD . Note also, given any lax symmetric monoidal G-functor X : C → D
then there is a canonical monoidal natural isomorphism of lax symmetric
monoidal G-functors X → X⊕DuD . This terminology will be used in the
following sections.

Recall that a G-universe U is a sum of countably many copies of each
real G-inner product space in some set of irreducible representations of G
that includes the trivial representation R. U is called complete if it contains
all irreducible representations of G up to isomorphism. A finite dimensional
G-invariant linear subspace of U is called an indexing space. The subspace
relation gives the set of indexing spaces the structure of a directed set, which
we will denote D = D(U) in the sequel. Let I = I (U) be the topological
G-category whose objects are all real G-inner product spaces that are equiv-
ariantly isomorphic to indexing spaces in U , and whose morphisms are the
linear isometric isomorphisms equipped with the G-action given by conjuga-
tion. I becomes a symmetric monoidal topological G-category under taking
direct sums of inner product spaces in I . From this point of view we want
to regard the direct sum on I as a functor ⊕ : I × I → I , and without
loss of generality we will assume that the unit is the trivial subspace 0 ⊂ U .

Next let us consider the topological G-category T∗ of well-pointed com-
pactly generated weak Hausdorff G-spaces and all (not necessarily G-equi-
variant) continuous maps between them. The topology on the morphism sets
shall be given by the compact-open topology. The category has the structure
of a symmetric monoidal topological G-category given through the smash
product of pointed G-spaces with unit the space S0 equipped with the trivial
G-action. Let S : I → T∗ be the strong symmetric monoidal G-functor that
maps an inner product space V ∈ I to its one point compactification SV .

Definition 2.2. A commutative I -FSP is a lax symmetric monoidal G-
functor X : I → T∗ together with a monoidal natural transformation η :
S → X of lax symmetric monoidal G-functors.

Let η : S → X be a commutative I -FSP . For any pair of indexing spaces
V1, V2 with V1 ⊥ V2 and any pair of inner product spaces W,Z ∈ I the
natural transformation η provides maps

σ : SV1⊕W ∧ X(V2 ⊕ Z)
ηV1⊕W∧Id−→ X(V1 ⊕W ) ∧ X(V2 ⊕ Z)(2.3)

µX−→ X(V1 ⊕W ⊕ V2 ⊕ Z)
∼=−→ X(V1 + V2 ⊕W ⊕ Z).
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Here, the last map3 in the composition is given by applying the functor X to
the canonical map

V1 ⊕W ⊕ V2 ⊕ Z → V1 + V2 ⊕W ⊕ Z.

The maps σ define a coordinate-free prespectrum in the sense of Lewis-May-
Steinberger (cf. [12]).

As usual, a prespectrum defines a corresponding equivariant cohomology
theory on T G

∗ , the subcategory of T∗ consisting of the G-equivariant maps.
Given inner product spaces W,Z ∈ I we obtain groups XW,Z for pointed
spaces X ∈ T∗ by defining

XW,Z(X) = colim
V ∈D

[SV⊕W ∧X, X(V ⊕ Z)]G.(2.4)

Here, [ , ]G stands for pointed G-homotopy classes of pointed G-maps, and the
colimites are taken over the indexing spaces V ∈ D using the suspension maps
(2.3). The bigraded groups (2.4) can be used (using standard techniques) to
define a cohomology theory X∗ whose grading is over the real representation
ring RO(G).

Given inner product spaces W1, Z1,W2, Z2 ∈ I and pointed spaces X1, X2

∈ T∗ the multiplicative structure of X provides a natural pairing

∪ : XW1,Z1(X1)× XW2,Z2(X2) −→ XW1⊕W2,Z1⊕Z2(X1 ∧X2).(2.5)

More explicitly, if G-equivariant pointed maps

ϕ1 : SV1⊕W1 ∧X1 → X(V1 ⊕ Z1),

ϕ2 : SV2⊕W2 ∧X2 → X(V2 ⊕ Z2)

represent classes x1 ∈ XW1,Z1(X1) and x2 ∈ XW2,Z2(X2), and V1 ⊥ V2 in U ,
then the product x1∪x2 ∈ XW1⊕W2,Z1⊕Z2(X1∧X2) is represented by the map

SV1+V2⊕W1⊕W2 ∧X1 ∧X2 −→
(
SV1⊕W1 ∧X1

) ∧ (
SV2⊕W2 ∧X2

)
ϕ1∧ϕ2−→ X(V1 ⊕ Z1) ∧ X(V2 ⊕ Z2)

µX−→ X(V1 ⊕ Z1 ⊕ V2 ⊕ Z2)

→ X(V1 + V2 ⊕ Z1 ⊕ Z2),

where the first map is induced by the various natural isomorphisms and the
last one is obtained by applying X to the canonical map V1⊕Z1⊕V2⊕Z2 →
V1 + V2 ⊕ Z1 ⊕ Z2. As every pair of equivalence classes x1 ∈ XW1,Z1 , x2 ∈
XW2,Z2 can be represented by maps ϕ1 and ϕ2 as above (i.e. with V1 ⊥ V2)
this can actually be used as the definition of the pairing (2.5). The natural
pairing (2.5) induces a corresponding natural pairing for the RO(G)-graded

3The appearance of the last isomorphism in the composition (2.3) is motivated by the
fact that V1 + V2 is an indexing space while V1 ⊕ V2 is not. The issue will become relevant
when we define XW,Z(X) in (2.4).
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cohomology groups X∗ which equips the RO(G)-graded cohomology theory
X∗ with a multiplicative structure.

3. Clifford-algebras and compact operators

Recall that a Z/2-graded G-C∗-algebra A is a Z/2-graded C∗-algebra A
with a grading preserving covariant representation of G on A (see [5, 10.1]),
i.e. in particular, A regarded as a topological space carries a continuous G-
action. Let us denote by A the topological G-category of Z/2-graded G-
C∗-algebras with morphisms the grading preserving ∗-homomorphisms. The
topology on its morphism sets Hom(A,B) shall be the (compactly generated)
compact-open topology. The Z/2-graded tensor product ⊗ : A × A → A
with unit C gives A the structure of a symmetric monoidal topological G-
category.4 The unit for ⊗ is the C∗-algebra C regarded as a Z/2-graded
C∗-algebra using the trivial Z/2-grading and the trivial G-action.

Definition 3.1. Given an inner product space V ∈ I we define the Clifford
algebra ClV to be the quotient of the complex tensor algebra on V modulo
the ideal generated by the elements v ⊗ v − 〈v, v〉 · 1, v ∈ V . The Clifford
algebras naturally come with a Z/2-grading ClV = Cleven

V + Clodd
V induced

from the N0-grading of the complex tensor algebra generated by V . Moreover
there are canonical isomorphisms ClV ⊗ ClW ∼= ClV⊕W , and we have the
obvious isomorphism C → Cl0 sending the unit in C to the unit in Cl0.
Finally ClV is canonically isomorphic as a vector space to the exterior algebra
Λ∗(V ⊗ C). Using this isomorphism left multiplication on ClV defines a ∗-
algebra monomorphism ClV → End(Λ∗(V ⊗ C)). Using the standard scalar
product product on Λ∗V ⊗C we interpret End(Λ∗(V ⊗C)) as the C∗-algebra
of bounded operators of a (finite dimensional) Hilbert space. The inclusion
ClV ⊂ End(Λ∗(V ⊗ C)) then induces a C∗-norm on ClV , which gives ClV
the structure of a Z/2-graded G-C∗-algebra. Altogether we get a strong
symmetric monoidal G-functor Cl : I → A by sending V to ClV .

Definition 3.2. Given an inner product space V ∈ I let L2(V ) denote the
L2-completion of the pre-Hilbert space of functions of compact support on
V with values in C. The space L2(V ) comes equipped with a natural Z/2-
grading which corresponds to the decomposition into even and odd functions
on V . For two inner product spaces V,W ∈ I there is the canonical G-
invariant isomorphism

L2(V )⊗ L2(W )
∼=−→ L2(V ⊕W ), f ⊗ g 7→ f · g(3.3)

4On the algebraic tensor product of two C∗-algebras there is typically more than one
meaningful definition of a C∗-norm, and the algebraic tensor product typically is not com-
plete with respect to any of these C∗-norms. Thus, in order to define a tensor product
which is a C∗-algebra one specifies a corresponding choice of a C∗-norm and defines the
tensor product to be the completion of the algebraic tensor product with respect to it. The
C∗-norm that we want to use is the so-called spatial C∗-norm, see [22, App. T] for details.
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where the tensor product here is the graded tensor product of Hilbert spaces.
We now associate to V the Z/2-graded G-C∗-algebra of compact operators

on L2(V )
KV = K(L2(V )).

The canonical maps (3.3) induce corresponding canonical isomorphisms

KV ⊗KW

∼=−→ KV⊕W .

Moreover we have the obvious map C→ K0 sending the unit 1 ∈ C to the unit
in K0. This gives K the structure of a strong symmetric monoidal G-functor
I → A .

Now consider the Z/2-graded G-C∗-algebra S of continuous functions on
R vanishing at infinity, equipped with the grading given by the even and odd
functions therein and the trivial G-action. Note that there is one and only
one non trivial grading preserving ∗-homomorphism ev0 : S → C. It is given
by evaluating a function u ∈ S at 0 ∈ R, i.e. ev0(u) = u(0).

There is a comultiplication map ∆ : S −→ S⊗S. To present it we consider
the isomorphism of linear spaces S ⊗ S ∼= C0(R) ⊗ C0(R) ∼= C0(R2), where
C0(R) and C0(R2) denote the C∗-algebras of continuous functions vanishing
at infinity on R and R2 respectively. We also use the fact that the C∗-algebra
S is generated by the functions u(t) = (1 + t2)−1 and v(t) = t(1 + t2)−1. The
map ∆ then is given by

∆(u)(x, y) =
1

1 + x2 + y2
and ∆(v)(x, y) =

x + y

1 + x2 + y2
.

One easily checks that ∆ is coassociative and cocommutative. The following
lemma is an immediate consequence of the coassociativity and the cocommu-
tativity of the comultiplication map.

Below we want to consider the spaces Hom(S, A) for Z/2-graded G-C∗-
algebras A. Without further assumptions on A one maybe should not expect
this homomorphism space to be well-pointed. Thus we temporarily will work
with the category T ′

∗ of pointed compactly generated weak Hausdorff spaces
and all continuous maps between them.

Lemma 3.4. The functor Hom(S, ?) : A → T ′
∗ sending a Z/2-graded G-

C∗-algebra A to the pointed G-space Hom(S, A) together with the natural
transformation ∗ : A ×A → T ′

∗ given by the family of maps

∗ : Hom(S, A) ∧ Hom(S, B) −→ Hom(S ⊗ S, A⊗B)
∆∗−→ Hom(S, A⊗B)

and the pointed isomorphism S0 ∼= Hom(S,C) is a lax symmetric monoidal
G-functor.
(The unlabeled map in the composition is given by taking the tensor product
of ∗-homomorphisms.)
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Corollary 3.5. Let C be a symmetric monoidal topological G-category.

(1) Let X = (X, µ, λ) : C → A be a lax symmetric monoidal G-functor.

Then the G-functor X̂ : C → T ′
∗ , defined by

X̂ : a 7−→ Hom(S,X(a)), a ∈ C ,

together with the natural transformation of G-functors C × C → T ′
∗

Hom(S,X(a))∧Hom(S,X(b))
∗→ Hom(S,X(a)⊗X(b))

µa,b∗−→ Hom(S,X(a⊕b))

and the canonical map S0
∼=→ Hom(S,C)

λ∗→ Hom(S,X(uC )) is a lax

symmetric monoidal G-functor X̂ from C to T ′
∗ .

(2) Let X1,X2 : C → A be lax symmetric monoidal G-functors, then the
maps

∗ : Hom(S,X1(a)) ∧ Hom(S,X2(a)) −→ Hom(S,X1(a)⊗ X2(a))

define a monoidal natural transformation ∗ : X̂1 ∧ X̂2 → X̂1 ⊗ X2.

Definition 3.6. LetK be the lax symmetric monoidal G-functorK = Ĉl ⊗K,

where Ĉl ⊗K is defined as in Corollary 3.5. In particular we have

K(V ) = Hom(S,ClV ⊗KV ) for all V ∈ I .

One can show that these homomorphism spaces are in fact all well-pointed;
thus K is a lax symmetric monoidal G-functor from I to T∗.

4. The K-theory spectrum

One goal of this section is to complete the definition of of the I -FSP K,
i.e. in this section we will present the relevant monoidal natural transforma-
tion η : S → K. Moreover we will state the first main theorem and give some
comments on the proof.

As already mentioned earlier the C∗-algebra S is generated by the two
functions u(t) = (1 + t2)−1 and v(t) = t(1 + t2)−1. Thus a ∗-homomorphism
out of S is specified by saying where these two elements go to. Now let W be a
finite dimensional G-inner product space and let w ∈ W . The element w then
can be regarded as an element of the Clifford algebra ClW by means of the
natural inclusion W ⊂ ClW . We can specify a ∗-homomorphism fc(w) : S →
ClW by requiring that fc(w)(u) = (1+|w|2)−1 and fc(w)(v) = w ·(1+|w|2)−1.
Here the letters fc stand for “functional calculus”. We shall think of fc(w)
as been given by substituting the variable t by w. If w becomes big in norm
then the norm of fc(w) tends to zero.

Definition 4.1. Let V be an inner product space in I . Associating to
v ∈ V the ∗-homomorphism fc(v) induces a continuous map fcV : V →
Hom(S,ClV ). Since the norm of fc(v) tends to zero when v goes to infinity
it follows that the map fcV has a continuous pointed extension

βV : SV −→ Hom(S,ClV ).
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For inner product spaces V, W ∈ I and v ∈ V,w ∈ W the element v + w ∈
ClV⊕W is the image of v ⊗ 1 + 1 ⊗ w ∈ ClV ⊗ ClW under the canonical
isomorphism ClV ⊗ClW ∼= ClV⊕W . A direct calculation shows that fc(v +w)
coincides with the composition

S ∆−−−→ S ⊗ S fc(v)⊗fc(w)−−−−−−−→ ClV ⊗ ClW ∼= ClV⊕W .

We define a monoidal natural transformation β : S → Ĉl through the maps
βV : SV → Hom(S,ClV ) which send a vector v ∈ V ⊂ SV to βV (v) = fc(v).

Definition 4.2. Given an inner product space V ∈ I , let PV ∈ KV de-
note the projection onto CiV , the linear subspace in L2(V ) generated by the
function iV ∈ L2(V ) which sends a vector v to exp(−〈v, v〉). We then de-
fine the element p0

V ∈ Hom(S,KV ) to be the composition of the non-trivial
∗-homomorphism ev0 : S → C with the ∗-homomorphism C → KV which
sends the unit in C to the projection PV . The family (p0

V ){V ∈I } is multi-
plicative, since iV⊕W = iV · iW for inner product spaces V,W ∈ I . Now
recall from the second section that the unit S0 of the symmetric monoidal
category T∗ gives rise to a lax monoidal functor S0 : I → T∗, which
sends any inner product space V ∈ I to S0

V = S0. The family (p0
V ){V ∈I }

then defines a lax symmetric monoidal natural transformation p : S0 → K̂.
More explicitly this transformation is given by the collection of pointed maps

pV : S0
V → K̂V = Hom(S,KV ) which send the point different from the base-

point in S0
V to the ∗-homomorphism p0

V ∈ Hom(S,KV ).

Definition 4.3. We define η : S → K to be the monoidal natural transfor-
mation given by the composition

η : S
∼=−→ S ∧ S0 β∧p−→ Ĉl ∧ K̂ ∗−→ Ĉl ⊗K = K,

i.e. for an inner product space V ∈ I the map ηV sends v ∈ V ⊂ SV to the
∗-homomorphism fc(v)∗p0

V : S → ClV ⊗KV .

Recall from the second section that a monoidal natural transformation as
η : S → K gives rise to an equivariant spectrum in the sense of Lewis-May-
Steinberger [12]. Hence η defines a multiplicative G-equivariant cohomology
theory on T G

∗ , the category of well-pointed weak Hausdorff G-spaces and
equivariant pointed maps between them.

Let K G denote the category of (unpointed) compact G-spaces and equi-
variant maps. In the following K∗

G(X) shall stand for unreduced equivariant
K-cohomology for spaces X ∈ K G. That is, K0

G(X) is the Grothendieck
group of isomorphism classes of G-vector bundles over X. For any pair of
inner product spaces V,W ∈ I one has the groups

KV,W
G (X) = K̃0

G(SV ∧ SW ∧X+),
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where X+ as usual denotes the one point compactification of X. The groups
can be used (using standard techniques) to define an RO(G)-graded coho-
mology theory (c.f. Section 2); the relevant suspension isomorphisms

σ : K0(X) −→ K̃0,V
G (SV ∧X+) = K̃0

G(SV⊕V ∧X+)

are given by multiplication with the so-called Bott element btop
V ∈ K̃0

G(SV⊕V ).
For the definition of the Bott class we refer to (6.8) below.

Theorem 4.4. Let U be a complete universe. Then the I -FSP (K, η), de-
fined by 3.6 and 4.3, represents equivariant K-theory, i.e. there is a natural
isomorphism of unreduced RO(G)-graded multiplicative (equivariant) coho-
mology theories on K G

Φ∗(X) : K∗(X+) −→ K∗
G(X).

Note that the natural isomorphism Φ∗(X) of the previous theorem induces

a corresponding natural isomorphism Φ̃∗(X) : K∗(X) → K̃∗
G(X) of reduced

RO(G)-graded multiplicative (equivariant) cohomology theories on the cat-
egory of well-pointed compact spaces K G

∗ . The definition of the natural
isomorphism Φ∗ as well as a rigorous proof of the theorem will be given in the
following section using elements of Kasparovs KK-theory. In the remaining
part of this section we comment a little on some ideas that go into the proof so
that the statement becomes plausible even without knowing too much about
Kasparov K-theory and operator theory respectively.

Assume ` is an evenly graded G-Hilbert space and P is a G-fixed compact
operator which also is a projection. Then P (`) is a finite dimensional G-
represention. Conversely, if V ⊂ ` is a finite-dimensional G-invariant linear
subspace, then we have an isomorphism ` ∼= V ⊕ V ⊥, and we can define a
compact projection PV by

PV : ` → `, PV (h) =

{
h for h ∈ V
0 for h ∈ V ⊥ .

The space5 of all G-invariant projections in K(`) is homeomorphic to the
space of ∗-homomorphisms Hom(C,K(`)): the homeomorphism is given by
mapping a G-invariant compact projection P to the unique ∗-homomorphism
fP which maps the unit 1 ∈ C to P . Given a compact G-space X an equivari-
ant continuous map f : X → Hom(C,K(`)) defines a corresponding family of
compact projections {Pf(x)}x∈X , which defines a G-vector bundle Ef over X
with fiber Efx = Pf(x)(`) over a point x ∈ X. By construction the vector bun-
dle Ef comes equipped with a G-equivariant linear embedding Ef ⊂ X × `
which is a map over X. Conversely, given a G-vector bundle E and a G-
equivariant linear embedding j : E ⊂ X × ` over X one defines a correspond-
ing G-equivariant map X → Hom(C,K(`)) by mapping a point x ∈ X to the

5For the topology we take the norm topology.
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∗-homomorphism fP (x) where P (x) is the compact projection which projects
to the embedded fiber j(Ex) ⊂ `.

If ` is universal in the sense that any G-vector bundle over any compact
space X can be G-equivariantly embedded into X×` (as a map over X) then
Hom(C,K(`)) represents the functor X 7→ VectG(X), i.e. we have a natural
isomorphism

VectG(X) ∼= [X+,Hom(C,K(`))]G,

where [ , ]G stands for pointed G-homotopy classes of pointed continuous
G-equivariant maps.

Now let H be the Z/2-graded G-vectorspace with Heven = Hodd = ` for a
universal ungraded G-Hilbert space `.6 Let ι : K(`) → K(H) be the inclusion
which is induced by the inclusion ` = Heven ⊂ H, and let ev0 : S → C be the
∗-homomorphism which evaluates a function u ∈ S at the point 0 ∈ R. Then
one has a commutative diagram as follows

VectG(X)
∼= //

²²

[X+,Hom(C,K(`))]G

ι∗
²²

[X+,Hom(C,K(H))]G

ev∗0
²²

KG(X)
∼= // [X+,Hom(S,K(H))]G,

where the left vertical arrow is group completion. The fact that the space
Hom(S,K(H)) represents K-theory is a well-known result in operator theory.
Roughly speaking an element f ∈ Hom(S,K(H)) can be used to define7

an odd self-adjoint G-equivariant Fredholm operator Ff on a sub-G-Hilbert
space Ef ⊂ H. The corresponding element in K0

G({pt}) which is represented
by [f ] ∈ π0(Hom(S,K(H))) then is given by the Z/2-graded index of Ff .
More generally one can define an index map [X+,Hom(S,K(H))]G → K0

G(X)
which then is an inverse to the bottom isomorphism in the above diagram.
This index map is similiar in spirit to the one given in [2, Appendix].

If V is a finite dimensional G-inner product space there is an analogous
interpretation for the space Hom(S,ClV ⊗K(H)). Elements in ClV ⊗K(H)
correspond to ClV -right linear compact operators on the G-Hilbert space
ClV ⊗H which we regard as a right ClV -module by means of right multipli-
cation on the first factor. An element f ∈ Hom(S,ClV ⊗ K(H)) now can
be used to define an odd self-adjoint ClV -right linear G-equivariant Fredholm
operator Ff on a sub-G-Hilbertspace Ef ⊂ ClV ⊗ H, so one can think of
Hom(S,ClV ⊗ K(H)) as a space of ClV -linear Fredholm operators. Both

6Then H is universal in the sense defined on page 102.
7To see how this works see 5.2: take A = C and use Theorem 5.2 to identify KK0

G({pt})
with K0

G({pt}); moreover use the fact that a Hilbert-C-module is nothing but a Z/2-graded
G-Hilbert space.
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spaces, Hom(S,ClV ⊗ K(H)) as well as the honest space of odd self-adjoint
ClV -right linear G-equivariant Fredholm operators on ClV ⊗H are V -th de-
loopings of a space representing equivariant K-theory.8 The statement for the
space of odd self-adjoint ClV -right linear G-equivariant Fredholm operator is
more classical and essentially due to Atiyah and Singer who proved the state-
ment in the non-equivariant setting [4, Theorem A(k), Prop. 5.3], but see [9,
Theorem 3.3] for a formulation which fits better with the present context.

Given a Z/2-graded G-Hilbert space we call it universal in the following,
if it is isomorphic to H above. It follows from Lemma 5.5 below that there
are indexing spaces W for which L2(W ) is universal, and that these indexing
spaces form a cofinal diagram in the diagram of all indexing spaces.

We now want to connect the above to Theorem 4.4. Recall that by defini-
tion we have

K0(X) = colim
V ∈D

[SV ∧X+,Hom(S,ClV ⊗KV )]G.

Computing this colimit involves homomorphisms which fit as bottom rows
in commutative diagrams of the following form (with the remaining maps
defined as below)

[X+,Hom(S,KV )]G

²²

// [X+,Hom(S,KV +W )]G

²²
[SV ∧X+,Hom(S,ClV ⊗KV )]G 55

[SV +W ∧X+,Hom(S,ClV +W ⊗KV +W )]G.

We may assume that L2(V ) is universal, and since L2(V ) ⊂ L2(V + W ) then
so is L2(V + W ). Therefore the two groups on the top of the above diagram
are both canonically isomorphic to K0

G(X). The map between them is the
one which is induced by the natural inclusion K(j) : KV ⊂ KV +W and induces
an isomorphism (in fact the identity)9 on K0

G(X). The left vertical arrow in
the diagram is induced by the map which maps a pointed function f : X+ →
Hom(S,KV ) to the function βV ∗f : SV ∧X+ → Hom(S,ClV ⊗KV ) given by
(βV ∗f)(v, x) = βV (v)∗f(x); while the vertical right arrow is induced by the
corresponding map which maps a pointed function g : X+ → Hom(S,KV +W )
to the function βV +W∗g. The statement of Theorem 4.4 then follows from
the fact that the vertical arrows are isomorphisms, which follows from the

8The topology on the spaces of Fredholm operators considered here is the norm topology.
We would like to emphasize that the natural G-action on the set of Fredholm operators
in general is not compatible with the norm topology, i.e. the G-action does not give the
spaces of Fredholm operators the structure of a G-space.

9To see that assume that an element in [X+,Hom(S,KV )]G is represented by ev0 ◦f for
some map f : X → Hom(C,K(L2(W ))). As explained above, the corresponding element
in K0

G(X) then is represented by the G-vector bundle Ef . The element in K0
G(X) which is

represented by j ◦ ev0 ◦ f then is Ej◦f which is isomorphic to Ef since j is an embedding.
Hence [Ef ] = [Ej◦f ] ∈ K0

G(X).
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fact that the vertical arrows are the operator-theoretic descriptions of Bott
periodicity isomorphisms within the theory of Clifford algebras.

5. Elements of equivariant KK-theory

In this section we will define the natural homorphism Φ∗(X) : K∗(X+) →
K∗

G(X) of Theorem 4.4 and see that it is an isomorphism which then proves
the theorem. For doing this we need to recall some facts about equivariant
Kasparov K-theory first.

5.1. The KK-homology groups. Given a Z/2-graded G-algebra A there
is the notion of a Hilbert-A-module (see [5, 13.1 & 20.1.1]). In particular, a
Hilbert-A-module is a Z/2-graded Banach space with a right A-action, an A-
sesquilinear A-valued scalar product and a continuous representation of G on
it which is compatible with the Z/2-grading, the A-action and the A-valued
scalar product. The concept of a Hilbert-A-module generalizes the notion of
a Hilbert space in the sense that a Hilbert-C-module is nothing but a Z/2-
graded Hilbert space with a unitary representation of G on it, which preserves
the grading. Given a Hilbert-A-module E one defines the corresponding Z/2-
graded C∗-algebras B(E), consisting of the so-called (adjointable) bounded
operators on E , and K(E), consisting of the (adjointable) compact operators
on E ([5, 13.2.1 & 20.1.1]). By definition, B(E) is contained in the subspace
of A-linear bounded linear operators B(E)A, and K(E) is a subspace of the
A-linear compact operators K(E)A. If A is finite dimensional then we have
equality, i.e. B(E) = B(E)A and K(E) = K(E)A. Note that K(E) is a G-C∗-
algebra while B(E) in general is not (cf. [5, 20.1]).

For the following let A be σ-unital. Moreover let us regard [0, 1] as a G-
space with trivial G-action, and let A[0, 1] be the G-C∗-algebra consisting
of the functions on [0, 1] with values in A. If E is a Hilbert-A-module let
E [0, 1] denote the Hilbert-A[0, 1]-module consisting of the functions from the
unit interval into E . Moreover, for any t ∈ [0, 1] we have the evaluation ∗-
homomorphism evt : A[0, 1] → A, evt(f) = f(t), and given a Hilbert-A[0, 1]-
module E we use the evaluation ∗-homomorphisms to define the evaluations
of E at t by Et = E ⊗A[0,1] A. For bounded operators F ∈ B(E) the evaluation
at t is given by Ft = F ⊗A[0,1] Id ∈ B(Et).

Definition 5.1. Let A be a Z/2-graded σ-unital G-C∗-algebra. Then we
define a Kasparov-A-cycle to be a pair (E ,F) consisting of a countably gen-
erated Hilbert-A-module E and a G-invariant self-adjoint bounded operator
F ∈ B(E) satisfying F2 − Id ∈ K(E) and ||F|| ≤ 1. Two Kasparov-A-cycles
(E0,F0), (E1,F1) are called isomorphic (or unitary equivalent) if there is an
isomorphism (i.e. a G-equivariant grading preserving unitary) U : E0 → E1

such that F1 = UF0U
∗. The two cycles are called homotopic if there is a

Kasparov-A[0, 1]-cycle (E ,F) whose evaluations at 0 and 1 are (E0,F0) and
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(E1,F1). The corresponding Kasparov cycle (E ,F) then is called a Kasparov
homotopy between (E0,F0) and (E1,F1). Homotopy induces an equivalence
relation on the set of isomorphism classes of Kasparov-A-cycles, and the direct
sum of Kasparov-A-cycles induces a group structure on this set of homotopy
classes. Our notation for this group is KKG

0 (A).

Equivariant KK-theory is related to equivariant K-theory by means of the
equivariant Swan isomorphism.

Theorem 5.2 (Equivariant Swan Theorem, (cf. [18, 2.3])). Let X be a com-
pact G-space and let C(X) denote the trivially graded G-C∗-algebra of contin-
uous functions on X with values in C. Associating to a G-vector bundle with
a G-invariant inner product over X the corresponding Hilbert-C(X)-module
of continuous sections Γ(E) induces an isomorphism

ψX : K0
G(X) ∼= KKG

0 (C(X)).(5.3)

5.2. The homomorphism picture. Given a countably generated Hilbert-
A-module E we want to think about the G-fixpoint set Hom(S,K(E))G as
a space of Kasparov-A-cycles as follows. Let us be given an equivariant ∗-
homomorphism f : S → K(E). Then we define the Hilbert-A-module Ef to
be the completion

Ef = span f(S)E .

As all operators K ∈ f(S) are G-invariant Ef is G-invariant, and Ef canon-
ically has the structure of a Hilbert-A-module. Moreover we have K(Ef ) =

f(S)K(E)f(S). Thus we obtain a ∗-homomorphism fr : S → K(Ef ) by
restricting the range of the ∗-homomorphism f : S → K(E). The ∗-homo-
morphism fr uniquely extends to a unital ∗-homomorphism of the multiplier
algebras fr : Cb(R) → B(Ef ) (cf. [11, Proposition 2.1]). The G-invariant
operator Ff then is given by

Ff = fr(q) ∈ B(Ef ),

with q ∈ Cb(R) given by q(s) = s/
√

1 + s2. It follows from this construction
that (Ef ,Ff ) is a Kasparov-A-cycle. Note that the pair (Ef ,Ff ) is a function
of f . We can associate to (Ef ,Ff ) its equivalence class in KKG

0 (A), which
leads to a map kc : Hom(S,K(E))G −→ KKG

0 (A) which factors through
taking path components on the left side, i.e. we have a corresponding map

kc∗ : [Hom(S,K(E))]G −→ KKG
0 (A),
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where [ , ]G denotes pointed G-homotopy classes of pointed G-maps. Using
the description above one sees that an inclusion i : E ⊂ E ′ yields a commuta-
tive diagram

[Hom(S,K(E))]G
kc∗

((QQQQQQQQQQQQ

K(i)∗ // [Hom(S,K(E ′))]G
kc∗

vvmmmmmmmmmmmmm

KKG
0 (A)

In special cases kc∗ is an isomorphism as we shall recall next. For the

following let Ĥ be a fixed choice of a separable Z/2-graded Hilbert space

satisfying dim Ĥeven = dim Ĥodd = ∞. The standard Z/2-graded G Hilbert

space then is defined to be L2(G) ⊗ Ĥ. A separable Z/2-graded G-Hilbert

space H is called universal if it is isomorphic to L2(G)⊗ Ĥ.

Theorem 5.4. If H is a universal Z/2-graded G-Hilbert space then for any
σ-unital G-C∗-algebra A the map

kc∗ : [Hom(S,K(A⊗H))]G −→ KKG
0 (A)

is an isomorphism.

Proof. The theorem is folklore in operator theory; although we are not aware
of any written account for the equivariant setting. The non-equivariant state-
ment is proved in [21]. ¤
Lemma 5.5. Let W be a G-representation equipped with a G-invariant inner
product. Assume that there is a G-equivariant smooth embedding of G into
W . Then the Z/2-graded G-Hilbert space L2(W ⊕ R) is universal.

Proof. By the equivariant Kasparov stabilization theorem [10, §1, 12] it suf-
fices to show that there is an embedding of the standard Z/2-graded G-

Hilbert space L2(G) ⊗ Ĥ as a direct summand into L2(W ⊕ R). We have

L2(W ⊕ R) ∼= L2(W ) ⊗ L2(R) and Ĥ ∼= L2(R). Thus it suffices to show
that L2(G) is contained in L2(W ) as a direct summand (ignoring the Z/2-
gradings). A corresponding direct summand can be constructed from a
smooth embedding of G into W and a choice of a G-invariant tubular neigh-
borhood of the embedding. ¤

In the following we will say that a G-representation W is full if L2(W ) is
universal. For later reference note that if the universe U is complete then the
full indexing spaces are cofinal in the diagram of all indexing spaces.

5.3. The exterior Kasparov product and Bott periodicity. If E1 and
E2 are countably generated Hilbert-modules over G-C∗-algebras A1 and A2

respectively let E1 ⊗ E2 denote the Hilbert module tensor product (cf. [5,
13.5]). In particular, E1 ⊗ E2 is a Hilbert-A1 ⊗ A2-module. The canonical
map K(E1) ⊗ K(E2) → K(E1 ⊗ E2) then is an isomorphism, which we will
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use in the sequel without notice. If we are given Kasparov-Ai-cycles (Ei,Fi)
for i = 1, 2 then one can define a corresponding Kasparov-A1 ⊗ A2-cycle
(E1 ⊗E2,F1#F2). The definition of F1#F2 typically involves various choices
(c.f. [5, 18.2]), however the resulting operators for any two sets of choices just
differ by a Kasparov homotopy and one obtains a lax symmetric monoidal
pairing, the exterior Kasparov product

KKG
0 (A1)×KKG

0 (A2)
⊗−→ KKG

0 (A1 ⊗ A2).

Theorem 5.6 (Exterior Kasparov product, e.g. see [17, p. 221]). Let E1 and
E2 be countably generated Hilbert modules over Z/2-graded σ-unital G-C∗-
algebras A1 and A2. Then the ∗-homomorphism K(E1)⊗K(E2) → K(E1⊗E2)
induces a commutative diagram

Hom(S,K(E1))
G × Hom(S,K(E2))

G ∗ //

kc×kc
²²

Hom(S,K(E1 ⊗ E2))
G

kc
²²

KKG
0 (A1)×KKG

0 (A2)
⊗ // KKG

0 (A1 ⊗ A2).

For more details concerning the Kasparov product we refer the reader to
[5, VIII.18].

Theorem 5.7 (Bott periodicity in KK-theory, c.f. [10, §5]). Let V be a G-
inner product space and let A be a σ-unital Z/2-graded G-C∗-algebra. Then
there is a natural (in A) isomorphism

KKG
0 (A) ∼= KKG

0 (C0(S
V )⊗ ClV ⊗ A),

where C0(S
V ) denotes the trivially graded G-C∗-algebra consisting of con-

tinuous functions on SV vanishing at infinity. The isomorphism is given
by exterior multiplication with a specific element, the so-called Bott element
bV ∈ KKG

0 (C0(S
V )⊗ ClV ).

5.4. The exponential law. For spaces X,Y ∈ T∗ let C0(X, Y ) ∈ T∗ denote
the pointed space of pointed maps from X to Y equipped with the compact-
open topology. Given a G-C∗-algebra we also regard it as an object in T∗,
the basepoint being 0 ∈ A. In case X ∈ K∗, the full subcategory of T∗ whose
objects are the pointed compact G-spaces, the corresponding space C0(X,A)
naturally has the structure of a G-C∗-algebra. The C∗-algebra C0(X, A) can
also be identified with the tensor product of C0(X) = C0(X,C) and A since
the canonical map C0(X) ⊗alg A → C0(X,A), f ⊗ a 7→ f · a becomes an
isomorphism after completing the algebraic tensor product C0(X)⊗alg A.

Lemma 5.8. Given a G-space X ∈ K and a G-C∗-algebra A then there is
a pointed G-homeomorphism

ν : C0(X,Hom(S, A)) ∼= Hom(S, C0(X)⊗ A).(5.9)

The G-homeomorphism is natural in X and A.
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Proof. Using the canonical isomorphism C0(X)⊗A ∼= C0(X,A) this is a conse-
quence of the fact that the exponential map C0(X ∧Y, Z) → C0(X, C0(Y, Z))
is a pointed G-homeomorphism for spaces X, Y, Z ∈ T∗. ¤

Any G-C∗-algebra A can be regarded as a Hilbert module over itself, and
there is the canonical isomorphism ι : A → K(A), which sends an element
a ∈ A to the bounded operator that multiplies with a from the left. In case
B is a G-C∗-algebra and E a Hilbert-B-module we thus have a canonical iso-
morphism ι : A⊗K(E) ∼= K(A)⊗K(E) ∼= K(A⊗E). We use this isomorphism
for A = C0(X) to define the composition

ad = ι∗ ◦ ν : C0(X,Hom(S,K(E))) → Hom(S, C0(X)⊗K(E))

→ Hom(S,K(C0(X)⊗ E)).

Let A be a Z/2-graded G-C∗-algebra, let E be a countably generated
Hilbert-A-module, and let X ∈ K∗ such that C0(X) is σ-unital. Given an
equivariant map f : X → Hom(S,K(E)) we associate to it the Kasparov-
C0(X) ⊗ A-cycle (Ef ,Ff ) = (Ead(f),Fad(f)). This allows us to extend the
definition of kc above to a natural map

kc : C0(X,Hom(S,K(E)))G −→ KKG
0 (C0(X)⊗ A)

by defining kc(f) = [(Ef ,Ff )]. If we are given a path w : [0, 1] → C0(X,
Hom(S,K(E)))G this corresponds to an element h ∈ C0(X ∧ [0, 1]+,Hom(S,
K(E)))G, and (Eh,Fh) is a Kasparov homotopy between Ew(0) and Ew(1). Hence
kc factors through taking homotopy classes, i.e. we obtain an induced map

(5.10)

kc∗ : [X,Hom(S,K(E))]G = [X,Hom(S,K(E))]G → KKG
0 (C0(X)⊗ A).

5.5. Proof of Theorem 4.4. We now come back to our special situation.
For any inner product space V ∈ I we can identify ClV with the ad-
jointable compact operators K(ClV ), if we regard ClV as a Hilbert-ClV -
module using the action of ClV given by right multiplication. The iden-
tification ClV ∼= K(ClV ) is given by identifying an element v ∈ ClV with
the operator which multiplies with v from the left. Moreover, if we regard
ClV ⊗L2(V ) as a Hilbert-ClV -module with ClV acting by right muliplication
on the first factor and trivially on L2(V ), then we have a canonical isomor-
phism K(ClV ⊗ L2(V )) ∼= ClV ⊗KV .

Recall from Section 3 that we constructed natural transformations

p : S0 → K̂ and β : S → Ĉl and η = β∗p : S → K = Ĉl ⊗K.

By construction, if we apply kc to the map pV : S0
V → Hom(S,KV ) we

obtain kc(pV ) = [CiV , 0] = [C, 0], which represents the unit 1 ∈ KKG
0 (C). If
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we apply kc to the map βV : SV → Hom(S,ClV ) introduced in Definition 4.2
then we obtain the Bott elements

bV = kc(βV ) ∈ KKG
0 (C0(S

V )⊗ ClV ).

It follows from Theorem 5.6 that

kc(ηV ) = kc(βV )⊗ kc(pV ) = bV ⊗ 1 = bV .

Let X ∈ K , let V ∈ D be an indexing space. Using the canonical isomor-
phisms C0(S

V )⊗ C0(X+) ∼= C0(S
V ∧X+) we obtain commutative diagrams

[X+,Hom(S,KV )]G
kc∗ //

(βV ∗)∗

²²

KKG
0 (C0(X+))

bV ⊗KKG
0 (τ)

²²
KKG

0 (C0(S
V )⊗ ClV ⊗ C0(X+))

KKG
0 (Id⊗τ) ∼=

²²
[SV ∧X+,Hom(S,ClV ⊗KV )]G

kc∗ // KKG
0 (C0(S

V )⊗ C0(X+)⊗ ClV ).

Taking colimits over the indexing spaces V we obtain commutative diagrams

KKG
0 (C0(X+))

²²

colim
V ∈D

[X+,Hom(S,KV )]G

22dddddddddddddddd

²²
colim

V ∈D
[SV ∧X+,Hom(S,ClV ⊗KV )]G

,,YYYYYYYYYY

φX

66

colim
V ∈D

KKG
0 (C0(S

V )⊗ C0(X+)⊗ ClV ).

It follows from Bott periodicity that each of the right vertical arrows in the
two diagrams above is an isomorphism. In particular this allows us to define
the homomorphism φX as indicated in the diagram. Since the full10 indexing
spaces are cofinal in the diagram of all indexing spaces (cf. Lemma 5.5) it
follows from Lemma 5.8 and Theorem 5.4 that φX is an isomorphism. Note
that the lower left corner, by definition, is K0(X+).

We now define Φ0(X) : K0(X) → K0
G(X) as the composition

(5.11)

Φ0(X) : K0(X+)
φX−→ KKG

0 (C0(X+)) ∼= KKG
0 (C(X))

ψ−1
X−→ K0

G(X).

10For the definition of full see page 102
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The definition of Φ0(X) has a unique extension to a family of isomorphisms

ΦV,W (X) : KV,W (X+) → KV,W
G (X)(5.12)

for inner product spaces V,W ∈ I such that ΦV,0(X) = Φ̃0(SV ∧X+) for all
V and such that the diagrams

K0(X+)
Φ0(X)

//

σ

²²

K0
G(X)

⊗btop
W

²²

K0,W (SW ∧X+)
Φ̃0,W (SW∧X+)

// K̃0,W
G (SW ∧X+)

commute for all W . It follows that the natural isomorphisms Φ∗,∗ can be used
to define a corresponding natural isomorphism of RO(G)-graded cohomology
theories Φ∗(X) : K∗(X+) → K∗

G(X). It also is not hard to see that Φ∗ is
compatible with the multiplicative structures of the two cohomology theories.
This completes the proof of Theorem 4.4.

Remark 5.13. One can extend the definition of the KK-homology groups
to a setting where the corresponding groups are labeled by pairs of inner
product spaces V, W ∈ I by defining

KKG
V,W (A) = KKG

0 (C0(S
V )⊗ ClW ⊗ A).

The methods above also provide natural isomorphisms φV,W
X : KV,W (X+) ∼=

KKG
V,W (C0(X+)). The isomorphisms ΦV,W of (5.12) also can be described

using the isomorphisms φV,W
X .

6. The Atiyah-Bott-Shapiro orientation

In this section we construct an I -FSP MSpinc whose underlying prespec-
trum is a model for MSpinc. We also construct a mapMSpinc → K and show
that it provides a model for an equivariant version of the Atiyah-Bott-Shapiro
orientation.

Given an inner product space V ∈ I we consider the group Pinc
V ⊂ ClV

which is generated by the elements in the unit sphere S(V ) ⊂ V ⊂ ClV and
the elements of the unit circle S1 ⊂ C · 1 ⊂ ClV . Note that Pinc

V is con-
tained in the units of ClV since for any v ∈ S(V ) we have v2 = 1 ∈ ClV ,
and obviously any λ ∈ S1 is invertible. The Z/2-grading of ClV induces a
homomorphism ξ : Pinc

V → Z/2. The homomorphism ξ is called the grading
homomorphism. We now consider the twisted conjugation action of Pinc

V on
ClV ; for elements v ∈ Pinc

V and w ∈ ClV it is given by v : w 7→ ξ(v)vwv−1.
One easily checks that the twisted conjugation action leaves V ⊂ ClV invari-
ant. For each e ∈ Pinc

V the restricted action ce : V → V is an isometry. It is
well-known that associating ce to e defines a surjective group homomorphism
%V : Pinc

V → OV with kernel S1. On the other hand any isometry S : V → V
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uniquely extends to an algebra automorphism ClS : ClV → ClV . Hence the
twisted conjugation action of e on ClV coincides with Cl%V (e).

Given an inner product space V ∈ I let us write B(ClV ⊗ L2(V )) for the
space consisting of the bounded operators on ClV ⊗ L2(V ), equipped with
the strong ∗-topology, and let UV ⊂ B(ClV ⊗L2(V )) be the group generated
by the odd unitary operators and the scalars. By construction UV comes
equipped with a corresponding grading homomorphism ξ : UV → Z/2. The
group UV acts on B(ClV ⊗ L2(V )) by twisted conjugation, and this action
factors through an effective action of the projective group PUV = UV /S1.
More precisely, given a unitary operator U ∈ UV and a bounded operator
F ∈ B(ClV ⊗ L2(V )) we define U ∈ PUV to be the equivalence class of U in
PUV , and UF = ξ(U)UFU∗. Note that the restriction of the action to the
subset K(ClV ⊗L2(V )) consisting of the compact operators in B(ClV ⊗L2(V ))
is compatible with the norm topology in the sense that PUV is in fact acting
on KV = K(ClV ⊗ L2(V )).

Given an element e ∈ Pinc
V we can associate to it the unitary operator

Ue ∈ B(ClV ⊗ L2(V )) given by

Ue(v ⊗ f) = ev ⊗ (f ◦ %V (e)−1), v ∈ ClV , f ∈ L2(V ).

This induces a homomorphism ιV : Pinc
V → UV . Since the kernel of %V

maps onto S1 ⊂ UV the homomorphism ιV induces a homomorphism V :
OV → PUV . We use V to regard K(ClV ⊗L2(V )) as an OV -space. Using the
canoncial isomorphism K(ClV ⊗L2(V )) ∼= ClV ⊗KV the action of an isometry
S ∈ OV is given by S(v ⊗ k) = ClSv ⊗KSk for v ⊗ k ∈ ClV ⊗KV .

Lemma 6.1. The map ηV : SV → Hom(S,K(ClV ⊗ L2(V ))), mentioned in
Section 4, is OV -equivariant.

Proof. Note that it follows directly from the definition of βV (see Definition
4.1) that for any orthogonal transformation S ∈ OV we have S(βV (v)) =
βV (Sv) for all v ∈ V . The same applies to the map pV : S0

V → Hom(S,
K(L2(V ))). Hence ηV = β∗pV is OV -equivariant. ¤

It follows that the maps α̃V : (UV )+ ∧ SV −→ Hom(S,K(ClV ⊗ L2(V )))
given by α̃V (U, v) = ξ(U)UηV (v)U∗ induce corresponding maps

αV : PUV + ∧OV
SV −→ Hom(S,K(ClV ⊗ L2(V ))).(6.2)

Definition 6.3. Let MSpinc : I → T∗ be the G-functor given by

(6.4) MSpinc
V = PUV + ∧OV

SV .

Let µ : MSpinc ∧ MSpinc → MSpinc be the natural transformation of G-
functors I × I → T∗ given by the maps µV,W : MSpinc

V ∧ MSpinc
W →

MSpinc
V⊕W which are induced by the obvious natural maps UV + ∧ UW + →

UV⊕W + and SV ∧ SW → SV⊕W respectively. Finally let λ : S0 → MSpinc
0
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be the unique pointed homeomorphism from S0 to MSpinc
0 = {IdL2(0)}+ ∧

S0 ∼= S0. Then the triple (MSpinc, µ, λ) defines a lax symmetric monoidal G-
functor, and the natural transformation of lax monoidal G-functors η : S →
MSpinc given by the maps

ηV : SV ∼= OV + ∧OV
SV

V +∧O(V )Id−→ PUV + ∧OV
SV = MSpinc

V(6.5)

gives MSpinc the structure of an I -FSP . Moreover the maps αV introduced
in (6.2) define a natural transformation α : MSpinc → K of lax symmetric
monoidal G-functors.

Theorem 6.6. The I -FSP (MSpinc, η) given by (6.4) and (6.5) provides
a model for the G-equivariant Spinc-bordism spectrum.

Proof. Let V ∈ I be an inner product space. We have the following diagram
of groups with exact rows

1 // S1 //

∼=
²²

Pinc
V

%V //

ιV
²²

OV
//

V

²²

1

1 // S1 // UV
// PUV

// 1.

It follows that we have a homeomorphism PUV /OV
∼= UV /P inc

V .
Now let us write Ueven

V for the even part of UV and recall that Spinc
V , by

definition, is the even part of Pinc
V . Assume that V 6= 0, so that ξ : Pinc

V →
Z/2 is onto. We then have a commutative diagram of groups with exact rows

1 // Spinc
V

//

²²

Pinc
V

//

²²

Z/2 //

=

²²

1

1 // Ueven
V

// UV
// Z/2 // 1.

It follows that we have a G-homeomorphism

PUV /OV
∼= UV /P inc

V
∼= Ueven

V /Spinc
V .

If V in addition has the property that L2(V )even is stable in the sense that
L2(V )even ∼= L2(V )even ⊗ ` with ` an infinite dimensional separable Hilbert
space with trivial G-action, then Ueven

V is weakly G-contractible. Hence the
space

PUV /OV
∼= Ueven

V /Spinc
V

is a model for BSpinc
V . Note that the two assumptions on V are satisfied if

V contains a copy of the trivial representation, and indexing spaces with this
property are cofinal in the diagram of all indexing spaces.

Given two such inner product spaces V1, V2 the homomorphism

µV1,V2 : Spinc
V1
× Spinc

V2
→ Spinc

V1⊕V2
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induces a commutative diagram

PUV1/OV1 × PUV2/OV2
//

∼=
²²

PUW1⊕V2/OV1⊕V2

∼=
²²

Ueven
V1

/Spinc
V1
× Ueven

V2
/Spinc

V2
// Ueven

V1⊕V2
/Spinc

V1⊕V2
.

It follows that the natural maps

νV1,V2 : PUV1/OV1 × PUV2/OV2 → PUW1⊕V2/OV1⊕V2

provide a model for BµV1,V2 .
Finally for any V satisfying the above two properties the natural map of

G-vector bundles

Ueven
V ×Spinc

V
V −→ PUV ×OV

V = EV ,

where Spinc
V acts on V in the standard way (i.e. via %V ), is an isomorphism.

Hence MSpinc
V = PUV + ∧OV

SV , which is homeomorphic to the Thom space
of EV , is a model for MSpinc

V .
The G-vector bundles EV also fit together in the sense that EV1 ⊕ EV2

is a pullback of EV1⊕V2 along νV1,V2 . Hence the maps µV1,V2 : MSpinc
V1
∧

MSpinc
V2
→MSpinc

V1⊕V2
provide a model for the map

MSpinc(V1) ∧MSpinc(V2) → MSpinc(V1 ⊕ V2).

Since the indexing spaces V with the two required properties are cofinal in
the diagram of all indexing spaces it follows that MSpinc provides a model
for MSpinc. ¤

Definition 6.7. Motivated by the results just obtained we define for an inner
product space V ∈ I

ESpinc
V = Ueven

V

BSpinc
V = Ueven

V /Spinc
V

γSpinc
V

= ESpinc
V ×Spinc

V
V.

Note that ESpinc
V and BSpinc

V are in general not models for the spaces
ESpinc

V and BSpinc
V respectively, unless Pinc

V has a G-invariant odd element
and L2(V )even is stable in the sense considered in the proof of the previous
theorem.

The remaining part of this section is devoted to prove that α : MSpinc → K
represents an equivariant version of the classical Atiyah-Bott-Shapiro orien-
tation. In order to give the more precise statement (Theorem 6.9 below) we
need to recall the definition of the latter.

Let W = V ⊕ V for some G-inner product space V . There is a standard
right ClW -action on the exterior algebra Λ∗(V ⊗ C). The action is given as
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follows. Let us consider the isomorphism W = V ⊕ V → V ⊗ C which sends
w = (v′0, v

′
1) ∈ W to v′ = v′0 + iv′1. For z ∈ Λ∗(V ⊗ C) let

z · w = z ∧ v′ + zy v′,

where zy v′ for an element z = v1 ∧ · · · ∧ vp ∈ Λp(V ⊗ C) with vi ∈ V ⊗ C is
given by the formula

zy v′ =
p∑

i=1

(−1)p−i〈v′, vi〉v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vp.

One easily checks that the action of w is C-linear (i.e. (λz) ·w = λ(z ·w), λ ∈
C) and that for any z ∈ Λ∗(V ⊗C) one has z ·w ·w = z · 〈w, w〉. On the other
hand Λ∗(V ⊗C) is a complex vector space. Hence the action of the elements
w ∈ W induces a right action of ClW on Λ∗(V ⊗ C). In the following let us
write SW for the right ClW -module Λ∗(V ⊗ C), and let us write St

W for the
left ClW -module, which coincides with SW , but where the elements of ClW
act by their adjoints. We then have a ClW -bimodule isomorphism

ClW ∼= St
W ⊗ SW .

Since dimC SW = 2dimR V it follows that SW is an irreducible Z/2-graded right
ClW -module, and that St

W is an irreducible Z/2-graded left ClW -module.
Let E ′ be a G-vector bundle over a compact space X with a Spinc

W -
structure. Using the Spinc

W -structure bundle Spinc
E′ of E ′ we have a canonical

isomorphism

Spinc
E′ ×Spinc

W
W ∼= E ′.

Let

ClE′ = Spinc
E′ ×Spinc

W
ClW ,

St
E′ = Spinc

E′ ×Spinc
W
SW ,

SCl
E′ = Spinc

E′ ×Spinc
W
ClW .

Here the Spinc
W action on the fiber in the first case is given by conjugation,

in the second and the third case it is given by left multiplication. The bundle
ClE′ is denoted the Clifford bundle associated to E ′. The other two bundles
are called the spinor bundle of E ′ and the Clifford spinor bundle of E ′ respec-
tively. The latter two are module bundles over ClE′ by means of the action
given by [s, w] · [s, z] = [s, wz] for s ∈ Spinc

E′ , w ∈ ClW , and z ∈ St
W or

z ∈ ClW respectively. Note that E ′ itself is canonically contained in ClE′ .
Hence an element e′ in the fiber E ′

x over some x ∈ X gives rise to endomor-
phisms e′· : (St

E′)x → (St
E′)x and e′· : (SCl

E′)x → (SCl
E′)x. In case e is of norm 1,

the endomorphism is a unitary isomorphism.
Now let E be a G-vector bundle equipped with a Spinc

V -structure for some
inner product space V ∈ I . Let E ′ = V ⊕ E. Let D(E ′) and S(E ′) denote
the disk and the sphere bundle of E ′ respectively. The Atiyah-Bott-Shapiro
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orientation of E is a cohomology class uE ∈ K̃0,V
G (Th(E)). We define it by

saying what its image is under the sequence of isomorphisms

K̃V
G (Th(E)) = K̃0

G(SV ∧ Th(E)) ∼= K̃0
G(D(E ′)/S(E ′)) ∼= K0

G(D(E ′), S(E ′)).

Recall that elements in relative K-theory for a pair of compact spaces (X,A)

can be described by pairs (Ẽ, ϕ̃) consisting of a Z/2-graded G-vector bundle

Ẽ = Ẽeven⊕ Ẽodd over X and an isomorphism ϕ̃ : Ẽ|even
A → Ẽ|odd

A . The image
of the Atiyah-Bott-Shapiro orientation uE by definition is represented by the
pair [S t

E′ , ϕ
′], where S t

E′ = π∗St
E′ is the pullback of St

E′ along π : D(E ′) → X,
and where ϕ′ : S t

E′|S(E′) → S t
E′ |S(E′) is the isomorphism which in a fiber over

a point e′ ∈ S(E ′) is given by multiplication with e′. For the case where E just
is an inner product space E = V ∈ I the Atiyah-Bott-Shapiro orientation is
the Bott periodicity element introduced in Section 4

btop
V = uV ∈ K̃0,V

G (SV ) = K̃0
G(SV ∧ SV ).(6.8)

Theorem 6.9. The natural transformation of I -FSP s α : MSpinc → K,
defined in Definition 6.3, represents an equivariant version of the classical
Atiyah-Bott-Shapiro orientation, i.e. in particular: if G is the trivial group
then the map α : MSpinc → K induces the classical Atiyah-Bott-Shapiro
orientation homomorphism MSpinc

∗ → K∗ on the level of homotopy groups.
Taking for granted Theorem 6.6 a technically precise statement is given as

follows. If E is a G-vector bundle with structure group Spinc
V over some

compact space X for some inner product space V ∈ I , with a classifying
map c : E → γSpinc

V
, then the isomorphism

Φ̃0,V (Th(E)) : K0,V (Th(E)) → K̃0,V
G (Th(E)),

which is the reduced version of the natural isomorphism Φ0,V (Th(E)) intro-
duced in (5.12), maps the class {fE} ∈ K0,V (Th(E)) which is represented by
the composition

fE = αV ◦ Th(c) : Th(E) → Th(γSpinc
V
) = MSpinc

V

αV−→ KV(6.10)

to the Atiyah-Bott-Shapiro orientation uE ∈ K̃0,V
G (Th(E)).

It is easy to see that the natural transformation α : MSpinc → K defines
an orientation in the sense of stable homotopy theory. That it is a model
for the Atiyah-Bott-Shapiro orientation essentially follows from Theorem 6.6
and the fact that the definition of the natural transformation α is modelled
on an operator-theoretic description of the classical Atiyah-Bott-Shapiro.

Sketch of Proof. Let W = V ⊕ V and regard the irreducible Z/2-graded
ClW -module SW as a Hilbert-ClW -module. Let (SW , 0) be the Kasparov-
ClW -cycle consisting of the irreducible Z/2-graded ClW -module SW and the
zero operator on it. The Kasparov cycle represents a generator [SW , 0] ∈
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KKG
0 (ClW ) ∼= Z. Performing the exterior product with this generator induces

an isomorphism

⊗[SW , 0] : KKG
0 (A) −→ KKG

0 (A⊗ ClW )

for any σ-unital Z/2-graded G-C∗-algebra A. Given a Kasparov-A-cycle
(E ,F) the image in KKG

0 (A ⊗ ClW ) is represented by the Kasparov cycle
(E ⊗ SW ,F ⊗ Id).

On the other hand there is a version of the Swan isomorphism (5.3) which
applies to pointed compact spaces Y

ψ̃Y : K̃0
G(Y ) → KKG

0 (C0(Y )).

Similarly there is a pointed version φ̃0,V
Y : K0,V (Y ) → KKG

0 (C0(Y )⊗ ClV ) of

the isomorphism φ0,V
Y that we introduced in Remark 5.13. The isomorphism

Φ̃0,V (Y ) : K0,V (Y ) → K̃0,V
G (Y ), which by definition is the reduced version

of the natural isomorphism Φ0,V (Y ) introduced in (5.12), then fits into the
commutative diagram

K0,V (Y )

φ̃0,V
Y

²²

Φ̃0,V (Y )
// K̃0,V

G (Y )

ψ̃
SV ∧Y

²²

KKG
0 (C0(Y )⊗ ClV )

⊗bV

²²
KKG

0 (C0(Y )⊗ ClV ⊗ C0(S
V )⊗ ClV )

KKG
0 (Id⊗τ⊗Id)

²²

KKG
0 (C0(S

V )⊗ C0(Y ))

⊗[SW ,0]
²²

KKG
0 (C0(Y )⊗ C0(S

V )⊗ ClV ⊗ ClV )

KKG
0 (τ⊗Id⊗Id)

55
KKG

0 (C0(S
V )⊗ C0(Y )⊗ ClW )

We now compare

a = ψ̃SV ∧Th(E)(uE) ∈ KKG
0 (C0(S

V )⊗ C0(Th(E)))

with the element

b ∈ KKG
0 (C0(S

V )⊗ C0(Th(E))⊗ ClW )

which we define to be the image of {fE} ∈ K0,V (Th(E)) under the compo-
sition in the above diagram (for Y = Th(E)) which starts in the upper left
corner, passes through the lower left corner and ends in the lower right corner.
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Therefore consider the diagram of isomorphisms

a ∈ KKG
0 (C0(S

V )⊗ C0(Th(E))) //

⊗[SW ,0]
²²

KKG
0 (C0(D(E ′)/S(E ′)))

⊗[SW ,0]
²²

b ∈ KKG
0 (C0(S

V )⊗ C0(Th(E))⊗ ClW ) // KKG
0 (C0(D(E ′)/S(E ′))⊗ ClW )

The image of a in KKG
0 (C0(D(E ′)/S(E ′))) is represented by the Kasparov

cycle

(E t,F t) = (Γ0(S
t
E′), L), with L : σ 7−→ (L(σ) : e′ 7→ e′σ(e′)),

while the image of b in KKG
0 (C0(D(E ′)/S(E ′))⊗ ClW ) is represented by

(ECl ,FCl) = (Γ0(S
Cl
E′ ), L), with L : σ 7−→ (L(σ) : e′ 7→ e′σ(e′)).

Hence (E t ⊗ SW ,F t ⊗ Id) ∼= (ECl ,FCl). Therefore a ⊗ [SW , 0] = b, hence

Φ̃0,V ({fE}) = uE. ¤
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(CO-)HOMOLOGY THEORIES FOR COMMUTATIVE
(S-)ALGEBRAS

MARIA BASTERRA AND BIRGIT RICHTER

The aim of this paper is to give an overview of some of the existing homo-
logy theories for commutative (S-)algebras. We do not claim any originality;
nor do we pretend to give a complete account. But the results in that field
are widely spread in the literature, so for someone who does not actually work
in that subject, it can be difficult to trace all the relationships between the
different homology theories. The theories we aim to compare are

• topological André-Quillen homology
• Gamma homology
• stable homotopy of Γ-modules
• stable homotopy of algebraic theories
• the André-Quillen cohomology groups which arise as obstruction

groups in the Goerss-Hopkins approach

As a comparison between stable homotopy of Γ-modules and stable homo-
topy of algebraic theories is not explicitly given in the literature, we will give
a proof of Theorem 2.1 which says that both homotopy theories are isomor-
phic when they are applied to augmented commutative algebras. This result
is well-known to experts.

The comparison results provided by Mike Mandell [M] and Basterra-McCar-
thy [B-McC] can be cobbled together to prove that Gamma cohomology and
the André-Quillen cohomology groups in the Goerss-Hopkins approach coin-
cide.

Acknowledgements We are grateful for help we got from Paul Goerss,
Mike Mandell and Stefan Schwede: Paul insisted on the isomorphism which
is now the subject of Theorem 2.6, Stefan initiated the whole project and
the study of the relationship stated in Theorem 2.1; the proof of the iso-
morphism came out of a discussion with him. And last but not least, Mike
patiently answered all our questions concerning André-Quillen cohomology of
E∞ algebras.

1. Different cohomology theories for commutative
(S-)algebras

We will briefly describe the definitions of the above mentioned homol-
ogy theories, their range and the domain, on which they coincide. Here
range means, that some of them are defined for genuine commutative al-
gebras whereas others are homology theories for commutative S-algebras à

115
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la [EKMM]. These reduce to homology theories for algebras by considering
Eilenberg-MacLane spectra of commutative rings.

1.1. André-Quillen homology, AQ. To start with, we should mention the
algebraic predecessor of these theories, namely André-Quillen homology of
commutative algebras. The standard references for this homology theory
are [A], [Q2, Q1], and [W]. For a pointed model category, Quillen defined
the notion of homology of objects: he considers the subcategory of abelian
objects in that model category. If the inclusion of this subcategory in the
whole category has a left adjoint – called abelianization– then the homology
of an object is the left derived functor of abelianization. That is, one takes an
object, considers a cofibrant resolution and applies the abelianization functor
to that resolution.

Let k be a commutative ring with unit. For a commutative (simplicial) k-
algebra A this means to take a free simplicial resolution P∗ → A, to apply the
module of Kähler differentials to P∗, and then define André-Quillen homology
of A with respect to the ground ring k and coefficients in an A-module M to
be

AQ∗(A|k; M) := π∗(Ω1
P∗|k ⊗P∗ M).

The module Ω1
P∗|k is called the cotangent complex of A over k and is denoted

by LA|k; this is well-defined, because the homotopy groups of Ω1
P∗|k do not

depend on the resolution.
For A as above let I denote the kernel of the multiplication map I :=

ker(A ⊗k A → A). Then the module of Kähler differentials has an alterna-
tive description: the ideal I has an induced multiplication and the Kähler
differentials Ω1

A|k are isomorphic to I/I2. The quotient I/I2 is the module of

indecomposables in I and is often denoted by Q(I).
André-Quillen homology vanishes in positive degrees for smooth algebras:

if A is smooth over k, then AQ∗(A|k; M) = 0 for all ∗ > 0 and AQ0(A|k; M) ∼=
Ω1

A|k ⊗A M . In particular, if A is étale over k, then André-Quillen homology
vanishes in all degrees.

Let Λq(V ) denote the q-th exterior power on a module V . Quillen [Q2, 8.1]
constructs a spectral sequence

(1.1) E2
p,q = Hp(Λ

qLA|k) =⇒ TorA⊗kA
p+q (A,A)

which starts with André-Quillen homology and its higher versions H∗(ΛqLA|k)
and converges to Hochschild homology for commutative algebras A which are
k-flat.

The properties, which make André-Quillen homology actually a homology
theory, are a transitivity long exact sequence, i.e., for a triple of algebras
A → B → C the following sequence is long exact:

· · · → AQn(B|A; M) → AQn(C|A; M) → AQn(C|B; M)
→ AQn−1(B|A; M) → · · ·
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In addition, there is a flat-base change property: if A and B are two commu-
tative k-algebras and B is k-flat, then André-Quillen homology does not see
the difference between A⊗k B relative to B and A relative to k

AQ∗(A⊗k B|B; M) ∼= AQ∗(A|k; M)

for all A ⊗k B-modules M . Similarly, if Tork∗(A,B) = 0 for ∗ > 0, then
André-Quillen homology of A⊗k B relative to k splits as

AQ∗(A⊗k B|k; M) ∼= AQ∗(A|k; M)⊕ AQ∗(B|k; M).

The zeroth André-Quillen homology gives the module of Kähler differentials;
the zeroth cohomology is therefore the module of derivations. The first André-
Quillen cohomology of A with coefficients in M classifies ‘infinitesimal exten-
sions’. To be more precise, AQ1(A|k; M) classifies surjections of k-algebras
π : E ³ A such that the kernel of π is isomorphic to M as an A-module.
Here M is considered as a trivial algebra M2 = 0, and the kernel of π gets
its A-module structure from the inclusion into E, i.e., π(e)m = em for e ∈ E
and m in the kernel of π.

1.2. Topological André-Quillen homology, TAQ. Several authors (Wald-
hausen, McClure and Hunter, Kriz, and Robinson among others) initiated the
study of a corresponding theory in the category of E∞ ring spectra before the
necessary foundations where in place. The construction of the category of
commutative S-algebras in [EKMM], a model category equivalent to the cat-
egory of E∞ ring spectra, allowed M. Basterra to mimic the construction
of Kähler differentials and define topological André-Quillen (co)-homology.
We give a brief account of this theory in the following section. For a more
extensive description see [La] or the original account [B].

Let A be a commutative S-algebra and let B be an A-algebra over A. Then
one can build the pullback in the category of A-modules

IA(B) //

²²

∗

²²
B // A

and IA(B) is called the augmentation ideal of B. Similarly, for a non-unital A-
algebra C (like IA(B)), the multiplication allows us to construct the pushout
in the category of A-modules

C ∧A C //

²²

∗

²²

C // Q(C).

We call the outcome Q(C) the module of indecomposables.
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For every commutative A-algebra B, the smash product B∧AB is naturally
augmented over B via the multiplication map. The topological André-Quillen
homology of B with respect to A is defined to be

TAQ(B|A) := (LQ)(RIB)(B ∧L
A B).

Here L stands for left and R for right derived functor.
For any B-module M , the topological André-Quillen homology groups of

B with coefficients in M are the homotopy groups of the TAQ spectrum

TAQ∗(B|A; M) := π∗(TAQ(B|A) ∧B M).

Topological André-Quillen homology has properties similar to algebraic
André-Quillen homology. For any triple of cofibrant commutative S-algebras
we have a transitivity long exact sequence and there is a ‘cofibrant base
change’ property [B, 4.2,4.3 & 4.6].

For a connective commutative S-algebra A, it is shown in [B, Theorem
8.1(Kriz)] that the usual Postnikov tower of A can be refined to a Postnikov
towers consisting of commutative S-algebras, such that the k-invariants live
in topological André-Quillen cohomology. This result can be used for an
obstruction theory for commutative S-algebra structures: assume for a con-
nective S-module A that there is a commutative S-algebra structure on the
n-th Postnikov stage. Then this structure can be lifted to a commutative
S-algebra structure on the (n + 1)-st stage, if the k-invariant for that stage
can be lifted to a k-invariant in topological André-Quillen cohomology.

Recall that given an E∞ space X, the suspension spectrum of X+, the space
obtained by adjoining a disjoint point to X, is an S-module with an E∞-ring
structure coming from the H-space structure. Hence, S ∧ (X+) = Σ∞(X+) is
a commutative S-algebra. In work in progress, M. Basterra and M. Mandell
show that its cotangent complex is equivalent to X, the S-module associated
to the spectrum obtained from X using an infinite loop space machine (see
[EKMM, VII.3]).

More generally, given an augmented commutative A-algebra B there is a

reduced version of TAQ with T̃AQ(B|A) = (LQA)(RIA)(B). Then, for an E∞
space X,

T̃AQ(A ∧X+|A) ∼= A ∧X.

The authors use this fact and the weak equivalence of E∞-ring spectra
MU ∧MU → MU ∧BU+ provided by the Thom isomorphism to calculate:

TAQ(MU |S) ∼= T̃AQ(MU ∧BU+|MU) ∼= MU ∧ bu

i.e., the cotangent complex of MU , the complex cobordism S-algebra, is the
connective complex K-theory module.
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In [Mi], Minasian constructed a spectral sequence similar to the spectral
sequence (1.1) in the algebraic setting. It is of the form

Es,t
1
∼= πt−s




(
s−1∧
i=1

ΣTAQ(A|S)

)

hΣs−1


 for t ≥ s ≥ 0.

This spectral sequence converges to the reduced topological Hochschild hom-
ology of A. With the help of this spectral sequence, Minasian could prove [Mi,
Corollary 2.8] that for a connective cofibrant S-algebra A topological André-
Quillen homology vanishes, if and only if the reduced topological Hochschild
homology of A is trivial. Here, it is crucial to assume, that A is connective
(compare with the discussion at the end of the paper).

In [McC-Mi] McCarthy and Minasian developed a notion of TAQ-smooth
and THH-smooth commutative S-algebras and they could prove an analogue
of the Hochschild-Kostant-Rosenberg theorem for usual Hochschild-homology,
which states that Hochschild homology of smooth algebras is isomorphic to
the exterior powers of the modules of Kähler differentials.

The counterpart in the context of S-algebras of this theorem [McC-Mi,
Theorem 6.1] says, that for a THH-smooth R-algebra A in the category of
connective S-algebras, there is a natural equivalence of A-algebras

PA(ΣTAQ(A|R)) ' THH(A|R)

between the free commutative A-algebra on ΣTAQ(A|R) and topological
Hochschild homology of A.

With the help of TAQ, one can distinguish certain classes of commutative
S-algebras. For instance, the algebraic notion of étaleness can be transferred
to étaleness for commutative S-algebras. John Rognes, Randy McCarthy and
others use the notion of TAQ-étale maps of S-algebras – maps A → B of S-
algebras with the property that TAQ(B|A; B) ∼ ∗ – andTHH-étale maps of
S-algebras – maps, such that the reduced topological Hochschild homology

T̃HH(B|A; B) is trivial – to transfer statements of classical algebra to the
theory of commutative spectra. In particular, Rognes applies these and other
notions in his work on Galois theory of commutative S-algebras.

1.3. Gamma homology, HΓ. In the mid 90’s, Alan Robinson and Sarah
Whitehouse developed a homology theory for E∞ algebras, called Gamma
homology (HΓ). A published account of this work is [Ro-Wh]. The general
definition of Gamma homology is quite involved: they construct an analog of
the cotangent complex in the case of E∞-algebras: if A is a k-algebra over
some E∞ operad C and M is an A-module, then the realization of these data is
defined as the cofibre K(A|k; M) of |M(A|k; M)|′ →M2 where |M(A|k; M)|′
is a quotient of

⊕
n≥2 Cn+1⊗ΣnA⊗n⊗M ; |M|′ has a natural filtration by taking

the k-th filtration to be everything that is the quotient of
⊕

2≤n≤k Cn+1⊗A⊗n⊗
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M under the action of the symmetric groups and the other identifications
defined in [Ro-Wh, 2.8 (1),(2)]. The part M2 is the bottom filtration piece.

For an E∞ subalgebra A of B the cotangent complex is defined to be the
cofibre of

K(A|k; M) → K(B|k; M)

and Gamma homology is the homology of the cotangent complex. They pro-
vide a transitivity long exact sequence [Ro-Wh, 3.4] for a triple of inclusions
of E∞ algebras A ↪→ B ↪→ C and there is also a variant of Gamma homology
for cyclic E∞-algebras [Ro-Wh, 2.9]. In the special example of commutative
algebras (viewed as E∞ algebras) there are several concrete chain complex
models for Gamma homology. Sarah Whitehouse gave one model in her the-
sis [Wh], and Alan Robinson uses a quasi-isomorphic one in [Ro1]. We will
briefly give the description of the latter (compare [Ro1, 2.5]).

For a commutative k-algebra A and an A-module M the complex for
Gamma homology, CΓ is the total complex of a bicomplex Ξ∗,∗, which in
bidegree (p, q) consists of

Ξp,q = Lie∗q+1 ⊗ k[Σq+1]
⊗p ⊗M ⊗ A⊗q+1.

Here, all tensor products are taken with respect to the ground ring k. The
k-module Lie∗n is the dual of the n-th part of the operad for Lie-algebras,
i.e., Lien (without the dualization) is the free k-module on all Lie words on
n generators x1, . . . , xn which contain each xi exactly once; this is a left-Σn-
module, where the action of σ ∈ Σn on a word of length n is given by the
sign-action and the permutation of the variables x1, . . . , xn.

The horizontal differential is just the differential in the two-sided bar con-
struction of the symmetric group, using the right action of Σq+1 on Lie∗q+1 and

the left-action on M ⊗A⊗q+1 by permuting the tensor factors in A⊗q+1. The
vertical differential uses an action of certain standard surjection on Lie∗q+1.
For the precise definition see [Ro1, 2.2–2.5]. In order to get a homotopy
invariant definition one should either insist that the algebra A is k-flat or
assume that A is replaced by a simplicial flat resolution and the complex Ξ∗,∗
is applied to that.

In the case of commutative algebras, Gamma homology vanishes on étale
extensions. There is a transitivity long exact sequence for a triple A → B →
C of algebras and there is a flat-base change theorem. Gamma homology
agrees with André-Quillen homology for algebras over the rational numbers
and in general, Gamma homology in degree zero gives the first Hochschild
homology group. The zeroth Gamma cohomology is the module of deriva-
tions and the first Gamma cohomology group is the module of ‘infinitesimal
extensions’, i.e., it is isomorphic to the first André-Quillen cohomology group.

Some calculations of Gamma homology can be found in [Ri-Ro]. In par-
ticular, for smooth algebras, for group rings and for truncated polynomial
algebras, there are explicit formulae for Gamma homology.
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For a commutative ring spectrum E, Gamma cohomology groups of the
algebra of cooperations E∗E contain information about the obstructions for
refining the given multipication on the ring spectrum to an E∞ ring structure.
Alan Robinson established this obstruction theory in [Ro1]; an overview can
be found in this volume [Ro2]. For instance, the existence of the unique E∞
structures on the Lubin-Tate spectra En [Ro1, Ri-Ro], on real and complex
K-theory, on the Adams summand and on the In-adic completion of the

Johnson-Wilson spectra Ê(n) [B-R] can be proven this way.

1.4. Stable homotopy of Γ-modules, πst
∗ . Let Γ denote the skeleton of

the category of finite pointed sets with set of objects [n] = {0, . . . , n} with 0
as base point.

There is a well-known way to associate a spectrum to any covariant func-
tor F from Γ to some pointed category C which has a forgetful functor the
category Sets∗ of pointed sets. Let us call such an F a left Γ-object in C.
Such a functor F can be prolonged to a functor from pointed simplicial sets
to simplicial C-objects by approximating an arbitrary pointed set by finite
pointed sets and by applying F degreewise: for a pointed simplicial set X∗
let F (X∗) be F (Xn) in simplicial degree n.

For two pointed simplicial spaces X∗ and Y∗, and for a left Γ-object F
in C we obtain a map X∗ ∧ F (Y∗) → F (X∗ ∧ Y∗): each element x ∈ Xn

defines a morphism x : Yn → (X∗ ∧ Y∗)n by sending an element y in Yn to
x(y) := [(x, y)], i.e., to the equivalence class of (x, y) in the smash-product.
This yields the desired transformation X∗∧F (Y∗) → F (X∗∧Y∗) by naturality
of F . In particular, we obtain maps

S1 ∧ F (Sn) → F (Sn+1)

such that the sequence (F (Sn))n>0 becomes a spectrum and we denote the
stable homotopy groups of that spectrum by πst

∗ (F ).
For a commutative ring with unit k, a left Γ-module is a functor from Γ to

the category of k-modules. Teimuraz Pirashvili showed in [P, Prop.2.2], that
the groups πst

∗ (F ) are isomorphic to the derived functors TorΓ∗ (t, F ) of the
tensor product t⊗Γ F . Here t is a contravariant functor from Γ to k-modules,
which is given by t[n] = HomSets∗([n], k). The Tor-groups in turn have been
identified with the homology groups of the first layers in the Goodwillie tower
for F in [Ri2, Theorem 4.5].

If one considers the particular case of the left Γ-module L(A|k; M) which
is given by [n] 7→ M ⊗ A⊗n, for any commutative k-algebra A and any A-
module M , then we obtain stable homotopy groups associated to an algebra
and a module. Here a map of finite pointed sets f : [n] → [m] induces
multiplication in A, insertion of the unit or the action of A on M : the map f
sends an element a0⊗a1⊗· · ·⊗an ∈ M⊗A⊗n to b0⊗b1⊗· · ·⊗bm ∈ M⊗A⊗m

where each bi is a product
∏

f(j)=i aj, where we interpret this to be the unit

of A whenever f−1(i) = ∅.
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There is a visible relationship to Hochschild homology: recall the usual
specific chain complex for Hochschild homology. The underlying simplicial
set looks like

M // M ⊗ Aoo
oo //

// M ⊗ A⊗ A · · ·
oo
oo
oo

Here the face maps induce the multiplication in the algebra A respectively
the action of A on M .

Taking the simplicial model for the 1-sphere which consists of n+1 elements
in degree n it is visible, that Hochschild homology of A with coefficients in
M is the homotopy of L(A|k; M) evaluated at S1. This gives a stabilization
map from Hochschild homology to stable homotopy of L(A|k; M)

π∗L(A|k; M)(S1) → colimnπ∗+nL(A|k; M)(Sn+1) = πst
∗−1(L(A|k; M)).

As stable homotopy splits tensor products of Γ-modules into sums (see [P,
4.2]) in the following way

πst
∗ (F ⊗G) ∼= πst

∗ (F )⊗G[0]⊕ F [0]⊗ πst
∗ (G)

we obtain, that stable homotopy of L(k[xi, i ∈ I]|k; k) for an arbitrary index-
ing set I is isomorphic to

⊕
I πst

∗ (L(k[x]|k; k)); therefore, stable homotopy of a
free simplicial resolution of an algebra gives as many copies of πst

∗ (L(k[x]|k; k))
as there are generators in the resolving algebra. This additivity property leads
to an Atiyah-Hirzebruch spectral sequence (compare [Ri1]) for stable homo-
topy of augmented commutative algebra, which is of the form

E2
∗,∗ = AQ∗(A|k; πst

∗ (L(k[x]|k; k))) ⇒ πst
∗ (L(A|k; k)).

The algebra k[x] is the free commutative algebra on one generator and might
be interpreted as the ‘base point’ in this context.

We will meet this spectral sequence again in Schwede’s [Sch2] stable homo-
topy of the algebraic theory of augmented commutative algebras.

1.5. Stable homotopy of algebraic theories, πT∗ . We will describe this
approach by Stefan Schwede in some detail, because we will later give a
proof of Theorem 2.1, which compares stable homotopy of the algebraic the-
ory of augmented commutative k-algebras to stable homotopy of the functor
L(−|k; k). Note that our category Γ is denoted by Γop in [Sch2].

The model for the category of connective spectra used in this approach
is the symmetric monoidal category of Γ-spaces, i.e., functors from Γ to the
category sSets of simplicial sets which send [0] to a one-point simplicial set.
The monoidal structure is given by a smash-product whose definition and
properties can be found in [Ly].

Start with a pointed simplicial algebraic theory. This is a pointed simplicial
category T which has the same objects as the category of finite pointed sets
Γ and which has a functor from Γop to T which preserves products and is
the identity on objects. Note that the object [n] is the n-fold product of the
object [1] in the category Γop.
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If you do not feel comfortable with algebraic theories, then think of the
morphisms from [n] to [1] as all possible n-ary operations in the theory, i.e.,
in our example of augmented commutative k-algebras. Such a morphism
gives an operation from An to A for every such algebra A. For any theory T ,
T -algebras are product-preserving simplicial functors from T to the category
sSets∗ of pointed simplicial sets. Therefore these functors are determined by
their value on [1]. For the theory of augmented commutative k-algebras, a
functor G : T → sSets∗ corresponds to an algebra A as above by G[1] ∼= A.

Schwede establishes in Theorem [Sch2, 3.1] a simplicial model category
of T -algebras. The simplicial structure allows to talk about suspensions of
objects: for any T -algebra A, the suspension ΣA is the geometric realization
of the simplicial object that sends the simplicial object {0 < . . . < m} to the
m-fold coproduct

∐
m A of A.

Spectra of T -algebras can now be defined by the suspension functor as
sequences of T -algebras (An) together with maps ρA

n : ΣAn → An+1. Maps
of spectra f : (An) → (Bn) are strict maps in the sense that ρB

n ◦ Σ(fn) =
fn+1 ◦ ρA

n .
Theorem [Sch2, 4.3] states that the category of spectra of T -algebras, called

Sp(T ), is a closed simplicial model category. To any theory T , one can
associate a monoid in the symmetric monoidal category of Γ-spaces, T s, such
that there is an equivalence between the homotopy category of modules over
T s and the homotopy category of connective spectra (cf. [Sch2, 4.4]).

Stable homotopy of T -algebras can be defined as the homotopy groups of
the suspension spectrum of any T -algebra

πT∗ (A) := πst
∗ (Σ∞(A)).

Having a nice model category around, it makes also sense to talk about Quillen
homology which is defined ([Sch2, 5.1]) as:

H∗(A) := π∗(Xc
ab); H∗(A; M) := π∗(M ⊗Tab

Xc
ab).

Here (−)c is the cofibrant replacement, (−)ab denotes the abelianization of a
T -algebra, and M is a right simplicial module over a certain simplicial ring
Tab. In a similar way as connective spectra of T -algebras are equivalent to
T s-modules, the category of abelian objects in T -algebras is equivalent to
modules over Tab.

This simplicial ring Tab can be described in a more explicit way: there is
a linearization functor L (see [Sch2, 5.2]) from Γ-spaces to simplicial abelian
groups. Let Z[S∗] denote the free abelian group of the pointed simplicial set S∗
with the relation that the base point is equivalent to zero. The linearization
takes a Γ-space F and assigns

L(F ) = coker((p1)∗ + (p2)∗ −∇∗ : Z[F [2]] → Z[F [1]])
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to it. Here the p1 and p2 are the projections

2

MMM
MM 2

88
88

88
8 2

MMM
MM

1

JJJ
JJ 1 1 1 1 1

0 0, 0 0 and ∇ is the folding map 0 0.

The simplicial ring Tab is isomorphic to L(T s); in particular, if the theory
is discrete, then the description of Tab as the linearization of T s shows that
Tab reduces to π0(T

s) in that case (cf. [Sch2, 5.2]).
The suspension spectrum of a T -algebra can be identified with a different

spectrum, which is closer related to the stabilization process for Γ-spaces. In
[Sch2, 5.1] an alternative to the suspension spectrum is described: define the
functor

Σ̃∞(A) : Γ −→ T −algebras

by Σ̃∞(A)[n] :=
∐

n A. Surjective maps of finite pointed sets induce folding
maps or the projection of components and injective maps of finite pointed
sets induce inclusion maps on the coproduct. This functor has the following
properties

• The spectrum associated to the Γ-space Σ̃∞(A) is equivalent to the
suspension spectrum of A.

• The abelianization of an arbitrary T -algebra is isomorphic to the lin-

earization L(Σ̃∞(A)).

Schwede constructs a universal coefficient spectral sequence and an Atiyah-
Hirzebruch spectral sequence. The latter has the following shape:

E2
p,q = Hp(A; πqW ) ⇒ Wp+q(A).

Here W is a right T s-module and W -homology is defined to be the homotopy
of the derived smash product of W with the suspension spectrum of A, W ∧L

T s

Σ∞A.
In particular, for W = T s we obtain a spectral sequence which starts with

André-Quillen homology of A with coefficients in the homotopy groups of T s

converging to the stable homotopy of A

E2
p,q = Hp(A, πTq (T s)) ⇒ πTp+q(A).

2. Comparison results

As promised, we will describe the relationship between the different homo-
logy theories for commutative (S-)algebras. Except for the first theorem, we
will not give proofs of the comparison results, because these can be found in
the literature.

We will start with the two homology theories arising from Γ-spaces which
have their range of definition in purely algebraic objects:
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Theorem 2.1. Stable homotopy of the Γ-module L(A|k; k) of an augmented
unital commutative k-algebra A is isomorphic to stable homotopy of A, πT∗ (A)
for the theory T of commutative augmented k-algebras.

Proof. We will identify the two Γ-spaces which give stable homotopy of al-
gebraic theories on the one hand and stable homotopy of L(A|k; k) on the
other hand. So let A be an arbitrary augmented commutative k-algebra. The

model Σ̃∞(A) of the suspension spectrum looks as follows: the object [n] ∈ Γ
is sent to the n-fold coproduct

∐
n A of A. In the category of commutative

algebras, this is the same as the n-fold tensor product of A with itself, A⊗n.
Order-preserving injective maps of finite pointed sets induce the insertion

of units on both functors. Let us distinguish surjective maps of finite pointed
sets with the property that the preimage of the basepoint zero is only zero
from all other surjective maps. Maps of the first kind induce the folding
map on the coproduct (which is multiplication), and maps of the second kind
involve the projection of components in the coproduct to the basepoint, which
is the ring k. Consequently, in the first case elements in A are just multiplied
whereas in the other case there is an additional action of A on k by the
augmentation.

The Γ-module L(A|k; k) sends the object [n] to the n-fold tensor product
A⊗n and from the definition of L in part 1.4 it follows that maps of finite
pointed sets induce the same maps on this Γ-module. Therefore the two Γ-
spaces are isomorphic and the defining spectra for stable homotopy in both
cases agree. ¤

Corollary 2.2. The Atiyah-Hirzebruch spectral sequence for stable homotopy
of the algebraic theory of augmented commutative k-algebras coincides with
the one for stable homotopy of the functor L(−|k; k).

Proof. Stable homotopy of T s for the theory of augmented commutative k-
algebras is isomorphic to the singular k-homology of the Eilenberg-MacLane
spectrum of the integers, because T s is stably equivalent to Hk ∧L HZ (see
[Sch2, 7.9]). The result [Ri1, 3.1] (or [Ri-Ro, 3.2]) identifies Hk∗HZ with
stable homotopy of L(k[x]|k; k), so there is an isomorphism on the level of
E2-terms.

This is not only an additive isomorphism but will lead to an isomorphism of
spectral sequences. Let us denote the linearization functor from the category
Γ to the category of k-modules which sends a set [n] to the free module kn by
` (in order to distinguish it from the functor L used above). The identifica-
tion of πst

∗ (L(k[x]|k; k)) with Hk∗HZ in [Ri1] uses the fact, that the functor
L(k[x]|k; k) can be identified with the linearization functor composed with
the infinite symmetric product functor Sym∗ from k-modules to k-modules.
Stable homotopy of any such composed functor G◦ ` is isomorphic to the sta-
ble derived functors Lst

∗ of Eilenberg and MacLane. See for instance Betley’s
paper [Be] for a proof of this last claim.
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Schwede proves in [Sch2, 7.9] an equivalence between T s and the composite
functor Hk ◦ Sym, where Sym is the infinite symmetric product functor on
pointed spaces. Therefore we get a natural stable weak equivalence of Γ-
spaces and the claim follows. ¤

The second comparison result relates Gamma homology, a homology theory
for commutative rings, which at first sight has nothing to do with functors
from finite pointed sets to modules, to stable homotopy of Γ-modules. The
proof of Theorem 1 in [P-R] uses an enlargement of the domain of definition
for Gamma homology to all Γ-modules. See also [Ro2] for a proof.

Theorem 2.3. [P-R] Gamma homology of any commutative k-algebra A with
coefficients in an A-module M is isomorphic to stable homotopy of the Γ-
module L(A|k; M).

The second result obtained by Basterra and McCarthy compares topolog-
ical André-Quillen homology – a homology theory for genuine S-algebras –
with Gamma homology – a homology theory for algebras.

Theorem 2.4. [B-McC, 4.2] Gamma homology is isomorphic to TAQ of the
corresponding Eilenberg-MacLane spectra for flat algebras, i.e., if A is k-flat,
then

TAQ∗(H(A)|H(k); H(A)) ∼= HΓ∗(A|k; A).

Using the ‘hyperhomology’ spectral sequence from [EKMM, 4.1] for the
H(A)-modules TAQ(H(A)|H(k); H(A)) and H(M) for an A-module M

E2
p,q = TorAp,q(TAQ∗(H(A)|H(k); H(A)),M)

⇒ Tor
H(A)
p+q (TAQ(H(A)|H(k); H(A)), H(M)) = TAQp+q(H(A)|H(k); H(M))

on the one hand and the corresponding spectral sequence for modules on the
other hand for the chain complex CΓ∗(A|k; M) = CΓ∗(A|k; A)⊗A M , we can
extend this isomorphism. The theorem above yields an isomorphism on the
level of spectral sequences and we obtain that

(2.1) TAQ∗(H(A)|H(k); H(M)) ∼= HΓ∗(A|k; M)

for k-flat A. Similarly, the corresponding spectral sequences for Ext-groups
ensure, that

(2.2) TAQ∗(H(A)|H(k); H(M)) ∼= HΓ∗(A|k; M)

for k-projective A.
In the flat case we obtain an equivalence of all these theories

TAQ∗(H(A)|H(k); H(A)) ∼= HΓ∗(A|k; A) ∼= πst
∗ (L(A|k; A))
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and for A an augmented k-flat algebra we get isomorphisms between all these
homology theories:

TAQ∗(H(A)|H(k); H(k))

gggggggg
WWWWWWWW

HΓ∗(A|k; k) πst
∗ (L(A|k; k))

πT∗ (A)

WWWWWWWWWWWW
gggggggggggg

The last comparison theorem which we will mention is a result by Mike Man-
dell. He relates topological André-Quillen cohomology of spectra to TAQ in
a differential graded resp. simplicial setting of E∞-algebras.

Let k be again an arbitrary commutative ring with unit. Mandell defines
in [M, 1.1] André-Quillen (co)homology for E∞-differential graded k-algebras
– which we will call AQ∗

dgE∞ – and for simplicial E∞-algebras – here denoted
by AQ∗

sE∞ .

Theorem 2.5.

(1) [M, 1.8] The normalization functor N from simplicial k-modules to
differential graded k-modules transforms AQ∗

sE∞ into André-Quillen
homology of differential graded E∞-algebras: for any simplicial E∞
k-algebra A and any A-module M there is a natural isomorphism

AQ∗
sE∞(A|k; M) ∼= AQ∗

dgE∞(N(A)|k; N(M)).

This isomorphism can be extended to simplicial E∞-algebras relative
to another algebra: if f : A → B is a map of simplicial E∞-algebras,
then

AQ∗
sE∞(B|A; M) ∼= AQ∗

dgE∞(N(B)|N(A); N(M)).

If the homotopy groups of the module M are concentrated in non-
positive degrees then André-Quillen cohomology with coefficients in
M resp. in N(M) is concentrated in non-negative degrees.

(2) [M, 7.8–7.10] Let R be a connective and cofibrant commutative S-
algebra. There is a functor Ξ from the category of E∞ R-algebras
to differential graded E∞-algebras and there is a functor R from the
homotopy category of modules over Ξ(A), for A an E∞-algebra over
R, to the homotopy category of R-modules such that

TAQ∗(A|R;R(M)) ∼= AQ∗
dgE∞(Ξ(A)|Ξ(R); M).

A similar result applies to any map f : A → B of E∞-R-algebras:

TAQ∗(B|A;R(M)) ∼= AQ∗
dgE∞(Ξ(B)|Ξ(A); M).

In the cases of coefficients in an Eilenberg-MacLane spectrum, the iso-
morphism specializes to something very concrete: let A be a connective
E∞-algebra over R and let N be a module over π0(A). Then for any
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Ξ(A)-module M with H0(M) ∼= N and trivial other homology groups
we obtain

TAQ∗(A|R; H(N)) ∼= AQ∗
dgE∞(Ξ(A)|Ξ(R); M).

The above isomorphisms preserves more structure than the mere additive
module structure: all three kinds of André-Quillen cohomology mentioned in
the theorem possess transitivity sequences and long exact sequences for short
exact and the isomorphisms respects them ([M, 1.9 and 13.2]).

The identification of topological André-Quillen cohomology of spectra with
a cohomology theory for differential graded objects made it for instance pos-
sible to find a concrete example for an S-algebra, which is TAQ-étale but not
THH-étale (see [McC-Mi]). This example (and its chain model – which is
just the cochain algebra on the n-th Eilenberg-MacLane space on the field
with p elements for n > 1) are necessarily not connective, because Minasian’s
work in [Mi] proves that both notions coincide for connective commutative
S-algebras.

Paul Goerss and Mike Hopkins develop an obstruction theory for the exis-
tence of E∞-structures on ring spectra (see [GH2]). The obstruction groups
that arise in that context are André-Quillen cohomology groups of algebras
over simplicial E∞ algebras. More precisely, the obstructions for E∞ struc-
tures on a commutative ring spectrum E live in

AQ∗(E∗E|E∗; E∗)

where AQ means that one views the graded commutative commutative algebra
E∗E of cooperations as a constant simplicial E∞ algebra.

It is a natural question to ask, what the relationship is between these
obstruction groups and the ones developed by Alan Robinson (see [Ro2] and
[Ro1]). In his approach, the obstruction groups live in Gamma cohomology
of the algebra of cooperations

HΓ∗(E∗E|E∗; E∗).

In the following we sketch an argument, why the obstruction groups in
the two approaches are actually isomorphic. Let k be a commutative ring
with unit, let A be a unital commutative k-algebra which is projective as
a k-module and let M be an A-module. The rough idea of the proof is to
combine Mike Mandell’s results [M] with the comparison result in [B-McC]
to obtain the desired isomorphism.

The Goerss-Hopkins groups do not actually depend on the choice of a sim-
plicial E∞ operad, neither do the simplicial André-Quillen groups in Mandell’s
work. André-Quillen cohomology in both contexts is defined via a cofibrant
resolution in the category of simplicial E∞ algebras. Here the used model
categories (in [M, 3.3] resp. [GH2, 4.1]) agree: the weak equivalences are
given by maps which induce an isomorphism on homotopy groups and the
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fibrations are maps which lead to surjective maps in positive degrees after
normalization.

Therefore we obtain

AQ∗(A|k; M) ∼= AQ∗
sE∞(A|k; M)

where the first groups denote the Goerss-Hopkins groups and the latter Man-
dell’s groups. As A, k and M are viewed as constant simplicial objects, the
result 2.5 yields an isomorphism of these groups with André-Quillen cohom-
ology groups in the category of differential graded E∞ algebras:

AQ∗
sE∞(A|k; M) ∼= AQ∗

dgE∞(A|k; M).

These cohomology groups have a relationship with topological André-Quillen
cohomology of Eilenberg-MacLane spectra in the following way.

First of all, in the case of constant coefficients M , the functor R from
differential modules over A into modules over HA reduces to

R(M) ' H(M).

An argument for this can be found in [M, 7.10]. So the cohomology groups
on the level of E∞ ring spectra

TAQ∗(H(A)|H(k); H(M))

are isomorphic to AQ∗
dgE∞(Ξ(H(A))|Ξ(H(k)); M) and we have to compare

these groups to AQ∗
dgE∞(A|k; M).

As the algebra Ξ(H(A)) is connected, there is a natural map to H0(Ξ(H(A))
= A. This map

ϕ : Ξ(H(A)) −→ A

is a map of differential graded E∞ algebras and is the unique map which gives
the inverse of the isomorphism

A = π0H(A) ∼= H0(H(A)) = H0(Ξ(H(A)))

on homology. The functor Ξ is a composition C∗ ◦ Γ, where Γ is a CW ap-
proximation functor in the category of E∞ H(k)-algebras and C∗ is a cellular
chains functor. By construction [M, 10.3] there is a canonical weak equiva-
lence

γ : Γ(H(A)) −→ H(A).

The cellular chain functor constructed in [M, §9] does not change the hom-
ology which for Eilenberg-MacLane spectra gives the ordinary homotopy
groups. Therefore ϕ is a weak equivalence of E∞ algebras:

H∗Ξ(H(A)) = π∗Γ(H(A))
'−→ π∗H(A) = A.

Topological André-Quillen cohomology of commutative H(k)-algebras in
the category of E∞ H(k)-algebras is isomorphic to usual topological André-
Quillen cohomology of commutative H(k)-algebras. Taking all these steps to-
gether, the Goerss-Hopkins groups AQ∗(A|k; M) are isomorphic to
TAQ∗(H(A)|H(k); H(M)).
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Using the comparison result from [B-McC] and adapting it to cohomology
as above (2.2) we get an isomorphism of the latter to Gamma cohomology. In
fact, for the comparison result we do not need A to be projective over k. The
comparison of Gamma homology and topological André-Quillen homology
works for flat algebras. To transfer this to cohomology, we just have to
have that the universal coefficient spectral sequence collapses. So for such
commutative k-algebras A and A-modules M we obtain:

Theorem 2.6. The Goerss-Hopkins André-Quillen cohomology groups
AQ∗(A|k; M) are isomorphic to Alan Robinson’s Gamma cohomology groups
HΓ∗(A|k; M).
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cohomology, Advances in Mathematics 177 no. 2, (2003) 227–279.

[McC-Mi] R. McCarthy & V. Minasian, HKR theorem for smooth S-algebras, Journal of
Pure and Applied Algebra 185 (2003) 239–258.
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CLASSICAL OBSTRUCTIONS AND S-ALGEBRAS

ALAN ROBINSON

Abstract. Classical obstruction theory can be applied to the problem of
finding an S-algebra structure, or a commutative S-algebra structure, on
a ring spectrum. It is shown that there is no obstruction to upgrading the
homotopy unit in the ring spectrum to a strict unit in the S-algebra.

1. Introduction

A ring spectrum is a spectrum E equipped with a homotopy-associative
multiplication map µ : E ∧ E → E which has a two-sided homotopy unit
η : S → E. It is a commutative ring spectrum if µ is homotopic to µτ , where
τ interchanges factors in E∧E. Thus the (commutative) ring spectra are the
(commutative) monoids in the stable homotopy category.

We should like to replace the multiplication µ by a strictly associative mul-
tiplication map in the general case; and by a strictly associative and commu-
tative multiplication map in the case of a commutative ring spectrum. (The
object E may be replaced by a weakly equivalent object in the process.) These
are notions at the point set or model category level, and they make sense if
the model category which we are using has a symmetric monoidal smash
product. We work in the category of S-modules, which has this property. It
would be possible to adapt the theory, making necessary modifications, to
other symmetric monoidal model categories for stable homotopy theory or to
other contexts such as differential graded objects in an abelian category.

We consider the associative case in §2. The strictly associative multiplica-
tion which we seek on the S-module E can equivalently be described as an
action of the associative operad M, given by a morphism ϕ : M→ End(E)
of topological operads. To construct the action ϕ we replace M by a suit-
able cofibrant resolution (in the appropriate category of topological operads).
Under our assumptions regarding units in the multiplicative theories, this is
the Stasheff operad A of associahedra. In §3 we describe in detail an obstruc-
tion theory for finding a morphism of topological operads ϕ : A → End(E),
beginning with the map ϕ2 which takes the one-point space A2 to the point
µ ∈ End(E)2 = Map(E ∧ E, E). The vanishing of the obstructions suffices
for E to be weakly equivalent to an S-algebra. This is a refinement of the
theory described in [16]; by comparing the new theory with the old, we show
in 3.12 that there is no obstruction to upgrading a homotopy unit to a strict
unit when the multiplication is associative.
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In §§4–5 we develop the corresponding obstruction theory for refining a
commutative ring spectrum to a commutative S-algebra. This runs exactly
parallel to the foregoing associative theory, except that the obstructions lie
in the Γ-cohomology of the Hopf algebroid E∗E instead of the Hochschild
cohomology. Our results here are refinements of those for the homotopy-
unital case outlined in [17].

2. Background to the associative case

Suppose that E is an S-module which is also a ring spectrum. Let M
be the topological operad governing associative multiplications. We work
here without permutations (these are “non-Σ operads”), so that every space
Mn has a single point. We denote by End(E) the operad with nth space
Map(E(n), E), where E(n) = E ∧E ∧ · · · ∧E is the S-module smash product
of n factors. The structure which we should like to have on E is a morphism
of non-Σ operads M → End(E), as this makes E into an S-algebra. We
shall show that it is sufficient to construct this when M is replaced by a
cofibrant resolution. This apparently weaker requirement can be tackled by
obstruction theory. We make essential use of properties of cofibrant operads.
It is not really necessary for our purposes to formalize the model category
concerned, because we only need mapping properties for specific examples
where they can be verified simply and directly. However, the formalization
can be done: a closed model structure on the category of operads has been
described in the algebraic case by Hinich [9] and the model structure on
topological operads can be defined in close analogy with [9, §6]. The fibrations
(resp. weak equivalences) are the maps of operads which are fibrations (resp.
weak equivalences) at each level.

The canonical cofibrant resolution of M is the operad WM of “plane
trees with stumps” described in [5] and [10]. A morphism WM → End(E)
corresponds to a multiplication on E which satisfies all higher associativity
conditions and has a two-sided homotopy unit S → E satisfying all expected
coherence conditions.

The operad WM is larger and freer than is necessary for our obstruction
theory. (The situation resembles one in homological algebra, where one need
not use a free resolution to calculate Tor, if a flat resolution is much simpler;
nor need one use an injective resolution to calculate sheaf cohomology, as a
flasque resolution will do.) The simplification here arises from the fact that
it is unnecessary to investigate coherent homotopy units because strict units,
which are better, are so easy to analyse. Let A be the Stasheff operad of
associahedra, described in detail below. We note that there is a factorization
WM→A→M of the cofibrant resolution WM→M; in the terminology
of [4] the first map corresponds to making stumps ignorable. In plainer terms,
A represents A∞-structures with strict unit.
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We need to examine the Stasheff operad A in some detail. For n = 0
and n = 1 the space An is a point, corresponding in these two cases re-
spectively to the unit element and the identity map. For n ≥ 2 the space
An is a convex affine cell of dimension n − 2, and the composition maps
Ai ×Aj → Ai+j−1 are affine inclusions corresponding precisely to the inclu-
sions of the top-dimensional faces ofAi+j−1. IndeedA2 is a point, representing
a map specifying a multiplication of two factors. Next, A3 is a line segment,
representing an associativity homotopy between the maps represented by its
two endpoints, which correspond to the substitutions of the multiplication
A2 for either of the two factors in that multiplication. Then A4 is the famous
Stasheff pentagon, in which the five edges correspond to substitutions of A2

for variables in the 3-factor multiplication A3, or vice versa. The polytope
A5 is an affine 3-cell which has six pentagonal faces isomorphic to A4 × A2

or A2 ×A4, and three rectangular faces isomorphic to A3 ×A3; and so on.
If E were an S-algebra, we should have a morphism of operads

A →M→ End(E)

obtained by composing the M-action with the resolution above. This com-
posite is, philosophically speaking, the real homotopical nub of the algebra
structure. The following proposition shows that an S-algebra can be recov-
ered from it.

Proposition 2.1. Let E be an S-module which is also a ring spectrum. Sup-
pose that there is a morphism of operads A → End(E) under which the point
A2 is mapped to the given multiplication on E. Then E is weakly equivalent
to an S-algebra.

Proof. Using the cofibrancy of A, we can construct an augmentation A → L
from the operad A into the linear isometries operad L, because the spaces
Ln are contractible. Now we can apply the non-Σ variant of [8, II, Prop. 4.3]
to replace the A-spectrum E by a weakly equivalent non-Σ L-spectrum. By
[8, II, Props. 4.6 and 3.6] this yields an A∞ ring spectrum, which can be
converted (by smash product with S) into a weakly equivalent S-algebra. ¤

3. Obstruction theory in the A∞ case

We now need to describe how obstruction theory can allow us to prove
that the hypotheses of Proposition 2.1 can be satisfied. This will require
some conditions on the homology theory represented by our ring spectrum
E.

In order to simplify the algebra, we shall assume that E is homotopy com-
mutative. We denote by R the graded coefficient ring π∗E, and by Λ the
graded ring E∗E. Our assumption implies that these are both commutative;
and Λ becomes an R-algebra by means of the homomorphism, conventionally
denoted ηL, induced in homology by the unit map η : S → E. The multi-
plication map on E induces an augmentation Λ → R, so that Λ splits as a
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Λ-module into R⊕ Λ̃, where Λ̃ is the quotient module Λ/R or the augmenta-
tion ideal of Λ.

Definition 3.1. The ring spectrum E satisfies the perfect universal coefficient
formula if the following two conditions hold.

(1) The algebra Λ is R-flat. Consequently E∗(Y ∧ E) ≈ E∗Y ⊗R Λ for
every spectrum Y . By induction, the smash power E(n) has E-homo-
logy Λ⊗n.

(2) The natural map

E∗(E(n)) −→ HomR(E∗(E(n)), R) ≈ HomR(Λ⊗n, R)

is an isomorphism for every n.

The first condition in 3.1 is satisfied by many ring spectra including all
those representing Landweber exact homology theories. The second is more
restrictive, but is true for a wide range of useful spectra (see [14]).

The second condition can be rewritten in a more convenient way. Assuming
that 3.1(1) holds, the algebra Λ is the Hopf algebroid of E-homology co-
operations, or dual Steenrod algebroid, and the homology of any spectrum Y
is a Λ-comodule via a natural homomorphism E∗(Y ) −→ E∗(Y )⊗R Λ. Using
the cofreeness of the Λ-comodule Λ, we can write the condition in 3.1(2) as

3.1(3) E∗(E(n)) ≈ CohomΛ(E∗(E(n)), E∗E) ≈ CohomΛ(Λ⊗n, Λ)

where Cohom denotes homomorphisms of comodules.

Standing hypothesis 3.2. We assume henceforth throughout this paper
that the ring spectrum E has a perfect universal coefficient formula: that is,
E satisfies Definition 3.1; and that the map η : S → E is a cofibration.

(It would be interesting to know whether the obstruction theory can be set
up when these conditions are relaxed. There may well be a derived-category
variant which works more generally.)

Hochschild complexes 3.3. We shall need two versions of the Hochschild
cochain complex of Λ over R. Let C∗∗(Λ|R; R) be the standard unnormalized
edition (with R as coefficients): thus

Cm,∗(Λ|R; R) ≈ Hom∗
R(Λ⊗m, R)

where the second grading is the internal grading in the rings. The Λ-module
structure on R is given by the augmentation Λ = π∗(E ∧ E) → π∗E = R,
and the formula for the coboundary δ : Cm,∗(Λ|R; R) −→ Cm+1,∗(Λ|R; R) is

(δθ)(λ0 ⊗ λ1 ⊗ · · · ⊗ λm) = λ0·θ(λ1 ⊗ · · · ⊗ λm)

+
m∑

i=1

(−1)iθ(λ0 ⊗ · · · ⊗ λi−1λi ⊗ · · · ⊗ λm)

+(−1)m+1θ(λ0 ⊗ λ1 ⊗ · · · ⊗ λm−1) · λm .
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On the other hand the normalized Hochschild cochain complex of Λ over R
is C̃m,∗(Λ|R; R) ≈ Hom∗

R(Λ̃⊗m, R) where Λ̃ is Λ/R (which is isomorphic to the
augmentation ideal). The formula above still defines a coboundary, making
C̃∗,∗(Λ|R; R) a subcomplex of C∗,∗(Λ|R; R). By the Normalization Theorem,
the inclusion is a weak equivalence, so that each complex has cohomology
HH∗∗(Λ|R; R).

Definition 3.4. An Ân-structure on the ring spectrum E is a collection of
maps µm : Am → End(E)m for 2 ≤ m ≤ n, such that

(1) the point A2 is mapped by µ2 to the multiplication in E
(2) the conditions for a morphism of operads are satisfied where defined.

The second clause in this definition means the following. Recall that the
boundary of the (m− 2)-cell Am is a union of faces, each an embedded copy
of Ai ×Aj where i + j = m + 1. The condition is that the restriction of µm

to each face must be the composite c ◦ (µi × µj), where c is the correspond-
ing composition in the operad End(E). Note that we are here temporarily

working with operads without unit, as was done in [16]. (The notation Â is
intended to suggest that something is omitted.) The homotopy unit is present
in E, but is not part of the operad structure.

The unit condition 3.5. We have assumed that the given homotopy unit
η : S → E is a cofibration. Hence the wedge (S∧E)∨(E∧S) is now included
as a subspectrum in the smash product E∧E by the cofibration (η∧1)∨(1∧η).
Since E is assumed to be an S-module, this wedge is isomorphic to E ∨ E.

Lemma 3.6. The given multiplication µ2 : E ∧E → E can be deformed by a
homotopy to make its restriction into the folding map 1E ∨ 1E.

Proof. By the homotopy extension property, it suffices to show that µ2|E∨E
is homotopic to the folding map. However, it is not obvious that this condition
is satisfied, because there is no reason why the left and right unit homotopies
should agree on S ∧S. Thus there appears to be an obstruction in π1E. This
obstruction is in fact zero, by the same argument as proves that an H-space
is always simple. ¤

Thus η can be assumed to be a strict unit for µ2.
We should like to have an A∞ structure in which η is a strict unit for all

the maps µn : An → End(E)n. Let us consider what that means.
The Stasheff cells An are related not only by face maps but also by degen-

eracy maps si : An → An−1 which are defined for 1 ≤ i ≤ n and are related to
the principal faces of An very much as faces and degeneracies among simplices
are related [20]. In terms of trees, si corresponds to pruning off the ith twig.
In terms of operads, the si define the n operad compositions A0×An → An−1

with the one-point space A0, thus completing the operad A to an operad with
unit.
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For 1 ≤ i ≤ n there is a cofibration ηi : E(n−1) → E(n) defined as the
composite

E(n−1) ≈ E(i−1) ∧ S ∧ E(n−i)
1(i−1)∧η∧1(n−i)

// E(n)

We define the large wedge
∨n E to be the union of the images of the ηi for

1 ≤ i ≤ n: it is the S-submodule of points with at least one factor in S.

Definition 3.7. We say that η is a strict unit for µn if the following diagram
commutes for 1 ≤ i ≤ n

An

si

²²

µn // End(E)n

Map(ηi, 1)

²²
An−1

µn−1 // End(E)n−1

which can be interpreted by saying that a product of n factors is unaffected
by a unit in the ith place among the arguments.

We note that the above condition just fixes the value of µn on the image
of ηi for each i. The relations among the degeneracy maps si imply that if η
is a strict unit for µn−1 and for µn, then Definition 3.7 prescribes the adjoint
µ′n : An n E(n) → E uniquely and coherently on An n

∨n E.

Definition 3.8. An An-structure on the ring spectrum (E, µ, η) is a Ân-
structure (see 3.4) such that the map η : S → E is a strict unit for µm,
2 ≤ m ≤ n.

We are now ready to set up the obstruction theory in the associative case.

Theorem 3.9. Let an An−1 structure µ on E be given, where n ≥ 3 and E
satisfies the conditions 3.2. Then the following hold.

(1) There is an obstruction cocycle θ̃n(µ) in the normalized Hochschild
cochain group Hom3−n

R (Λ̃⊗n, R) which vanishes if and only if µ can be
extended to an An structure on E.

(2) The Hochschild cohomology class [θ̃n(µ)] ∈ HHn,3−n(Λ|R; R) is zero
if and only if the underlying An−2 structure on E can be extended to
an An structure.

Proof. To extend µ to an An structure on E, we need only construct µn :
An → End(E)n, or equivalently its adjoint µ′n : An n E(n) −→ E, in such
a way as to be compatible with composition in the operads. There are two
cases of this condition, and we must consider them separately. Preserving
the compositions Ai × An → An+i−1 when i > 0 means that µn is already
defined on the decomposable elements of An, which form the boundary of
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this (n− 2)-cell. Preserving the compositions A0×An → An−1, which is the
condition of strong unitality, means that µ′n is already defined on Ann

∨n E.
In all, the condition fixes µ′n on ∂An n E(n) ∪ An n

∨n E.
The obstruction to extending µ′n over AnnE(n) therefore lies in the group

E−1((An, ∂An)n (E(n)/

n∨
E)) .

By the Künneth Theorem we know that

E∗(E(n)/

n∨
E) ≈ E∗((E/S)(n)) ≈ Λ̃⊗n

and the homology sequence of the pair (E(n),
∨n E) splits.

Furthermore An/∂An is an (n − 2)-sphere, so by the universal coefficient
formula the above group becomes

E−1((An, ∂An)n (E(n)/

n∨
E)) ≈ E−1(Sn−2 ∧ (E(n)/

n∨
E))

≈ Hom3−n
R (Λ̃⊗n, R)

≈ C̃n,3−n(Λ|R; R) .

Therefore the obstruction is a normalized Hochschild cochain, as claimed. We
denote it by θ̃n(µ). If θ̃n(µ) = 0, then the homotopy classes of extensions µn

are enumerated by difference classes in C̃n,2−n(Λ|R; R).

Consider the effect upon the obstruction cochain θ̃n(µ) of changing µn−1

while keeping theAn−2 structure fixed. Making this change alters the already-
specified map µ′n | (∂AnnE(n) ∪ Ann

∨n E) on Ann
∨n E, and on certain

faces of An. Altering µ′n on Ann
∨n E does not affect the obstruction cochain,

because the homology sequence for the pair (E(n),
∨n E) splits. To find the

effect of altering µn|∂An we consider the faces separately. On a face which is
an embedded copy of Ai×Aj, the restriction of µn is determined by µi× µj.
Since we are changing only µn−1, those affected are the two faces isomorphic
to A2 × An−1 and the n − 1 faces isomorphic to An−1 × A2. These faces
correspond precisely to the n + 1 terms (of two kinds) in the above formula
for the Hochschild coboundary.

Let us briefly explain why these faces give precisely the terms in the
Hochschild coboundary formula. For the first and last terms, this is verified
most easily by using formula 3.1(3). For all the other terms in the Hochschild
formula, it is obvious, apart from the sign. We have to verify that the signs
alternate. This is forced by the fact that, as we show at the end of this proof,
the geometrical obstruction must always be a cocycle. (The details of calcu-
lation need to be slightly elaborated in the lowest case n = 3, but the result
is the same.)

It follows that changing µn−1 by a difference class α ∈ C̃n−1,3−n(Λ|R; R)

has the effect of altering the obstruction cochain by θ̃n(µ) by δα.
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Therefore the obstruction θ̃n(µ) can be reduced to zero by altering µn−1

if and only if it is a Hochschild coboundary. To complete the proof of The-
orem 3.9 we show that θ̃n(µ) is always a cocycle. This is true because the
coboundary of θn(µ) is, by the argument over faces used above, the obstruc-
tion to extending µ over the boundary of the boundary of An+1; and this is
an empty space. ¤

To apply 3.9 recursively, we need a A2 structure to start the induction.
This is provided by Lemma 3.6 In fact we only need the cohomology to be
zero for n ≥ 4, because the obstruction cohomology class for the existence
of a A3-structure is always zero, as we shall see in Theorem 3.12 below.
This means we can always choose the associativity homotopy µ3 so that it is
constant when one of the three factors is the unit. (It is not particularly easy
to prove this by direct, bare-hands construction.)

Corollary 3.10. If HHn,3−n(Λ̃|R; R) = 0 for all n ≥ 4, then the ring spec-
trum E has an A∞ structure. By Proposition 2.1, E can thus be represented
by an S-algebra.

Comparison with the homotopy-unital theory 3.11. In [16] we devel-
oped a theory exactly parallel to the above, but without the strict unital
condition. The given ring spectrum E has a homotopy unit, but now we do
not regard the unit as part of the operad structure. In terms of trees, we
allow no stumps. In this case one again builds the Ân-structure – that is,
the higher associativity conditions – by induction on n. The obstructions lie
in the unnormalized Hochschild cochain complex. The proof is a simplified
version of the proof of 3.9.

A ring spectrum is homotopy associative, and therefore already has an A3

structure. We can therefore begin a recursive application of our homotopy-
unital analogue at n = 4.

This result was used in [16] to show every Morava K-theory at an odd

prime has an Â∞ structure (indeed, has uncountably many such structures).
We therefore have two variants of the obstruction theory, which seem to

be essentially equivalent: they just give rise to the normalized and non-
normalized Hochschild complexes, which have the same homology. One there-
fore guesses that the existence of a strict unit is, homotopically speaking, no
more of a restriction than the existence of a homotopy unit; a fact which
is confirmed by the next theorem. (This is not too surprising. There is a
close analogy with the theory of H-spaces, and it has long been known, for
instance through quasifibration theory, that a connected associative H-space
with homotopy unit is equivalent to a Moore loop space, which has a strict
unit.)

Theorem 3.12. Suppose E is a ring spectrum satisfying 3.2. Let 3 ≤ n ≤ ∞,
and suppose that E admits a Ân structure. Then
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(1) E admits a An-structure

(2) if An(E) (respectively Ân(E)) denotes the space of An-structures (re-

spectively Ân-structures) on E, then the forgetful map Φ : An(E) →
Ân(E) is a weak homotopy equivalence.

Proof. We shall show that all the homotopy groups of the map Φ are trivial.
Specifically, if for any k ≥ 0 we have any maps f : ∆k → Âr(E) and g :
∂∆k → Ar(E) such that f |∂∆k ' Φg, then g extends to a map ∆k → Ar(E).
Since we can take k = 0, this will prove (1) as well as (2).

We prove the claim by setting up obstruction theory like that in 3.9, pro-
ceeding step by step up the operad. At the rth stage, we have precisely
the problem of extending, over the interior of a k-cell, a deformation of
µ′r | (Ar n

∨r E) into the map prescribed by the unitality condition. (By
homotopy extension, the deformation over Ar n E(r) then follows.) The ob-
struction is a cocycle in the kth suspension of the mapping cone of the stan-
dard cochain map from the normalized Hochschild complex Hom∗

R(Λ̃⊗∗, R) to
the unnormalized one, because the E-homology of

∨r E is the degenerate part
of Λ⊗r. Since normalization does not affect cohomology, this mapping cone
is contractible; so the cocycle is a coboundary, and the extension exists. ¤

4. Background to the commutative case: gamma homology

We now aim to prove theorems exactly analogous to 3.9 and 3.12 which
will handle commutativity and associativity simultaneously. This will allow
us to replace a commutative ring spectrum (which is an abelian monoid ob-
ject in the stable homotopy category) by a commutative S-module (which
is the equivalent at the point-set level) provided that certain cohomological
obstructions vanish.

Whereas Hochschild cohomology of algebras has been known for 50 years
and the Stasheff operad for 40 years, the cohomology theory for commutative
algebras and the cofibrant resolution of the commutative operad C needed
here are recent developments. The cohomology theory is Γ-cohomology [18].
It is no longer very new: this homology for commutative algebras had its
origins in different ideas developed independently by the author and by F.
Waldhausen in the late 1980’s. A related theory, called topological André-
Quillen cohomology, was invented for essentially the same purpose by Basterra
[2] and Kriz. The dual homology theory also arises as an instance of Schwede’s
stable homotopy of algebraic theories [19]. The relations among all these
different approaches are surveyed by Basterra and Richter [3].

We need a commutative ground ring for our homological algebra. With a
view to the application, we denote it by Λ. There is no restriction on the
characteristic. From our point of view, the homology involves the Lie repre-
sentations of the symmetric groups. The connection of these with geometry
will become apparent in 5.6.
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The Lie representations 4.1. Let Ln be the free Lie algebra over Λ on
the set of generators {xi}1≤i≤n. We denote by Lien the so-called multilinear
part of Ln. This can be described in many different ways. First, it is defined
as the direct summand of Ln spanned by all Lie monomials containing each
of the n generators exactly once. Second, it is the nth module in the Lie
operad. Third, it is isomorphic to the module of all natural transformations
Φ⊗n → Φ, where Φ is the forgetful functor from Lie algebras to Λ-modules.

The symmetric group Σn acts upon Lien by permuting the n generators.
The Σn-module thus obtained is known as the Lie representation. We twist
it by the sign character, so that the left action of Σn on the abelian group
Lien is defined by setting

σ · f(x1, . . . , xn) = ε(σ) f(xσ(1), . . . , xσ(n))

for every multilinear Lie monomial f and every σ ∈ Σn, where ε(σ) is the
sign of σ. Let Lie∗n be the dual module Hom(Lien, Λ), which is thus a right
Σn-module.

We shall require the following properties of Lien (see [21, 2.3]):
(1) the left regulated Lie brackets

σ · [x1, [x2, [x3, . . . , [xn−1, xn]..]]] for σ ∈ Σn−1

form a Λ-basis of Lien. Therefore
(2) the Λ-modules Lien and Lie∗n are free of rank (n− 1)!, and
(3) the restricted Σn−1-modules ResΣn

Σn−1
Lien and ResΣn

Σn−1
Lie∗n are respec-

tively
isomorphic to the left and right regular representations.

The Ξ-complex and stable homotopy 4.2. Let Γ be the category of finite
based sets, and [n] the typical object {0, 1, . . . , n} with 0 as the basepoint. A
left Γ-module is a functor Φ from Γ to Λ-modules. Such a functor converts
simplicial finite sets into simplicial modules. Bousfield and Friedlander [6],
developing ideas of G.B. Segal, show that the homotopy groups πn+iΦ(Si) are
independent of the simplicial model of the sphere Si, and indeed independent
of i for i > n. One therefore defines

πnΦ = πn+iΦ(Si) for i > n .

This result was originally proved for the more general case of Γ-spaces, but
we now specialize to Γ-modules. A right Γ-module is a cofunctor from Γ to
Λ-modules.

Let Ω be the category of unbased finite sets n = {1, 2, . . . , n}, n ≥ 0,
with surjective maps as morphisms. Adding a disjoint basepoint defines an
inclusion functor Ω → Γ taking n to [n]. We regard the morphisms in the
image of this functor, and other surjections, as face operators in Γ, and strict
injections as degeneracy operators. There are additive categories ΛΓ and ΛΩ
with the same objects, indexed by non-negative integers, as Γ and Ω, but



Alan Robinson 143

having as morphisms the free Λ-modules generated by the morphism-sets of
Γ or Ω. We regard these additive categories as rings with many objects.
One checks directly that ΛΓ is a free right ΛΩ-module. Pirashvili has shown
[13] that there is a Morita equivalence between the categories ΛΓ-mod and
ΛΩ-mod, given by the functor which we denote

Γ⊗Ω − : ΛΩ-mod −→ ΛΓ-mod

which ought perhaps to be regarded as an abbreviation for ΛΓ ⊗ΛΩ −. Its
inverse is the cross-effect functor

cr : ΛΓ-mod −→ ΛΩ-mod

given by an idempotent in ΛΓ which kills non-surjective morphisms of Γ.
For the categories of right modules there is a dual situation. The Morita
equivalence is given by tensoring with the Λ-dual (ΛΓ)∗, which is the inverse
functor to the dual cross-effect cr : mod-ΛΓ −→ mod-ΛΩ.

Let t be the right ΛΓ-module HomSets∗(−, Λ). We denote Tor of ΛΓ-
modules by TorΓand Tor of ΛΩ-modules by TorΩ. The following is proved in
[13, 2.2].

Theorem 4.3. (Pirashvili) There is a natural isomorphism for ΛΓ-modules
Φ

π∗Φ ≈ TorΓ
∗ (t, Φ) . ¤

Scholium 4.4. There are three other formulae for Tor-groups of the type aris-
ing in Theorem 4.3. Let Θ be any right Γ-module. As Morita equivalence pre-
serves tensor products and is exact, we have TorΩ(cr Θ, cr Φ) ≈ TorΓ(Θ, Φ).
On the other hand, Φ ≈ Γ ⊗Ω (cr Φ) by our formula above for the Morita

equivalence, and this represents the total derived functor Γ
L⊗Ω (cr Φ) because

ΛΓ is right ΛΩ-free. Therefore

Θ
L⊗Γ Φ ≈ Θ

L⊗Γ Γ
L⊗Ω (cr Φ) ≈ Θ

L⊗Ω (cr Φ) ,

whence by taking homology TorΓ(Θ, Φ) ≈ TorΩ(Θ, cr Φ), where Θ is a right
Ω-module by restriction. Similarly the freeness of (ΛΓ)∗ as a left ΛΩ-module
yields

Θ
L⊗Γ Φ ≈ (cr Θ)

L⊗Ω (ΛΓ)∗
L⊗Γ Φ

≈ (cr Θ)
L⊗Ω HomΓ(ΛΓ, Φ)

≈ (cr Θ)
L⊗Ω Φ

and hence TorΓ(Θ, Φ) ≈ TorΩ(cr Θ, Φ) where Φ is a left Ω-module by restric-
tion.

In particular we may take Θ to be the cofunctor t of 4.3. Then cr t is the
Ω-module such that (cr t)(1) = Λ and (cr t)(n) = 0 for n 6= 1.
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These Tor-groups can in turn be calculated from a certain bicomplex [17]
called the Ξ-complex. It is based upon a projective resolution of the module
t, constructed from the representations Lie∗n.

Theorem 4.5. Let Φ be any Γ-module. There is a natural bicomplex Ξ(Φ)
in which the (q − 1)st row is the two-sided bar construction B(Lie∗q, Σq, Φ[q]),
the vertical differential is induced by the Leibniz differential of [12] and the
homology is

HΞ(Φ) ≈ TorΓ
∗ (t, Φ) .

The Morita equivalence converts the projective resolution of t into a pro-
jective resolution of the right Ω-module cr t described above. We therefore
have:

4.6.

HΞ(Φ) ≈ π∗Φ ≈ TorΓ
∗ (t, Φ) ≈ TorΩ

∗ (cr t, cr Φ).

The Loday functor and the Γ-homology of commutative graded al-
gebras 4.7. Let R = {Rn}n∈Z be an associative graded ring with unit which
is commutative in the usual graded sense: that is, yx = (−1)mnxy when
x ∈ Rm and y ∈ Rn. Let Λ be an R-algebra, and G a Λ-module. (We usu-
ally omit the word “graded”, but it is to be understood.) Unmarked tensor
products are over the ground ring R.

We denote by (Λ|R)⊗ the tensor algebra of Λ over R. Then (Λ|R)⊗ ⊗R G
has a natural ΛΓ-module structure: if ϕ : [n] → [m] is any morphism in Γ,
we set

ϕ∗(λ1 ⊗ · · · ⊗ λn ⊗ g) = ε γ1 ⊗ · · · ⊗ γm ⊗ h

in which

γi = λi1 . . . λir if ϕ−1(i) = {i1, . . . , ir} where i1 < i2 < · · · < ir

h = λj1 . . . λjsg if ϕ−1(0) = {0, j1, . . . , js} where j1 < j2 < · · · < js

and in which ε is the sign of the permutation that rearranges {1, 2, . . . , n} in
the order in which λ1,...,λn appear in the expansion of the product γ1 . . . γm.
When ϕ is a permutation σ : [n] → [n] this means that ϕ∗ rearranges the
factors and multiplies by the sign (compare [13, p.158])

σ∗(λ1 ⊗ · · · ⊗ λn ⊗ g) = ε(σ) λσ−11 ⊗ · · · ⊗ λσ−1n ⊗ g .

Definition 4.8. The above ΛΓ-module (Λ|R)⊗ ⊗R G is called the Loday
functor L(Λ|R; G) since it was first defined in the ungraded case by Loday
[11]. The functor L(Λ|R; Λ) is also denoted L(Λ|R) and is called the Γ -
cotangent complex of Λ over R.

The Γ -homology and Γ -cohomology of Λ relative to R, with coefficients in
the Λ-module G, are defined as the homotopy and cohomotopy of the Loday
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functor:

HΓ∗(Λ|R; G) = π∗(L(Λ|R⊗Λ G))

HΓ ∗(Λ|R; G) = π∗ HomΛ(L(Λ|R), G) .

Since the Γ-modules here are graded, all these constructs have a further in-
ternal grading.

By Pirashvili’s theorem and Theorem 4.5 above, we can write Γ-homology
as a Tor-group, and therefore as the homology of a Ξ-complex:

HΓ∗(Λ|R; G) ≈ TorΓ
∗ (t, L(Λ|R; G)) ≈ HΞ∗(L(Λ|R; G)).

As the Ξ-complex is based upon a projective resolution of the right Γ-module
t, this can be dualized to write Γ-cohomology in terms of Ext and the dual
Ξ-cohomology complex:

HΓ ∗(Λ|R; G) ≈ Ext∗Γ(t, HomΛ(L(Λ|R), G)) ≈ HΞ∗(L(Λ|R); G).

Our claim is that gamma homology of commutative algebras is a precise
analogue of Hochschild homology of associative algebras; and the Ξ-complex
of the Loday functor is the corresponding analogue of the standard Hochschild
chain complex. As evidence for this, we show that gamma homology, like
Hochschild homology, satisfies a normalization theorem.

Proposition 4.9. The cross-effect functor L̃(Λ|R; G) of L(Λ|R; G) satisfies

L̃(Λ|R; G)[n] = cr L(Λ|R; G)[n] = Λ̃⊗n ⊗G

where Λ̃ is the quotient R-module Λ/R.

Proof. See [13, 1.10] where an explicit formula is given for the action of mor-
phisms of Ω on these tensor products. ¤
Corollary 4.10. (Normalization Theorem for Γ-homology) The Ξ-complex
for this reduced Loday functor L̃(Λ|R; G) also has homology HΓ∗(Λ|R; G).
The analogous result holds in cohomology.

Proof. We use the results 4.4 and 4.6, which show that the homology of
Ξ(Φ) is isomorphic both to TorΩ(cr t, Φ) and to TorΩ(cr t, cr Φ). For the
cohomology case, we use the Ext-interpretation of 4.8. ¤

In the next section, we shall further justify the analogy with Hochschild
theory, by showing that the Ξ-complex arises in the commutative obstruction
theory exactly as the Hochschild complex arose in the associative case.

5. Obstruction theory in the commutative case

Resolving the commutative operad 5.1. In the theory of ring spectra
we used the Stasheff operad as a convenient resolution of the associative
operad M. In the commutative case M is replaced by C, where each space
Cn is a single point upon which the symmetric group Σn acts. To build our
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obstruction theory, we need a suitable resolution B → C. It must satisfy
two properties: each space Bn should be contractible (in order for B to be
a resolution) and Σn-free (in order for B to be cofibrant). That is, B must
be an E∞ operad. However, being E∞ is not sufficient. The Barratt-Eccles
E∞ operad D, in which Dn is the standard Eilenberg-Mac Lane model for
EΣn, is not cofibrant because it fails the test that the faces (the images of
compositions Di × Dj −→ Dn) should intersect one another only in faces of
faces. Better in this respect is the tree operad T , (which differs from that
discussed in [18] only in that stumps are permitted). Thus Tn is the Σn-space
of trees having leaves labelled by {1, 2, . . . , n}, and stumps. Though Tn is
contractible and its faces intersect correctly, it is not Σn-free, and so T is not
an E∞ operad.

Definition 5.2. Our standard resolution is the product operad B = D ×
T . Since its factors are augmented over the commutative operad C, this is
augmented over C × C = C; furthermore, it inherits the facing properties of
T and the Σ-freeness of D. It follows that B is E∞ and that B → C is a
cofibrant resolution of C.

In analogy with 2.1 we have the following. The operads now have permu-
tations, but the proof is otherwise exactly as before.

Proposition 5.3. Let E be an S-module which is also a ring spectrum. Sup-
pose that there is a morphism of operads B → End(E) under which one point
of B2 is mapped to the the given multiplication on E. Then E is weakly
equivalent to a commutative S-algebra.

The geometry of the operad B 5.4. The problem of replacing E by a
commutative S-algebra is reduced by 5.3 to the problem of constructing a
morphism of operads B → End(E). This in turn we shall tackle by using
obstruction theory. As before, we impose a strict unitality condition: we only
look for actions of B in which stumps are ignorable. In 3.7, this was equivalent
to requiring the map of operads to commute with degeneracies. The operad B
inherits degeneracies from its factors D and T , and the ignorability of stumps
(or the condition that η : S → E be a strict unit) is interpreted just as before.
It means that at the nth inductive step, the map is already defined on the
large wedge subspectrum

∨n E of E(n).
It is natural to try using induction on n to construct a sequence of Σn-

equivariant maps Bn → End(E)n = Map(E(n), E) which satisfy the condi-
tions, as far as these are defined, for a morphism of operads. This would be
a direct analogue of our procedure in §3, but it turns out to be too naive. It
leads to intractable obstructions, and we need a better way.

We recall that Bi = Ti × Di = Ti × EΣi. The bar construction EΣi has
a well-known filtration: in the best-known model, EΣij is the join of j + 1
copies of the group Σi. Therefore Bi is also filtered by setting

Bij = Ti × EΣij ,
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and the composition in the operad B respects the filtration.

Definition 5.5. The diagonal filtration ∇ on the operad B is defined using
the bar filtration described above: we set ∇nBi = Bi,n−i. An n-stage for
an E∞ structure on E is a family of Σi-equivariant maps µi : ∇nBi −→
End(E)i preserving composition wherever defined, and such that a point of
∇nB2 represents the given multiplication in E.

We remark that the 2-stage representing the given multiplication upon E
can be extended to a 3-stage. In fact, this is exactly equivalent to stating
that the multiplication is homotopy associative and homotopy commutative,
by homotopies strictly preserving the unit.

Extending an n-stage in the commutative case 5.6. In the associative
case, the problem of extending an An-structure to an An+1-structure leads
one to consider the Stasheff polyhedron formed of all coherent bracketings
of n + 1 factors in fixed order. This polyhedron is a single cell of dimension
n− 1.

The commutative case is more complex. First, the maps are required to
be equivariant with respect to permutation of factors. Second, the lattice
of coherent bracketings of n + 1 ordered factors is replaced by the lattice of
all partitions of the set {1, 2, . . . , n + 1}. The geometric realization of this
lattice is a wedge of n! spheres of dimension n−1, and the action of the group
Σn+1 upon its homology is the twisted dual Lie∗n+1 of the Lie representation
[21] described in 4.1 above. The connection between E∞-structures and Lie
representations, discovered by F. R. Cohen [7], underlies the appearance of
the integral representations Lie∗n in the bicomplex for Γ-homology. The next
theorem gives the connection: it is a direct analogue of Theorem 3.9, with
Hochschild cohomology replaced by Γ-cohomology. As before, R is the graded
coefficient ring π∗E, and Λ the Hopf algebroid E∗E. A version of this theorem,
with homotopy units in place of strict units, was published in [17].

Theorem 5.7. Let E be a commutative ring spectrum which satisfies the
perfect universal coefficient condition of 3.1. Then given an n-stage µ for
an E∞ structure on E, there is a natural (n, 2 − n)-cocycle θ(µ) of the total
complex Tot Ξ(Λ|R; R) which vanishes if and only if there exists an (n + 1)-
stage extending µ. The cohomology class [θ(µ)] ∈ HΓ n,2−n(Λ|R; R) is zero
if and only if there exists an (n + 1)-stage which has the same underlying
(n− 1)-stage as µ. ¤
Corollary 5.8. If the groups HΓ n,2−n(Λ|R; R) are zero for all n ≥ 3, then
the commutative ring spectrum E has an E∞ structure, and by 5.3 is therefore
weakly equivalent to a commutative S-algebra. ¤

The difference cochains belong to Ξn,1−n(Λ|R; R). Therefore if the groups
HΓ n,1−n(Λ|R; R) are zero for all n ≥ 2, then E has at most one E∞ structure.
(The indexing of Γ-homology, like that of André-Quillen homology, differs by
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one from that of Hochschild homology, which is why the cohomological indices
in 5.7 differ from those in 3.5)

The above results can be applied to a spectrum representing the Lubin-
Tate theory corresponding to a Honda formal group law. Here HΓ ∗∗(Λ|R; R)
≈ 0 [15], so 5.7 and 5.8 imply that these spectra have one and only one E∞
structure. This reproves theorems of Goerss, Hopkins and Miller.

Baker and Richter [1] have further applications of the results. They prove
that the Adams summand E(1) of the complex K-theory spectrum KU has
one and only one E∞ structure. Using a continuous Γ-cohomology, they
prove that the completions of all the Johnson-Wilson spectra have unique
E∞ structures. (For the standard non-completed Johnson-Wilson spectra
the question is still open.)

The analogue of Theorem 3.12 is also true in the E∞ situation. The space
of E∞ structures on E (or of ∇nB-structures for any n) is unchanged up to
weak homotopy type if one neglects the strict unit condition and relies upon
the homotopy unit.
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MODULI SPACES OF COMMUTATIVE RING SPECTRA

P. G. GOERSS AND M. J. HOPKINS

Abstract. Let E be a homotopy commutative ring spectrum, and sup-
pose the ring of cooperations E∗E is flat over E∗. We wish to address the
following question: given a commutative E∗-algebra A in E∗E-comodules,
is there an E∞-ring spectrum X with E∗X ∼= A as comodule algebras?
We will formulate this as a moduli problem, and give a way – suggested by
work of Dwyer, Kan, and Stover – of dissecting the resulting moduli space
as a tower with layers governed by appropriate André-Quillen cohomology
groups. A special case is A = E∗E itself. The final section applies this to
discuss the Lubin-Tate or Morava spectra En.

Some years ago, Alan Robinson developed an obstruction theory based
on Hochschild cohomology to decide whether or not a homotopy associative
ring spectrum actually has the homotopy type of an A∞-ring spectrum. In
his original paper on the subject [35] he used this technique to show that
the Morava K-theory spectra K(n) can be realized as an A∞-ring spectrum;
subsequently, in [3], Andrew Baker used these techniques to show that a
completed version of the Johnson-Wilson spectrum E(n) can also be given
such a structure. Then, in the mid-90s, the second author and Haynes Miller
showed that the entire theory of universal deformations of finite height formal
group laws over fields of non-zero characteristic can be lifted to A∞-ring
spectra in an essentially unique way. This implied, in particular, that the
Morava E-theory (or Lubin-Tate) spectra En were A∞ (which could have
been deduced from Baker’s work), but it also showed much more. Indeed,
the theory of Lubin and Tate [25] gives a functor from a category of finite
height formal group laws to the category of complete local rings, and one way
to state the results of [34] is that this functor factors in an essentially unique
way through A∞-ring spectra. It was the solution of the diagram lifting
problem that gave this result its additional heft; for example, it implied that
the Morava stabilizer group acted on En – simply because Lubin-Tate theory
implied that this group acted on (En)∗.

In this paper, we would like to carry this program several steps further.
One step forward would be to address E∞-ring spectra rather than A∞-ring
spectra. There is an existing literature on this topic developed by Robinson
and others, some based on Γ-homology. See [36], [37], and [4]. This can
be used, to prove, among other things, that the spectra En are E∞, and we
guess that the obstruction theory we uncover here reduces to that theory.

The authors were partially supported by the National Science Foundation.
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Another step forward would be to write down and try to solve the realization
problem as a moduli problem: what is the space of all possible realizations
of a spectrum as an A∞ or E∞-ring spectrum, and how can one calculate

the homotopy type of this space? Robinson’s original work on Morava K-
theory implied that this space would often have many components or, put
another way, that there could be many A∞-realizations of a fixed homotopy
associative spectrum. A third step forward would be to build a theory that
easily globalizes; that is, we might try to realize a diagram of commutative
rings by a diagram of E∞-ring spectra, or we might try to come to terms with
some sheaf of commutative rings. One particular such sheaf we have in mind
is the structure sheaf of a moduli stack of elliptic curves, but one could also
consider the structure sheaf of the moduli stack of formal group laws. In fact,
many of our examples arise by examining pieces of this latter stack. A final
step forward would be to build a theory that passes directly from algebra to
E∞ or A∞-ring spectra, rather than by an intermediate pass through the
stable homotopy category. This would be in line with the Lubin-Tate lifting
of the previous paragraph.

Let us expand on some of these points.
The E∞-realization problem is more subtle than the A∞-problem. If X is

a spectrum, the free A∞-ring spectrum A(X) on X has the homotopy type
of ∨n≥0X

∧n, so that if E∗ is a homology theory with a Künneth spectral
sequence and E∗X is flat over E∗, then E∗A(X) is isomorphic to the tensor
algebra over E∗ on E∗(X). This basic computation underlies much of the rest
of the theory. However, the free E∞-ring spectrum E(X) has the homotopy
type of ∨

n≥0

(EΣn)+ ∧Σn X∧n

where EΣn is a free contractible Σn-space. To compute E∗E(X) would re-
quire, at the very least, knowledge of E∗BΣn and, practically, one would need
define and understand a great deal about the E∗ Dyer-Lashof algebra. Even
if this calculation could be made, one would be left with a another problem.
In trying to realize some commutative E∗-algebra A in E∗E comodules as
an E∞ ring spectrum, one might not be able or might not want to stipu-
late a Dyer-Lashof algebra structure on A. Indeed, our problem is simply to
realize A as a commutative algebra – not to realize A with some stipulated
Dyer-Lashof algebra structure. Thus, any theory we build must allow for this
flexibility.

Our solution is to resolve an E∞ operad by a simplicial operad which at
once yields this desired flexibility and the possibility of computing the E∗-
homology of a free object. This has the drawback, of course, of getting us
involved with the cohomology of simplicial objects over simplicial operads.
Part of the point of this paper is to demonstrate that this is workable and,
in fact, leads into familiar territory. See section 6 and, more generally, [18].
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It is here that the Dyer-Lashof operations – which have to arise somewhere –
reappear in an explicit manner.

The moduli space of all possible realizations of a commutative E∗-algebra
A in E∗E-comodules is a Dwyer-Kan classification space in the sense of [12].
Let E(A) be the category whose objects are E∞-spectra X with E∗X ∼= A as
commutative E∗-algebras in E∗E-comodules. The morphisms are morphisms
of E∞-ring spectra which are E∗-isomorphisms. The moduli space TM(A)
of all realizations of A is the nerve of this category. According to Dwyer and
Kan, there is a weak equivalence

TM(A) '
∐
X

B Aut(X)

where X runs over E∗-isomorphism classes of objects in E(A) and Aut(X) is
the monoid of self equivalences of a cofibrant-fibrant model for X. Pleasant
as this result is, it is not really a computation in this setting; for example,
we cannot immediately tell if this space is non-empty or not. Thus, we need
some sort of decomposition of TM(A) with computable and, ideally, algebraic
input. This is accomplished in Section 5; the algebraic input is an André-
Quillen cohomology of A with coefficients in shifted versions of A. The basic
theory for this kind of construction is spelled out in [6]; the exact result we
obtain is gotten by combining Proposition 5.2, Proposition 5.5, and Theorem
5.8. Keeping track of basepoints in the resulting tower decomposition of
TM(A) yields an obstruction theory for realizing A. The details are in 5.9.

This material works equally well for A∞-structures. In this case the André-
Quillen cohomology we obtain is exactly the Quillen cohomology of associative
algebras; see [30]. Except possibly in degree zero, this is a shift of Hochschild
homology, as one might expect from Robinson’s work.

One detail about this theory is worth examining here: the moduli space
TM(A) and its decomposition do not require the existence of a homotopy
associative or commutative ring spectrum X with E∗X ∼= A. Of course, in
practice, such an X might be required for another reason. For example, in the
basic case where A = E∗E, then we need X = E to exist and be a homotopy
commutative ring spectrum.

Here is an outline of the paper. In the first section, we confront the founda-
tions. There are many competing, but Quillen equivalent, models for spectra
in the literature. We write down exactly what we need from any given model,
and point out that there exist models which have the requisite properties. The
next two sections are about resolutions, first of operads, and then of spec-
tra and algebras in spectra over operads. Here is where the resolution (or
“E2”) model category structures of Dwyer, Kan, and Stover ([14],[15]) come
in. We use an elegant formulation of this theory due to Bousfield [9]. Sec-
tion 4 is devoted to a definition of the requisite André-Quillen cohomology
groups and to a spectral sequence for computing the homotopy type of the



154 Moduli Spaces of Commutative Ring Spectra

mapping space of E∞-maps between two E∞-ring spectra. Again we empha-
size that the E2-term of this spectral sequence requires no knowledge of a
Dyer-Lashof structure. Section 5 introduces the decomposition of the moduli
space. Section 6 talks about methods of calculation, and Section 7 applies
these techniques to the example of the diagram of Lubin-Tate spectra – the
Hopkins-Miller theorem in E∞-ring spectra. The result is the same as for
A∞-case.

Two notation conventions: First, for two objects in a model category,
the space of maps map(X, Y ) will always mean the derived simplicial mapping
set of maps. All our model categories will be simplicial model categories;
hence map(X, Y ) is weakly equivalence to the simplicial mapping set out of
cofibrant model for X into a fibrant model for Y . Alternatively, one can write
down map(X,Y ) as the nerve of an appropriate diagram category, such as
the Dwyer-Kan hammock localization [13].

Second, if X is a simplicial object in some category C, then we will say X
is s-free if the underlying degeneracy diagram is free. This means there are
objects Zn ∈ C and isomorphisms

Xn
∼=

∐

φ:[n]→[m]

Zm

where φ runs over the surjections in the ordinal number category. Further-
more, these isomorphisms respect degeneracy maps of X in the obvious way.

Contents

1. The ground category: which category of spectra to use? 154
2. Simplicial spectra over simplicial operads 162
3. Resolutions 166
4. André-Quillen cohomology 175
5. The moduli space of realizations 182
6. Computing with E∞ operads. 189
7. The Lubin-Tate Theories 194
References 198

1. The ground category: which category of spectra to use?

In the original drafts of these notes, and in other papers on this subject,
we used the category of spectra developed by Lewis, May, and Steinberger
in [26]. This had a number advantages for us; in particular, every object is
fibrant in this category, and the role of the operads is explicit, even elegant.
We needed every object to be fibrant so that we could apply the theory of
Stover resolutions and the E2-model categories of [14] to build our resolutions.
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However, since that time Bousfield [9] and Jardine [24] have both shown that
it is possible to remove the condition that every object is fibrant and still
have a theory of E2-model categories – or, as we (and Bousfield) prefer to call
them, resolution model categories. This opened up the possibility of using
any one of a number of other models for spectra – in fact almost any will now
do. We get a nice synergy with operads if the underlying category has a closed
symmetric monoidal smash product, so we will choose one of the current such
models with this property. The point of this section is to produce an exact
statement of what we need, along with some examples. This statement is
broken into two parts: see Axioms 1.1 and Axioms 1.4 below.

We note that we are surrendering one facet of the previous discussion by
this move away from LMS spectra. It turns out the homotopy category of
C-algebras in spectra, where C is some operad, depends only on the weak
equivalence type of C in the näıvest possible sense, which is in sharp distinc-
tion to the usual results about, say, spaces. (The exact result is below, in
Theorem 1.6.) For the LMS spectra this fact comes down to the fact that
one must use operads over the linear isometries operad, and such operads
always have free actions by the symmetric groups. For the categories under
discussion here, however, the reasons are less transparent, because they are
buried in the definition of the smash product – and only an avatar of this
freeness appears in the last of our axioms (in 1.4) for spectra.

To begin, here is exactly we will need about the symmetric monoidal struc-
ture. For the language of model categories, see [21]. In particular, the con-
cepts of a monoidal model category and of a module over a monoidal cat-
egory is discussed in Chapter 4.2 of that work. Specifically, simplicial sets
are a monoidal model category and a simplicial model category is a module
category over simplicial sets. For any category of spectra, the action of a
simplicial set K on a spectrum X should be, up to weak equivalence, given
by the formula

X ⊗K = X ∧K+

whenever this makes homotopical sense. Here the functor (−)+ means adjoin
a disjoint basepoint. This is the point of axiom 3 below.

1.1. Axioms for Spectra. We will assume that we have some category S of
spectra which satisfy the following conditions:

1.) The category S is a cofibrantly generated proper stable simplicial
model category Quillen equivalent to the Bousfield-Friedlander [10]
category of simplicial spectra; furthermore, S has a generating set of
cofibrations and a generating set of acyclic cofibrations with cofibrant
source.

2.) The category S has a closed symmetric monoidal smash product which
descends to the usual smash product on the homotopy category; fur-
thermore, with that monoidal structure, S is a monoidal model cate-
gory.
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3.) The smash product behaves well with respect to the simplicial struc-
ture; specifically, if S is the unit object of the smash product, then
there is a natural monoidal isomorphism

X ⊗K
∼=−→X ∧ (S ⊗K).

Note that Axiom 1 guarantees, among other things, that the homotopy
category is the usual stable category.

We immediately point out that at least three of the favorite candidates for
such a category satisfy these axioms. Symmetric spectra built from simplicial
sets are discussed in [22]; symmetric spectra and orthogonal spectra built
using topological spaces are defined and discussed in [27]. The spectra known
as S-modules are built from topological spaces and are discussed in [16]. It is
worth pointing out that S-modules are built on and depend on LMS spectra
[26]. The categories of symmetric spectra and of orthogonal spectra have at
least two Quillen equivalent model category structures on them. For the next
result either would do; later results will require the “positive” model category
structure of [27], §14.

1.2. Theorem. The category of symmetric spectra (in spaces or simplicial
sets), the category of orthogonal spectra, and the category of S-modules satisfy
the axioms 1.1.

Proof. Axioms 1, 2, and 3 are explicit in [22] for symmetric spectra in simpli-
cial sets. For othogonal spectra, symmetric spectra in spaces, and S-modules,
we note that these categories are not immediately simplicial model categories,
but topological model categories. But any topological model category is au-
tomatically a simplicial model category via the realization functor. Then
Axioms 1, 2, and 3 are in [27] for symmetric and orthogonal spectra and in
[16] for S-modules. ¤

As with all categories modeling the stable homotopy category one has to
explicitly spell out what one means by some familiar terms.

1.3. Notation for Spectra. The following remarks and notation will be used
throughout this paper.

1.) We will use the words cofibrant and cellular interchangeably. The gen-
erating cofibrations of S are usually some sort of inclusion of spheres
into cells.

2.) We will write [X, Y ] for the morphisms in the homotopy category
Ho(S). As usual, this is π0 for some derived space of maps. See point
(5) below.

3.) In the category S it is possible (indeed usual) that the unit object S
for the smash product (“the zero-sphere”) is not cofibrant. We will
write Sk, −∞ < k < ∞ for a cofibrant model for the k-sphere unless
we explicitly state otherwise. In this language the suspension functor
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on the homotopy category is induced by

X 7→ X ∧ S1.

Also the suspension spectrum functor from pointed simplicial sets to
spectra is, by axiom 3, modeled by

K 7→ S0 ∧K
def
=

S0 ⊗K

S0 ⊗ ∗
Note that if the unit object S is not cofibrant, the functor S ⊗ (−) is
not part of a Quillen pair.

4.) Let K be a simplicial set and X ∈ S. We may write X ∧K+ for the
tensor object X ⊗K. This is permissible by axiom 3 and in line with
the geometry. The exponential object in S will be written XK .

5.) We will write map(X,Y ) or mapS(X, Y ) for the derived simplicial set
of maps between two objects of S. Thus, map(X, Y ) is the simplicial
mapping space between some fibrant-cofibrant models (“bifibrant”)
models for X and Y . This can be done functorially if necessary, as
the category S is cofibrantly generated. Alternatively, we could use
some categorical construction, such as the Dwyer-Kan hammock lo-
calization. Note that with this convention

π0 map(X, Y ) = [X, Y ].

6.) We will write F (X, Y ) for the function spectrum of two objects X, Y ∈
S. The closure statement in Axiom 2 of 1.1 amounts to the statement
that

HomS(X,F (Y, Z)) ∼= HomS(X ∧ Y, Z).

This can be derived:

map(X, RF (Y, Z)) ' map(X ∧L Y, Z)

where the R and L refer to the total derived functors and map(−,−)
is the derived mapping space. In particular

πkRF (Y, Z) ∼= [ΣkY, Z].

7.) If X is cofibrant and Y is fibrant, then there is a natural weak equiv-
alence

map(X, Y ) ' map(S0, F (X, Y ))

and the functor map(S0,−) is the total right derived functor of the
suspension spectrum functor from pointed simplicial sets to S. Thus
we could write

map(X,Y ) ' Ω∞F (X,Y ).

In particular, map(X,Y ) is canonically weakly equivalent to an infinite
loop space.
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We need a notation for iterated smash products. So, define

X(n) def
= X ∧ · · · ∧X←−−n−−→ .

This paper is particularly concerned with the existence of A∞ and E∞-ring
spectrum structures. Thus we we must introduce the study of operads acting
on spectra.

Let O denote the category of operads in simplicial sets. Our major source
of results for this category is [33]. The category O is a cofibrantly generated
simplicial model category where C → D is a weak equivalence or fibration
if each of the maps C(n) → D(n) is a weak equivalence or fibration of Σn-
spaces in the sense of equivariant homotopy theory. Thus, for each subgroup
H ⊆ Σn, the induced map C(n)H → D(n)H is a weak equivalence or fibration.
The existence of the model category structure follows from the fact that the
forgetful functor from operads to the category with objects X = {X(n)}n≥0

with each X(n) a Σn-space has a left adjoint with enough good properties
that the usual lifting lemmas apply.

If C is an operad in simplicial sets, then we have a category of AlgC of
algebras over C in spectra. These are exactly the algebras over the triple

X 7→ C(X)
def
= ∨n≥0C(n)⊗Σn X(n).

Note that we should really write X(n) ⊗Σn C(n), but we don’t.
The object C(∗) ∼= S ⊗ C(0) is the initial object of AlgC . If the operad is

reduced – that is, C(0) is a point – then this is simply S itself.
If f : C → D is morphism of operads, then there is a restriction of structure

functor f∗ : AlgD → AlgC , and this has a left adjoint

f ∗ def
= D ⊗C (−) : AlgC → AlgD

The categories AlgC are simplicial categories in the sense of Quillen and both
the restriction of structure functor and its adjoint are continuous. Indeed, if
X ∈ AlgC and K is a simplicial set, and if XK is the exponential object of
K in S, then XK is naturally an object in AlgC and with this structure, it is
the exponential object in SC . Succinctly, we say the forgetful functor makes
exponential objects. It also makes limits and reflexive coequalizers, filtered
colimits, and geometric realization of simplicial objects.

Here is our second set of axioms. The numbering continues that of Axioms
1.1.

1.4. Axioms for Spectra. Suppose we are given some category S of spectra
satisfying the axioms of 1.1. Then we further require that

4.) For a fixed operad C ∈ O, define a morphism of X → Y of C-algebras
in spectra to be a weak equivalence or fibration if it is so in spectra.
Then the category AlgC becomes a cofibrantly generated simplicial
model category.
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5.) Let n ≥ 1 and let K → L be a morphism of Σn spaces which is a weak
equivalence on the underlying spaces. Then for all cofibrant spectra
X, the induced map on orbit spectra

K ⊗Σn X(n) → L⊗Σn X(n)

is a weak equivalence of spectra.

We immediately note that we have examples.

1.5. Proposition. Let S be any of the categories of symmetric spectra in
topological spaces, orthogonal spectra, or S-modules. Then S satisfies the
axioms of 1.4.

Proof. First, axiom 4. For S-modules, this is nearly obvious, from a standard
argument that goes back to Quillen, but see also [33] or [5] for the argument
in the context of operads. In brief, since AlgC has a functorial path object
and the forgetful functor to S creates filtered colimits in AlgC , we need only
supply a fibrant replacement functor for AlgC . But every object is fibrant.

For symmetric or orthogonal spectra, the argument goes exactly as in §15
of [27]. The argument there is only for the commutative algebra operad, but
it goes through with no changes for the geometric realization of an arbitrary
simplicial operad.

Axiom 5 in all these cases follows from the observation that for cofibrant X
(in the positive model category structure where required), the smash product
X(n) is actually a free Σn-spectrum. For symmetric and orthogonal spectra,
see Lemma 15.5 of [27]; for S-modules see Theorem III.5.1 of [16]. ¤

We would guess this result is also true for symmetric spectra in simplicial
sets, but this is not immediately obvious: the case of symmetric spectra in
spaces uses that the inclusion of a sphere into a disk is an NDR-pair.

The following result is why we put the final axiom into our list 1.4.

1.6. Theorem. Let C → D be a morphism of operads in simplicial sets.
Then the adjoint pair

f ∗ : AlgC
// AlgD : f∗oo

is a Quillen pair. If, in addition, the morphism of operads has the property
that C(n) → D(n) is a weak equivalence of spaces for all n ≥ 0, this Quillen
pair is a Quillen equivalence.

Proof. The fact that we have a Quillen pair follows from the fact that the
restriction of structure functor (the right adjoint) f∗ : AlgD → AlgC certainly
preserves weak equivalences and fibrations.

For the second assertion, first note that since f∗ reflects weak equivalences,
we need only show that for all cofibrant X ∈ AlgC , the unit of the adjunction

X → f∗f ∗X = D ⊗C X
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is a weak equivalence. If X = C(X0) is actually a free algebra on a cofibrant
spectrum, then this map is exactly the map induced by f :

C(X0) =
∨
n

C(n)+ ∧Σn X
(n)
0 →

∨
n

D(n)+ ∧Σn X
(n)
0 = D(X0).

For this case, Axiom 5 of 1.4 supplies the result. We now reduce to this case.
Let X ∈ SC be cofibrant. We will make use of an augmented simplicial

resolution

P•−→X

with the following properties:

i.) the induced map |P•| → X from the geometric realization of P• to X
is a weak equivalence;

ii.) the simplicial C-algebra P• is s-free on a set of C-algebras {C(Zn)}
where each Zn is a cofibrant spectrum. (The notion of s-free was
defined at the end of the introduction.)

There are many ways to produce such a P•. For example, we could take an
appropriate subdivision of a cofibrant model for X in the resolution model
category for simplicial C-algebras based on the homotopy cogroup objects
C(Sn), −∞ < n < ∞. 1

Given P•, consider the diagram

(1.1) |P•| //

²²

|f∗f ∗P•|

²²
X // f∗f ∗X

For all n, we have an isomorphism

Pn
∼= C(

∨

φ:[n]→[k]

Zk)

where φ runs over the surjections in the ordinal number category. Thus we
can conclude that Pn → f∗f ∗Pn is a weak equivalence and that both P• and
f∗f ∗P• are Reedy cofibrant. The result now follows from the diagram 1.1. ¤

We now make precise the observation that Theorem 1.6 implies that the
notion of, for example, an E∞ ring spectrum is independent of which E∞
operad we choose.

First we recall the Dwyer-Kan [12] classification space in a model category.
Let M be a model category and let E be a subcategory of M which has the
twin properties that

1.) if X is an object in E and Y is weakly equivalent to X, then Y ∈ E;
2.) the morphisms in E are weak equivalences and if f : X → Y is a weak

equivalence in M between objects of E, then f ∈ E.

1Resolution model categories are reviewed in section 3.
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For example, E might have the same objects as M and all weak equiva-
lences, in which case we will write E(M).

Let BE denote the nerve of the category E. While the category E might not
be small, one of the theorems of Dwyer and Kan is that it is homotopically
small in the sense that each component has the weak homotopy type of a
simplicial set; thus, by limiting the objects of interest in some way we obtain a
useful weak homotopy type. In fact, there is a formula for this weak homotopy
type:

BE '
∐

[X]

BAutM(X)

where [X] runs over the weak homotopy types in E and AutM(X) is the
(derived) monoid of self-weak equivalences of X.

To this can be added the following result, immediate from Theorem 1.6.

1.7. Corollary. Let C → D be any morphism of simplicial operads so that
C(n) → D(n) is a weak equivalence of spaces for all n ≥ 0. Then the natural
map induced by restriction of structure

BE(SD) → BE(SC)

is a weak equivalence.

1.8. Remark. 1.) Note that Theorem 1.6 and Corollary 1.7 do not require
that the operads be cofibrant. Thus, if we define an E∞-operad C to be
an operad so that each C(n) is a free and contractible Σn-space, then C is
weakly equivalent to the commutative monoid operad Comm which is simply
a point in each degree. These results then say that the category of E∞-ring
spectra (algebras over C) is Quillen equivalent to the category of commutative
S-algebras (algebras over Comm).

2.) Let C ∈ O be an operad in simplicial sets and let X be a spectrum.
We now define the moduli space C[X] of C-algebra structures on X by the
homotopy pull-back diagram

C[X] //

²²

BE(SD)

²²
{X} // BE(S).

Thus, for example, C[X] is not empty if and only if X has a C-algebra
structure. Note that Corollary 1.7 implies that C[X] is independent of C up
to the näıvest sort of weak equivalence.

In the case of spaces (rather than spectra) Charles Rezk has shown in [33]
that C[X] is equivalent to the (derived) space of operad maps from C to the
endomorphism operad of X. Furthermore, he gives a way of approaching the
homotopy type of C[X] using a type of Hochschild cohomology. A similar
result is surely true here; see the last sections of [34] for more details on this
approach.



162 Moduli Spaces of Commutative Ring Spectra

Our project is slightly different. Rather than beginning with a spectrum X
we will begin with an algebraic model and try to construct E∞-ring spectrum
from this data. In effect, we deal directly with BE(SD).

2. Simplicial spectra over simplicial operads

Simplicial objects have often been used to build resolutions and that is our
main point here, also. However, given an algebra X in spectra over some
operad, we will resolve not only X, but the operad as well. The main results
of this section are that if X is a simplicial algebra over a simplicial operad T
then the geometric realization |X| is an algebra over the geometric realization
|T | and, furthermore, that geometric realization preserves level-wise weak
equivalences between Reedy cofibrant objects, appropriately defined.

Let’s begin by talking about simplicial operads. As mentioned in the pre-
vious section, the category of operads O is a simplicial model category. From
this one gets the Reedy model category structure on simplicial operads sO
([32]), which are the simplicial objects in O.2 Weak equivalences are level-
wise and cofibrations are defined using the latching objects. The Reedy model
category structure has the property that geometric realization preserves weak
equivalences between cofibrant objects. It also has a structure as a simplicial
model category; for example if T is a simplicial operad and K is simplicial
set, then

TK = {TK
n }.

However, note that this module structure over simplicial sets is inherited from
O and is not the simplicial structure arising externally, as in [31], §II.2.

Let us next spell out the kind of simplicial operads we want. If E∗ is
the homology theory of a homotopy commutative ring spectrum and C is
an operad in O, one might like to compute E∗C(X). As mentioned in the
introduction, this is usually quite difficult, unless E∗X is projective as an E∗
module and π0C(q) is a free Σq-set for all q. Thus we’d like to resolve C using
operads of this sort.

If T is a simplicial operad and E is a commutative ring spectrum in the ho-
motopy category of spectra, then E∗T is a simplicial operad in the category of
E∗ modules. The category of simplicial operads in E∗ modules has a simplicial
model category structure in the sense of §II.4 of [31], precisely because there
is a free operad functor. Cofibrant objects are retracts of diagrams which are
“free” in the sense of [31]; meaning the underlying degeneracy diagram is a
free diagram of free operads.

Given an operad C ∈ O, we’d like to consider simplicial operads T of the
following sort:

2These are bisimplicial operads, but when we say simplicial operad, we will mean a sim-
plicial object in O, emphasizing the second (external) simplicial variable as the resolution
variable. The first (internal) simplicial variable will be regarded as the geometric variable.



Paul Goerss and Michael Hopkins 163

2.1. Theorem. Let C ∈ O be an operad. Then there exists an augmented
simplicial operad

T −→ C

so that

1.) T is Reedy cofibrant as a simplicial operad;
2.) For each n ≥ 0 and each q ≥ 0, π0Tn(q) is a free Σq-set;
3.) The map of operads |T | → C induced by the augmentation is a weak

equivalence;
4.) If E∗C(q) is projective as an E∗ module for all q, then E∗T is cofibrant

as a simplicial operad in E∗ modules and E∗T → E∗C is a weak
equivalance of operads in that category.

This theorem is not hard to prove, once one has the explicit construction
of the free operad; for example, see the appendix to [33]. Indeed, here is
a construction: first take a cofibrant model C ′ for C. Then, if FO is the
free operad functor on graded spaces, one may take T to be the standard
cotriple resolution of C ′. What this theorem does not supply is some sort of
uniqueness result for T ; nonetheless, what we have here is sufficient for our
purposes.

Note that if C is the commutative monoid operad, then we can simply take
T to be a cofibrant model for C in the category of simplicial operads and
run it out in the simplicial (i.e., external) direction. Then T is, of course, an
example of an E∞-operad; and E∗T will be an E∞-operad in E∗-modules in
the sense of Definition 6.1.

Now fix a simplicial operad T = {Tn}. Since the free algebra functor
X 7→ C(X) is natural in X and the operad C, we see that if X is a simplicial
spectrum, so is T (X). Hence a simplicial algebra in spectra over T is a
simplicial spectrum X equipped with a multiplication map

T (X) −→ X

so that the usual associativity and unit diagrams commute. In particular,
if X = {Xn}, then each Xn is a Tn-algebra. Let s AlgT be the category of
simplicial T -algebras.

The category s AlgT is a simplicial model category. Recall that given
a morphism of operads C → D, then the restriction of structure functor
AlgD → AlgC is continuous. This implies that if K is a simplicial set and
X ∈ s AlgT , we may define X ⊗K and XK level-wise; for example,

X ⊗K = {Xn ⊗K}.
We could use this structure to define a geometric realization functor; how-

ever, we prefer to proceed as follows.
If M is a module category over simplicial sets, then the geometric realiza-

tion functor | · | : sM→M has a right adjoint

Y 7→ Y ∆ = {Y ∆n}.
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where ∆n is the standard n-simplex. In particular, this applies to simplical
operads, and we are interested in the unit of the adjunction T → |T |∆. If C is
any operad and Y is a C-algebra, then for all simplicial sets K, the spectrum
Y K is a CK algebra. From this it follows that Y ∆ is a simplicial C∆ algebra.
Setting C = |T | and restricting structure defines a functor

Y 7→ Y ∆ : Alg|T | −→ s AlgT .

The result we want is the following.

2.2. Theorem. Let T be a simplicial operad and X ∈ s AlgT a simplicial T -
algebra. Then the geometric realization |X| of X as a spectrum has a natural
structure as a |T | algebra and, with this structure, the functor

X 7→ |X|
is right adjoint to Y 7→ Y ∆.

Proof. We know that for an operad C ∈ O the forgetful functor from AlgC

to spectra makes geometric realization. Actually, what one proves is that if
X is a simplicial spectrum and C(X) is the simplicial C-algebra on X, then
there is a natural (in C and X) isomorphism

C(|X|)−→|C(X)|.
Now use a diagonal argument. If T is a simplicial operad and X is a simplicial
spectrum, then

T (X) = diag{Tp(Xq)}.
Since the functor D 7→ D(Y ) is a continuous left adjoint, taking the realiza-
tion in the p-variable yields a simplicial object

{|{T•(Xq)}|} ∼= {|T |(Xq)}.
Now take the realization in the q variable and get

|T (X)| ∼= |T |(|X|)
using the fact about the constant case sited above. The result now follows. ¤

In light of Theorem 2.1 and Theorem 1.6, this theorem gives a tool for
creating homotopy types of algebras over operads.

The next item to study is the homotopy invariance of the geometric realiza-
tion functor, in this setting. The usual result has been cited above: realization
preserves level-wise weak equivalences between Reedy cofibrant objects. The
same result holds in this case, but one must take some care when defining
“Reedy cofibrant”. The difficulty is this: the definition of Reedy cofibrant
involves the latching object, which is the colimit

LnX = colim
φ:[n]→[m]

Xm

where φ runs over the non-identity surjections in the ordinal number category.
We must define this colimit if each of the Xm is an algbera over a different
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operad. The observation needed is the following. Let S : I → O be a diagram
of operads. Then an I-diagram of S-algebras is an I-diagram X : I → S of
spectra equipped with a natural transformation of I-diagrams

S(X) → X

satisfying the usual associativity and unit conditions. For example if I = ∆op

one recovers simplicial S-algebras. Call the category of such AlgS.3 Then
one can form the colimit operad colim S = colimI S and there is a constant
diagram functor

Algcolim S −→ AlgS

sending X to the constant I-diagram i 7→ X where X gets an Si structure
via restriction of structure along

Si −→ colim
I

S.

2.3. Lemma. This constant diagram functor has a left adjoint

X → colimI X.

Despite the notation, colimI X is not the colimit of X as an I diagram of
spectra; indeed, if X = S(Y ) where Y is an I-diagram of spectra

colimI X ∼= (colimI S)(colimI Y ).

If T is a simplicial operad we can form the latching object

LnT = colim
φ:[n]→[m]

Tm.

There are natural maps LnT → Tn of operads. If X is a simplicial T -algebra
we extend this definition slightly and define

LnX = Tn ⊗LnT colim
φ:[n]→[m]

Xm

where, again, φ runs over the non-identity surjections in ∆. In short we
extend the operad structure to make LnX a Tn-algebra and the natural map
LnX → Xn a morphism of Tn-algebras.

With this construction on hand one can make the following definition. Let
T be a simplicial operad and f : X → Y a morphism of simplicial T -algebras.
Then f is a level-wise weak equivalence (or Reedy weak equivalence) if each
of the maps Xn → Yn is a weak equivalence of Tn-algebras – or, by definition,
a weak equivalence as spectra. The morphism f is a Reedy cofibration if the
morphism of LnT -algebras

LnY tLnX Yn −→ Yn

is a cofibration of Tn-algebras. The coproduct here occurs in the category of
Tn-algebras. The main result is then:

3This is a slight variation on the notation sAlgT . If T is a simplicial operad, this new
notation would simply have us write AlgT for sAlgT . No confusion should arise.
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2.4. Theorem. With these definitions, and the level-wise simplicial struc-
ture defined above, the category s AlgT becomes a simplicial model category.
Furthermore

1.) The geometric realization functor | − | : s AlgT → Alg|T | sends level-
wise weak equivalences between Reedy cofibrant objects to weak equiv-
alences; and

2.) if T is Reedy cofibrant as a simplicial operad, then any Reedy cofibra-
tion in s AlgT is a Reedy cofibration of simplicial spectra.

The importance of the second item in this result is that, in light of Theorem
2.2, one can calculate the homotopy type of the geometric realization of a T -
algebra entirely in spectra.

3. Resolutions

Building on the results of the last section, we’d like to assert the following.
Let X be a simplicial algebra over a simplicial operad T , and suppose T
satisfies all the conclusions of Theorem 2.1. Then there is a simplicial T -
algebra Y and a morphism of T -algebras Y → X so that a.) |Y | → |X| is
a weak equivalence and b.) E∗Y is cofibrant as an E∗T algebra. The device
for this construction is an appropriate Stover resolution ([38],[14],[15]) and,
particularly, the concise and elegant paper of Bousfield [9].4 We explain some
of the details in this section.

We begin by specifying the building blocks of our resolutions. We fix a
spectrum E which is a commutative ring object in the homotopy category of
spectra. Let D(·) denote the Spanier-Whitehead duality functor.

3.1. Definition. A homotopy commutative and associative ring spectrum E
satisfies Adams’s condition if E can be written, up to weak equivalence, as a
homotopy colimit of finite cellular spectra Eα with the properties that

1.) E∗DEα is projective as an E∗-module; and
2.) for every module spectrum M over E the Künneth map

[DEα,M ] −→ Hom
E∗−mod(E∗DEα,M∗)

is an isomorphism.

This is the condition Adams (following Atiyah) wrote down in [1] to guar-
antee that the (co-)homology theory over E has Künneth spectral sequences.
If M is a module spectrum over E, then so is every suspension or desuspen-
sion of M ; therefore, one could replace the source and target of the map in
part 2.) of this definition by the corresponding graded objects.

Many spectra of interest satisfy this condition; for example, if E is the
spectrum for a Landweber exact homology theory, it holds. (This is implicit
in [1], and made explicit in [34].) In fact, the result for Landweber exact

4Bousfield’s paper is written cosimplicially, but the arguments are so categorical and so
clean that they easily produce the simplicial objects we require.
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theories follows easily from the example of MU , which, in turn, was Atiyah’s
original example. See [2]. Some spectra do not satisfy this condition, however
– the easiest example is HZ.

We want to use the spectra DEα as detecting objects for a homotopy theory,
but first we enlarge the scope a bit.

3.2. Definition. Define P(E) = P to be a set of finite cellular spectra so
that

(1) the spectrum S0 ∈ P and E∗X is projective as an E∗-module for all
X ∈ P ;

(2) for each α there is finite cellular spectrum homotopy equivalent to
DEα in P;

(3) P is closed under suspension and desuspension;
(4) P is closed under finite wedges; and
(5) for all X ∈ P and all E-module spectra M the Künneth map

[X, M ] −→ Hom
E∗−mod(E∗X, M∗)

is an isomorphism.

The E2 or resolution model category which we now describe uses the set P
to build cofibrations in simplicial spectra and, hence, some sort of projective
resolutions.

Because the category of spectra has all limits and colimits, the category
of simplicial spectra is a simplicial category in the sense of Quillen using
external constructions as in §II.4 of [31]. However, the Reedy model category
structure on simplicial spectra is not a simplicial model category using the
external simplicial structure; for example, if i : X → Y is a Reedy cofibration
and j : K → L is a cofibration of simplicial sets, then

i⊗ j : X ⊗ L tX⊗K Y ⊗K → Y ⊗ L

is a Reedy cofibration, it is a level-wise weak equivalence if i is, but it is not
necessarily a level-wise weak equivalence if j is.

The following ideas are straight out of Bousfield’s paper [9].

3.3. Definition. Let Ho(S) denote the stable homotopy category.

1.) A morphism p : X → Y in Ho(S) is P-epi if p∗ : [P,X] → [P, Y ] is
onto for each P ∈ P .

2.) An object A ∈ Ho(S) is P-projective if

p∗ : [A,X]−→[A, Y ]

is onto for all P-epi maps.
3.) A morphism A → B of spectra is called P-projective cofibration if it

has the left lifting property for all P-epi fibrations in S.

The classes of P-epi maps and of P-projective objects determine each other;
furthermore, every object in P is P-projective. Note however, that the class
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of P-projectives is closed under arbitrary wedges. The class of P-projective
cofibrations will be characterized below; see Lemma 3.7.

3.4. Lemma. 1.) The category Ho(S) has enough P-projectives; that is, for
every object X ∈ Ho(S) there is a P-epi Y → X with Y P-projective.

2.) Let X be a P-projective object. Then E∗X is a projective E∗-module,
and the Künneth map

[X, M ]−→Hom
E∗−mod(E∗X, M∗)

is an isomorphism for all E-module spectra M .

Proof. For part 1.) we can simply take

Y =
∨

P∈P

∨

f :P→X

P

where f ranges over all maps P → X in Ho(S). Then, for part 2.), we note
that the evaluation map

Y =
∨

P∈P

∨

f :P→X

P−→X

has a homotopy section. Then the result follows from the properties of the
elements of P. ¤

We now come to the P-resolution model category structure. Recall that
a morphism f : A → B of simplicial abelian groups is a weak equivalence if
f∗ : π∗A → π∗B is an isomorphism. Also f : A → B is a fibration if the
induced map of normalized chain complexes Nf : NA → NB is surjective
in positive degrees. The same definitions apply to simplicial R-modules or
even graded simplicial R-modules over a graded ring R. A morphism is a
cofibration if it is injective with level-wise projective cokernel.

3.5. Definition. Let f : X → Y be a morphism of simplicial spectra. Then

1.) the map f is a P-equivalence if the induced morphism

f∗ : [P,X]−→[P, Y ]

is a weak equivalence of simplicial abelian groups for all P ∈ P ;
2.) the map f is a P-fibration if it is a Reedy fibration and f∗ : [P, X] →

[P, Y ] is a fibration of simplicial abelian groups for all P ∈ P ;
3.) the map f is a P-cofibration if the induced maps

Xn tLnX LnY−→Yn, n ≥ 0,

are P-projective cofibrations.

Then, of course, the theorem is as follows. Let sSP denote the category of
simplicial spectra with these notions of P-equivalence, fibration, and cofibra-
tion.
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3.6. Theorem. With these definitions, the category sSP becomes a simplicial
model category.

The proof is given in [9]. We call this the P-resolution model category
structure. It is cofibrantly generated; furthermore there are sets of generating
cofibrations and generating acyclic cofibrations with cofibrant source. An
object is P-fibrant if and only if it is Reedy fibrant. The next result gives a
characterization of P-cofibrations.

Call a morphism X → Y of spectra P-free if it can be written as a compo-
sition

X
i // X ∨ F

q // Y

where i is the inclusion of the summand, F is cofibrant and P-projective, and
q is an acyclic cofibration. The following is also in [9].

3.7. Lemma. A morphism X → Y of spectra is a P-projective cofibration if
and only if it is a retract of a P-free map.

There are two ways to characterize P-equivalences. The first comes directly
from the definition of P-equivalences. If X ∈ sS and P ∈ P , then

[P, X] = {[P,Xn]}
is a simplicial abelian group, and we may define

πi(X; P ) = πi[P,X].

Then, a morphism is a P-equivalence if and only if it induces an isomorphism
on π∗(−; P ) for all P ∈ P .

There are other homotopy groups. Define “sphere objects” in sS as follows:
let P ∈ P , n ≥ 0, and let ∆n/∂∆n be the standard simplicial n-sphere. As
always, ∆0/∂∆0 = (∆0)+ is the two-point simplicial set. Then the nth P -
sphere P ∧∆n/∂∆n is defined by the push-out diagram

P ⊗ ∗ = P //

²²

P ⊗∆n/∂∆n

²²
∗ // P ∧∆n/∂∆n.

If X ∈ sS is a simplicial spectrum, then the mapping space map(P,X) is
a loop space – in fact, an infinite loop space. Now define the “natural”
homotopy groups of a simplicial spectrum X by the formula

π\
n(X; P ) = [P ∧∆n/∂∆n, X]P ∼= πn map(P, X)

where we take the constant map as the basepoint of the mapping space. The
symbol [ , ]P refers to morphisms in the homotopy category obtained from
the P-resolution model category structure.

The two notions of homotopy groups are related by the spiral exact se-
quence. Let Σ : Ho(S) → Ho(S) be the suspension operator on the homo-
topy category of spectra.
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3.8. Proposition. For all P ∈ P and all simplicial spectra X, there is a
natural isomorphism

π\
0(X; P ) ∼= π0(X; P )

and a natural long exact sequence

· · · → π\
n−1(X; ΣP ) →π\

n(X; P ) → πn(X; P )

→π\
n−2(X; ΣP ) → · · · → π1(X; P ) → 0.

See [15]. Note that this implies that a morphism of simplicial spectra is
a P-equivalence if and only if it induces an isomorphism on π\

∗(−, P ) for all
P ∈ P .

The long exact sequences of Proposition 3.8 can be spliced together to give
a spectral sequence

(3.1) πp(X; ΣqP ) =⇒ colimk π\
k(X; Σp+q−kP ).

using the triangles

(3.2) π\
p−1(X; Σq+1P ) // π\

p(X; ΣqP )

zzuuuuuuuuu

πp(X; ΣqP )

ffL
L

L
L

L

as the basis for an exact couple. Here and below the dotted arrow means a
morphism of degree −1. This is actually a very familiar spectral sequence in
disguise.

We may assume that X is Reedy cofibrant, and let sknX denote the nth
skeleton of X as a simplicial spectrum. Then geometric realization makes
{|sknX|} into a filtration of |X| and the standard spectral sequence of the
geometric realization of a simplicial spectrum is gotten by splicing together
the long exact sequences obtained by applying the functor [Σp+qP,−] to the
cofibration sequence

|skp−1X|−→|skpX|−→Σp(Xp/LpX).

If we let

[Σp+qP, |skpX|](1) = Im{[Σp+qP, |skpX|]−→[Σp+qP, |skp+1X|]}
then the first derived long exact sequence of this exact couple is

(3.3) [Σp+qP, |skp−1X|](1) // [Σp+qP, |skpX|](1)

xxqqqqqqqqqq

πp[Σ
qP,X]

ggN N N N N N

and we obtain the usual spectral sequences

(3.4) πp(X; ΣqP ) = πp[Σ
qP,X] =⇒ [Σp+qP, |X|].
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Thus the two spectral sequences have isomorphic E2-terms. More is true.
The next result says that the two exact couples obtained from the triangles
of 3.2 and 3.3 are isomorphic; hence, we have isomorphic spectral sequences
and we can assert that geometric realization induces an isomorphism

colimk π\
k(X; Σp+q−kP )

∼=−→[Σp+qP, |X|].
3.9. Lemma. Geometric realization induces an isomorphism between the spi-
ral exact sequence

· · · → π\
p−1(X; Σq+1P ) → π\

p(X; ΣqP ) → πp(X; ΣqP ) → · · ·
and the derived exact sequence

· · · → [Σp+qP, |skp−1X|](1)−→[Σp+qP, |skpX|](1)−→πp[Σ
qP,X] → · · ·

Proof. The difficulty is to construct the map of exact sequences inducing an
isomorphism πp(X; ΣqP ) ∼= πp[Σ

qP, X]. Once that is in place, the five lemma
and an induction argument show that we must have an isomorphism.

In [15] the spiral exact sequence is obtained by deriving another exact
sequence. If K is a finite pointed simplicial set and X is a simplicial spectrum,
there is a spectrum CKX characterized by the natural isomorphism

HomsS(Z ∧K, X) ∼= HomS(Z,CKX)

for all spectra Z. In particular, we write

ZpX = C∆p/∂∆pX and CpX = C∆p/∆p
0
X

where ∆p
0 is the union of all but the 0th face. If X is Reedy fibrant, there is

a fibration sequence
ZpX−→CpX−→Zp−1X

with maps induced by the cofibration sequence of simplicial sets

∆p−1/∂∆p−1 d0−→∆p/∆p
0−→∆p/∂∆p.

Then the spiral exact sequence is the first derived sequence of the triangle

(3.5) [Σq+1P, Zp−1X] //________ [Σq+1P, ZpX](1)

xxqqqqqqqqqq

[Σq+1P, CpX]

ffMMMMMMMMMMM

A key calculation is that [ΣqP,CpX] ∼= Np[Σ
p, X] where Np(−) is the pth

group in the normalized chain complex.
Geometric realization induces a function

HomS(Z, CKX) ∼= HomsS(Z ∧K,X)−→HomS(Z ∧ |K|, X).

This does not induce a map out of the triangle of 3.5; however, after taking
first derived triangles, we get a morphism from the triangle of 3.2 to the
triangle 3.3, as required. ¤
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3.10. Remark. At this point we can explain one of the reasons for using the
models P to define the resolution model category. Suppose X → Y is a weak
equivalence between cofibrant objects in the P-resolution model category.
Then for each of the spectra DEα we have an isomorphism

f∗ : πp(X; ΣqDEα)
∼=−→πp(Y, ΣqDEα).

However, if E∗(−) is our chosen homology theory

πpEqX ∼= colimα πp(Eα)qX
∼= colimα πp[Σ

qDEα, X]

= colimα πp(X; ΣqDEα).

We note that the spectral sequence of Equation 3.4 is natural in P ; thus,
taking the colimit as this equation, we obtain a spectral sequence

(3.6) πpEqX =⇒ Ep+q|X|.
This is, of course, the standard homology spectral sequence of a simplicial
spectrum. In any case, if X → Y is a P-equivalence, then we get isomorphic
E∗ homology spectral sequences.

Finally, also note that Lemma 3.9 yields an isomorphism

(3.7) colimα π\
p(X, ΣqDEα) ∼= Im{Eq|skpX| → Eq|skp+1X|}.

3.11. Remark. The category sS of simplicial spectra, and the more struc-
tured simplicial spectra defined below have Postnikov sections. That is, for
any X in sS we can produce a morphism of simplicial spectra X → PnX
so that π\

k(X; P ) ∼= π\
k(PnX; P ) for P ∈ P and k ≤ n, and, in addition,

π\
k(PnX; P ) = 0 for k > n. One way to construct PnX is to define PnX to

the colimit of simplicial spectra P i
nX where P 0

nX to be a fibrant model for X
and defining P i

nX to be a fibrant model for the spectrum simplicial spectrum
Y obtained as a push-out

∐
k>n

∐
f P ∧∆k/∂∆k //

²²

P i−1
n X

²²∐
k>n

∐
f P ∧∆k/∆k

0
// Y.

where f runs over all morphisms

f : P ∧∆k/∂∆k → P i−1
n X.

Note that since sSP is cofibrantly generated, this can be made natural in X.
If we are working with algebras in s AlgT for some simplicial operad T , we
would simply replace P ∧∆k/∂∆k by T (P ∧∆k/∂∆k), and so on.
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It is worth remarking that one can now recover the universal coefficient
theorem of Adams-Atiyah ([1] §III.13) from these constructions. If X is
a spectrum, we regard it as constant simplicial spectrum and choose a P-
cofibrant replacement Y for X. Then the spectral sequence of Equation 3.4,
with P = S0, implies that |Y | ' X. The universal coefficient spectral se-
quence is the Bousfield-Kan spectral sequence of the cosimplicial spectrum
F (Y, M) for an E-module spectrum M :

Exts
E∗(E∗X,M∗+t) ∼= πsπ−tF (Y,M) =⇒ π−t−sF (|Y |,M) ∼= M s+tX.

The E2-term is identified using Definition 3.2.5. Here the symbol M∗+t means
the graded group with (M∗+t)n = Mn+t.

The P-resolution model category structure can be promoted to a model
category for simplicial algebras over a simplicial operad. Fix a simplicial
operad T and let s AlgT be the category of algebras over T . This category
has an external simplicial structure; indeed, if K is a simplicial set and X ∈
s AlgT , one has

(3.8) (X ⊗K)n =
∐
Kn

TnXn.

The superscript Tn is indicates that the coproduct is taken in the category of
Tn algebras. The simplicial set of maps is defined again by

[n] 7→ Homs AlgT
(X ⊗∆n, Y ).

We say that a morphism X → Y of simplicial T -algebras is a P-fibration or
P-equivalence if the underlying morphism of simplicial spectra is. Then we
have the P-resolution model category structure on s AlgT :

3.12. Theorem. With these definitions, the category s AlgT becomes a sim-
plicial model category. Furthermore, for each X ∈ s AlgT there is a natural
P-equivalence

PT (X) → X

so that

1.) PT (X) is cofibrant in the P-resolution model category structure on
sST ;

2.) the underlying degeneracy diagram of PT (X) is of the form T (Z) where
Z is free as a degeneracy diagram and each Zn is a wedge of elements
of P.

Proof. The existence of the model category structure is the standard lifting
argument. In fact, since s AlgT has a functorial path object and the forgetful
functor to sS creates filtered colimits in s AlgT , we need only supply a P-
fibrant replacement functor for s AlgT . However, every Reedy fibrant object
in s AlgT (as in the previous section) will be P-fibrant, and the s AlgT in its
Reedy model category structure is cofibrantly generated, so we can choose a
Reedy fibrant replacement functor. This will do the job.
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The object PT (X) is produced by taking an appropriate subdivision (for
example the big subdivision of [8] §XII.3, Example 3.4) of a cofibrant model
for X. ¤

Here is how one might use this model category structure. We fix an operad
C ∈ O and a simplicial resolution T → C of C as in Theorem 2.1. If X is an
C-algebra, then X can be regarded as a constant object in s AlgT and, hence,
we have the resolution PT (X) → X of the previous result. Then PT (X) is
Reedy cofibrant in s AlgT and, by Theorem 2.4.2, also Reedy cofibrant as a
simplicial spectrum. Thus we can use the spectral sequence of Equation 3.4
with P = S0 to show that the natural map

|PT (X)| → X

is a weak equivalence. But also, arguing as in Remark 3.10 we have that the
augmentation PT (X) induces an isomorphism

π∗E∗PT (X) ∼= E∗X.

Finally, if E∗C(n) is projective as an E∗ module for all n, then E∗PT (X) is
a cofibrant E∗T algebra. In fact, since each of the spectra P ∈ P has the
property that E∗X is projective as an E∗-module, Theorems 2.1 and 3.12
imply that there is an isomorphism of underlying degeneracy objects:

(3.9) E∗(PT (X)) ∼= (E∗T )(E∗Z).

The fact that E∗PT (X) is cofibrant can be read off of this equation.
As this discussion indicates, and as the reader may have already suspected,

we are not really interested in the P-equivalence classes of objects in simplicial
spectra or simplicial T -algebras, but certain types of E∗-equivalences. There
is an appropriate model category, and it is a localization of the one supplied
in Theorem 3.12.

3.13. Theorem. The category s AlgT supports the structure of a cofibrantly
generated simplicial model category with

1.) a morphism f : X → Y is an E∗-equivalence if

π∗E∗(f) : π∗E∗X−→π∗E∗Y

is an isomorphism;
2.) a morphism is an E∗-cofibration if it is a P-cofibration; and
3.) a morphism is an E∗-fibration if it has the right lifting property with

respect to all morphisms which are at once an E∗-equivalence and an
E∗-cofibration.

Since every P-equivalence in s AlgT , is an E∗-equivalence, this model cate-
gory structure can be produced using the localization technology of Bousfield,
et al. The are many minute details, but the technology is now available in
[20].
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4. André-Quillen cohomology

If A is a commutative algebra over a commutative ring k, M an A-module
and X → A a morphism of k-algebras, then the André-Quillen cohomology
of X with coefficients in M is the non-abelian right derived functors of the
functor

X 7→ Derk(X, M)

which assigns to X the A-module of k-derivations from X to M . This coho-
mology has natural generalization to algebras over operads and their modules;
indeed, much of the formalism of Quillen’s paper [30] goes through without
difficulty. This section outlines the details and explains the application to the
computation of the homotopy type of the space of maps between structured
ring spectra.

It should be said that for someone interested primarily in some A∞ operad
– that is, in producing associative ring spectra – then the André-Quillen
cohomology produced and discussed here is exactly that of the associative
algebra case in [30]. It is, except possibly in degree zero, a shift of Hochschild
cohomology.

The first part of this section is written algebraically. We fix a commutative
ring k, possibly graded, and we consider k-modules (again possibly graded),
operads in k-modules, and so on. All tensor products will be over k. In our
applications k will be E∗ for some homotopy commutative ring spectrum E.
Any omitted details can be found in [18].

Let C be an operad in k-modules and suppose A is a C algebra. We define
what it means for M to be an A-module. Let Φ(A, M) to be the graded
k-module with

Φ(A, M)n =
⊕

i

A⊗ · · · ⊗ A⊗M
i
⊗A⊗ · · · ⊗ A

with M appearing once in each summand and then in the ith slot. Note that
Φ(A,M)n has an obvious action of the symmetric group Σn. Define

C(A,M) =
⊕

n

C(n)⊗kΣn Φ(A,M)n =
⊕

n

C(n)⊗kΣn−1 A⊗(n−1) ⊗M.

It is an exercise to show that there is a natural ismorphism of bifunctors

C(C(A), C(A,M)) ∼= (C ◦ C)(A,M))

where (·) ◦ (·) is the composition of operads. The k-module M is an A-
module over C (or simply an A-module) if there is a morphism of k-modules
η : C(A,M) → M which fits into a coequalizer diagram

C(C(A), C(A,M)) ∼= (C ◦ C)(A,M))
d0

⇒
d1

C(A,M)
η−→M

where the maps d0 and d1 are induced by the operad multiplication of C,
and by η and the algebra structure on A respectively. Furthermore, the unit
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1 → C defines a morphism of R-modules M = 1(A,M) → C(A,M) which is
required to be a section of η.

We now come to derivations. If A is a commutative k-algebra, and M is an
A-module, we can can form a new commutative algebra over A called M oA,
which as an k-module is simply M ⊕ A, but with algebra multiplication

(x, a)(y, b) = (xb + ay, ab).

The algebra M o A is a square-zero extension and an abelian object in the
category of algebras over A; all abelian group objects in this category have
this form. It also represents the functor that assigns to an algebra over A the
A-module of k-derivations from X to M :

DerR(X, M) ∼= AlgComm /A(X, M o A)

where we write Comm for the commutative algebra operad in K-modules.
These concepts easily generalize. If C is an operad, A a C-algebra and M

an A-module, define a new C-algebra over A called M o A as follows: as an
k-module M oA is simply M ⊕A, but the C-algebra structure is defined by
noting that there is a natural decomposition

C(M ⊕ A) ∼= E(A,M)⊕ C(A,M)⊕ C(A)

where E(A,M) consists of those summands of C(M⊕A) with more than one
M term. Since M is an A-module we get a composition

C(M ⊕ A) → C(A,M)⊕ C(A) → M ⊕ A

which defines the C-algebra structure on M oA. The algebra M oA is again
a square-zero extension and an abelian object in the category of algebras over
A; again, all abelian objects have this form. This last observation makes it
possible to define the category of A-modules over C to be the category of
abelian C-algebras over A.

Note that if we are in a graded setting and M is an A-module, then the
graded object ΩtM with

(ΩtM)k = Mk+t

is also an A-module. Also, as obvious example of an A-module is A itself.
We will write

ΛA(x−t) = ΩtAo A

by analogy with the exterior algebra that arises in the commutative case.
The object MoA in the category of C-algebras over A represents an abelian

group valued functor which we might as well call derivations; in formulas we
write

DerC(X,M)
def
= AlgC/A(X,M o A)

for all C-algebras over X. Such a derivation is determined by an k-module
homomorphism d : X → M which fits into an appropriate diagram which
reduces to the usual definition of derivation in the commutative or associative
algebra case. We invite the reader to fill in the details.
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Cohomology in this context should be derived functors of derivations; this
immediately leads us to simplicial algebras. We also need simplicial operads.

Thus, we let C = C• be simplicial operad in k-modules and s AlgC the
category of simplicial algebras over C. This is a simplicial category in the
external simplicial structure; for example, if K is a simplicial set and X ∈
s AlgC then

(A⊗K)n =
∐
Kn

An

with the coproduct in Cn-algebras. Also, among the morphisms of s AlgC

we single out the free maps: a morphism X → Y is free if the underlying
morphism of degeneracy diagrams is isomorphic to a map of the form

X → X t C(Z)

where Z is a free degeneracy diagram on a free R-module.
The main theorem of [31] §II.4 immediately implies the following:

4.1. Proposition. The s AlgC has the structure of a simplicial model category
with a morphism f : X → Y

(1) a weak equivalence if π∗f : π∗X → π∗Y is an isomorphism;
(2) a fibration if the induced map Nf : NX → NY of normalized chain

complexes in k-modules is surjective in positive degrees;
(3) a cofibration if it is a retract of a free map.

If A ∈ s AlgC then π0A is a π0C-algebra. If M is a π0A-module (over the
operad π0C) then M is an An-module (over Cn) for all n ≥ 0. Then we can
form the simplicial module K(M, n) over A whose normalization NK(M, n) ∼=
M concentrated in degree n. From this object we can form the simplicial C-
algebra KA(M,n) = K(M, n)o A over A and, for X ∈ s AlgC /A an algebra
over A we will define the André-Quillen cohomology of X with coefficients in
M by the formula

(4.1) Dn
C(X, M)

def
= [X, KA(M, n)]s AlgC /A

∼= π0 maps AlgC /A(X,KA(M,n)).

We note immediately that there are natural isomorphisms

Dn−i
C (X,M) ∼= πi maps AlgC /A(X, KA(M,n))

and that, in fact, the collection of spaces maps AlgC /A(X, KA(M, n)), n ≥ 0,
assemble into a spectrum homs AlgC /A(X,KAM) so that

Dn
C(X,M) ∼= π−n homs AlgC /A(X,KAM).

As usual, this cohomology can be written down as the cohomology of a
chain complex. To be concrete about this, let us fix some notation. If C is
our simplicial operad and Y is a simplicial C-algebra over a constant algebra
A, and if M is an A-module, as above, then we have abelian groups

DerCn(Yn,M) = (AlgCn
/A)(Yn,M o A).
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Furthermore, if φ : [n] → [m] is a morphism in the ordinal number category,
the Yn is a Cm-algebra by restriction of structure along φ∗ : Cm → Cn and
then

φ∗ : Ym−→Yn

is a morphism of Cm-algebras. Hence we get a map

DerCn(Yn,M)−→DerCm(Ym,M)

and, in fact, DerC(Y, M) becomes a cosimplicial abelian k-module. Then,

(4.2) Dn
C(X,M) = HnN DerC(Y,M)

where Y is some cofibrant model for X and N is the normalization functor
from cosimplicial k-modules to cochain complexes of k-modules. This concept
is important enough that we will write

(4.3) DC(X, M) ∈ Ho(C∗k)

for the well-defined object in the derived category of cochain complexes de-
fined by N DerC(Y, M), with Y a cofibrant model for X.

In our applications we will have a homology theory E∗(·) and k = E∗.
We will also have a simplicial operad T – that is, a simplicial object in the
category O of simplicial operads – so C = E∗T and a typical C-algebra will
be of the form E∗X where X ∈ s AlgT . If E∗E if flat over E∗, this will
imply that we are actually working with operads, algebras and so forth in the
category of E∗E-comodules, rather than simply in the more basic category of
E∗-modules. Under appropriate hypotheses – for example, if E satisfies the
Adams condition of Definition 3.1 – the E∗E-comodule version of Proposition
4.2 is true, and one can use this to define André-Quillen cohomology in the
category of E∗E-comodules.

To do this requires a little care, as we are forced to resolve not only algebras,
but also the modules; the short reason for this technical difficulty is that not
every chain complex of comodules is fibrant. The same problem arose in [23]
and our solution is not much different.

To get started, fix a simplicial operad C in E∗E-comodules and an π0C
algebra A, also all in E∗E-comodules.

To ease notation, let us abbreviate the extended comodule functor by

Γ(M) = E∗E ⊗E∗ M.

The functor Γ also induces a right adjoint to the forgetful functor from A-
modules in E∗E-comodules to A-modules. Indeed, if M is an A-module, the



Paul Goerss and Michael Hopkins 179

module structure on Γ(A) is determined by the top split row of the diagram

Γ(M)

=

²²

// Γ(M)o A //

²²

Aoo

ψA

²²
Γ(M) // Γ(M o A) // Γ(A)oo

.

where the right square is a pull-back and where ψA is the comodule structure
map, which, by assumption, is a morphism of algebras. The functor Γ(−)
thus becomes the functor of a triple on A-modules in E∗E-comodules and for
a simplicial C-algebra Y in E∗E comodules we can form the bicosimplicial
E∗-module

DerC(Y, Γ•(M)) = {DerCp(Yp, Γ
q+1(M))}.

We now write

(4.4) DC/E∗E(X,M) ∈ Ho(C∗E∗E)

for the object in the derived category of comodules defined by taking Y to be
some cofibrant model for X and then taking the total complex of the double
normalization of the cosimplicial object DerC(Y, Γ•(M)). Then we have the
André-Quillen cohomology

(4.5) Dn
C/E∗E(X,M) = HnDE∗E/C(X, M).

However, with luck, one can reduce the calculation of this more complicated
object to the first case. Here is the result we will use. The definitions should
make the following results plausible; the proof is in [18].

4.2. Proposition. Let C be a simplicial operad in E∗E comodules and A a
π0C-algebra in E∗E-comodules. If M is a A-module in E∗-modules, then the
extended comodule Γ(M) = E∗E ⊗E∗ M is an A-module in E∗E-comodules
and there is a natural isomorphism for simplicial C-algebras X over A in
E∗E-comodules

D∗
C/E∗E(X, E∗E ⊗E∗ M) ∼= D∗

C(X, M).

A stronger assertion is true: there is an isomorphism

DC/E∗E(X, E∗E ⊗E∗ M) ∼= DC(X, M)

in the derived category of E∗-modules.
With this technology at hand, we can now define a spectral sequence for

computing the homotopy groups of the space of maps between two structured
ring spectra. We fix a commutative S-algebra E; that is an algebra in spectra
over the commutative algebra operad in O. Suppose further that E satisfies
the Adams condition of Definition 3.1. Let F be one of either the associative
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algebra operad or the commutative algebra operad in O.5 Now suppose X
is an F -algebra in spectra; thus, X is either an associative S-algebra or a
commutative S-algebra. Then E∗X is an algebra over the operad E∗F in
E∗E-comodules.

Now let φ : X → Y be a morphism of F -algebras in spectra. This amounts
to choosing a basepoint φ ∈ mapAlgF (X,Y ) for the space of F -algebra maps
from X to Y . The induced map

E∗φ : E∗X −→ E∗Y

makes E∗Y into an E∗X module over the operad E∗F , all in E∗E-comodules.
Let T → F be the resolution of operads supplied by Theorem 2.1. Also, for
any spectrum Y , let YE denote the E-completion of Y , defined as the total
space of the cobar complex:

YE
def
= Tot(E• ∧ Y ).

Since E is a commutative S-algebra, YE is an F -algebra if Y is an F -algebra.

4.3. Theorem. Let φ : X → Y be a morphism of F-algebras and let E be
a commutative S-algebra. Then there is a second quadrant spectral sequence
abutting to

πt−s(mapAlgF (X,YE), φ)

with E2 term
E0,0

2 = HomE∗F/E∗E(E∗X, E∗Y )

and
Es,t

2 = Ds
E∗T/E∗E(E∗X, ΩtE∗Y ) t > 0.

Of course, the E0,0
2 term is either the associative or commutative algebra

maps (in E∗E-comodules) from E∗X to E∗Y .
This is a Bousfield-Kan spectral sequence, as we will see in the next para-

graph. The standard references are [8] and [7]. The latter work, for example,
implies the following result:

4.4. Corollary. There are succesively defined obstructions to realizing a map
f ∈ HomE∗F/E∗E(E∗X, E∗Y ) in the groups

Ds+1
E∗T/E∗E(E∗X, ΩsE∗Y ) s ≥ 1.

In particular, if these groups are all zero, then the Hurewicz map

(4.6) π0(mapAlgF (X, YE)) → HomE∗F(E∗X, E∗Y )

is surjective. If, in addition, the groups

Ds
E∗T/E∗E(E∗X, ΩsE∗Y ) = 0

for s ≥ 1, the Hurewicz map of Equation 4.6 is a bijection.

5The reader sensitive to generalization will note that this restriction is only aesthetics.
A general operad in O will do.
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The spectral sequence of Theorem 4.3 is constructed as follows. We may
regard X as a constant simplicial T -algebra and take the simplicial resolution
in T -algebras PT (X) → X guaranteed by Theorem 3.12. In addition, since
E is a commutative S-algebra, the cobar complex

Y → E• ∧ Y = {Eq+1 ∧ Y }
is a cosimplicial F -algebra. We then obtain a cosimplicial space

maps AlgT
(PT (X), E• ∧ Y ) = {mapAlgTs

(PT (X)s, E
s+1 ∧ Y )}s

∼= {mapAlgF (F ⊗Ts PT (X)s, E
s+1 ∧ Y )}s

and the map φ : X → Y supplies this with the basepoint. The Bousfield-Kan
spectral sequence now reads

πsπt mapAlgT
(PT (X), E• ∧ Y ) =⇒ πt−sTot mapAlgT

(PT (X), Y )•.

One uses standard adjunction arguments, Theorem 1.6, Theorem 2.1, and
Theorem 2.2 to show

TotAlgT (PT (X), E• ∧ Y ) ∼= Alg|T |(|PT (X)|,Tot(E• ∧ Y )) ' AlgF(X, YE).

We then must identify the E2-term. Let’s abbreviate E(q+1) ∧ Y as E(q)Y .
Since the cosimplicial space in question is the diagonal of the bicosimplicial
space

{mapAlgTp
(PT (X)p, E

(q)Y )}
the E2 term can be computed as the cohomology of the total complex of the
double normalization of

{πt mapAlgTp
(PT (X)p, E

(q)Y )}.
If we let Y St

denote the spectrum of maps from the space St to the spectrum
Y , then Y St

has a natural structure of an F -algebra. Thus, because of The-
orem 3.12, the choice of the spectra used to build P-resolutions (Definition
3.2) and the conditions on the operads Ts from Theorem 2.1, we have, for
t > 0:

πt mapAlgTp
(PT (X)p, E

(q)(Y )) = πt mapAlgTp
(Tp(Zp), E

(q)(Y ))

= πt mapS(Zp, E
(q)(Y ))

= HomE∗E(E∗Zp, E∗(E(q)(Y )St

))

= HomE∗Tp/E∗E(E∗Tp(E∗Zp), ΛE∗E(q)(Y )(xt))

= DerE∗Tp/E∗E(E∗Tp(E∗Zp), Ω
tE∗E(q)Y ).

In short, we obtain exactly the complex DE∗T/E∗E(E∗X, ΩtE∗Y ) used to define
André-Quillen cohomology. See Equation 4.4.
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As an amusing reduction of this theory, one can consider the case of the
unit operad 1 in place of the commutative or associative algebra operad. An
algebra over 1 is simply a spectrum, and an E∗1-algebra is an E∗E-comodule.
The formalism carries over and the spectral sequence of Theorem 4.3 becomes
the Adams-Novikov spectral sequence

(4.7) Exts
E∗E(E∗X, ΩtE∗Y ) =⇒ πt−s mapS(X, YE) ∼= [Σt−sX,YE]

and the obstructions of Corollary 4.4 to realizing an E∗E-comodule map
E∗X → E∗Y lie in

(4.8) Exts+1
E∗E(E∗X, ΩsE∗Y ) s ≥ 1.

If Y is an E-module, then the cobar complex E• ∧ Y has a contraction; in
particular, Y = YE. We would expect a corresponding simplification of the
spectral sequence of Theorem 4.3. Indeed, the André-Quillen cohomology
groups simplify: we need only use the derived functors of derivations in E∗-
modules. We can also weaken the assumption that E be a commutative
S-algebra. The result then reads:

4.5. Theorem. Suppose that E is a homotopy commutative ring spectrum,
satisfying the Adams condition of Definition 3.1 and let φ : X → Y be a
morphism of F-algebras in spectra. Then there is a second quadrant spectral
sequence abutting to

πt−s(mapAlgF (X, Y ), φ)

with E2 term
E0,0

2 = HomE∗F(E∗X, Y∗)

and
Es,t

2 = Ds
E∗T (E∗X, ΩtY∗) t > 0.

Here the E0,0
2 -term is the set of E∗F -algebra morphisms from E∗X to Y∗.

The proof is identical to the proof of Theorem 4.3; the relevant cosimplicial
space is

mapAlgT
(PT (X), Y ) = {mapAlgTs

(PT (X)s, Y )}s.

Because we have a cosimplicial space, we again have obstructions to realizing
maps. In fact, there are succesively defined obstructions in

(4.9) Ds+1
E∗T (E∗X, ΩsY∗) ∼= Ds+1

E∗T/E∗E(E∗X, ΩsE∗Y ), n ≥ 1

to the realization of a map in HomE∗F/E∗E(E∗X, E∗Y ).

5. The moduli space of realizations

We now fix a homotopy commutative ring spectrum E satisfying the Adams
condition of Definition 3.1. Let F be an operad in O and suppose that A is
an E∗F -algebra in E∗E-comodules. The purpose of this section is to discuss
the homotopy type of the space TM(A) of realizations of A in AlgF . In
practice, of course, F is either the associative or commutative monoid operad
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and, hence, A is an associative or commutative algebra in E∗E-comodules.
The method here is exactly that of [6].

By definition, TM(A) is the nerve (or classifying space) of the category
E(A) with objects the F -algebra spectra X with E∗X ∼= A as E∗F -algebras
and morphisms are E∗-isomorphisms.6 As in section 1, the Dwyer-Kan de-
composition of TM(A) supplies a weak equivalence

TM(A) '
∐

[X]

B Aut(X)

where X ranges over the E∗-equivalence classes of realizations of A and
Aut(X) is the derived space of self-equivalences of X in the E∗-local model
category structure on AlgF . It is worth emphasizing that this result uses the
identification

(5.1) B Aut(X) 'M(X)

where M(X) is the nerve of the category with objects Y ∈ AlgF so that there
a chain of E∗-isomorphisms in AlgF between Y and X. The morphisms are
E∗-isomorphisms in AlgF .

The initial question, of course, is whether TM(A) is non-empty.
We now decompose TM(A). As always, we will let T → F be a simplicial

resolution of the sort supplied by Theorem 2.1.

5.1. Definition. Let X ∈ s AlgT be a simplicial T -algebra. We say that X
is a potential n-stage for the E∗F -algebra A if

(1) π0E∗X is isomorphic to A as an E∗F -algebra in E∗E-comodules;
(2) πiE∗X = 0 for 1 ≤ i ≤ n + 1; and

(3) For all P ∈ P , the groups π\
i(X; P ) = 0 for i > n.

The partial moduli space TMn(A) is defined to be the moduli space of all
simplicial T -algebras which are potential n-stages for A. The weak equiva-
lences are the simplicial E∗-equivalences of Section 4.

It follows from the spiral exact sequence of Proposition 3.8 that a potential
n-stage X for A has

(5.2) πiE∗X ∼=




A i = 0;
Ωn+1A i = n + 2;
0 i 6= 0, n + 2.

Furthermore, by the spiral exact sequence or, more exactly, the isomorphism
3.7, the A-module structure on πn+1E∗X is the evident shifted A-module
structure. The same calculation shows that for the natural homotopy groups

π\
iE∗X

def
= colim π\

i(X, Σ∗DEα) ∼=
{

ΩiA 0 ≤ i ≤ n;
0 i > n.

6The isomorphism E∗X ∼= A is not part of the data.
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Again, the A-module structure on π\
iE∗X is the evident shifted module struc-

ture.
Definition 5.1 makes sense for n = ∞: a potential ∞-stage is simply an

object X ∈ s AlgT so that π0E∗X ∼= A and πiE∗X = 0 for i > 0. Let
TM∞(A) be the resulting moduli space.

Theorem 2.2 and the spectral sequence of 3.4 imply that geometric realiza-
tion defines a map

| − | : TM∞(A)−→TM(A)

and the Postnikov stage construction of Remark 3.11 implies that there are
maps

TMn(A)−→TMm(A); 0 ≤ m < n ≤ ∞.

Here is the first part of the decomposition result.

5.2. Proposition. The map induced by geometric realization

| − | : TM∞(A)−→TM(A)

is a weak equivalence. Furthermore the map

TM∞(A)−→ holim
n<∞

TMn(A)

is a weak equivalence.

Proof. The first assertion is formal. Compare Theorem 9.3 of [6]. The second
assertion is not formal; however, it follows from the main theorem of [12].
Compare Theorem 9.4 of [6]. ¤

The next step is to investigate the tower {TMn(A)}. To do this we will
identify the bottom space as a K(G, 1), then tell how to pass from the (n−
1)st stage to the nth stage using André-Quillen cohomology. We begin by
constructing the 0-stage; in particular, we show TM0(A) 6= φ.

5.3. Definition. A simplicial T -algebra X is said to be of type BA if

1.) π0E∗X ∼= A as an E∗F -algebra in E∗E comodules; and
2.) for Y ∈ s AlgT , the natural map

[Y,X]s AlgT
−→HomE∗F/E∗E(π0E∗Y, A)

is an isomorphism. Here the homotopy classes of maps are in the
E∗-local homotopy category of s AlgT .

We write BA for any of the (essentially unique) objects of type BA and, if we
need to, will assume BA is E∗-local without saying so.

Simplicial T -algebras of type BA exist. This can be seen by a generators and
relations argument or by some generalized Brown representability theorem.
See [19].
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5.4. Remark. We have that for any simplicial T -algebra X of type BA that

π\
i(X; P ) =

{
HomE∗E(E∗P,A) i = 0;
0 i > 0.

Thus a simplicial spectrum of type BA is potential 0-stage for A. Furthermore,
the spiral exact sequence implies

πiE∗X ∼=




A i = 0;
ΩA i = 2;
0 i 6= 0, 2.

The following result says, among other things, that there is a unique po-
tential 0-stage of A up to E∗-equivalence and that it is of type BA.

5.5. Proposition. Let Aut(A) denote the discrete group of automorphisms
of the E∗F-algebra A in E∗E-comodules. Then there is a natural weak equiv-
alence

TM0(A) ∼= B Aut(A).

Proof. Fix a choice BA of an E∗-local space of type BA. Let X be a potential
0-stage for A. Then a choice of isomorphism π0E∗X ∼= A defines a morphism
in s AlgT

X−→BA

which defines an isomorphism on π∗E(−) by the spiral exact sequence. Thus
TM0(A) is connected and, by the Dwyer-Kan analysis (5.1)

TM0(A) = B Aut(BA).

But it is an easy calculation that

πnB Aut(BA) ∼=
{

Aut(A) n = 0;
0 n 6= 0.

¤
To pass between the various stages of the tower, we need to know that

André-Quillen cohomology is representable in the homotopy category of
s AlgT . Specifically, we have the following ideas.

5.6. Definition. Let A be an E∗F -algebra in E∗E-comodules and let M be
an A-module, also in E∗E-comodules. We say that a map X → Y in s AlgT

is of type BA(M, n), n ≥ 1 if

1.) X is of type BA and the induced map

πiE∗X → πiE∗Y

is an isomorphism for i < n;
2.) πnE∗Y ∼= M as a π0E∗Y ∼= A module; and

3.) π\
i(Y ; P ) = 0 if i > n.
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We may abuse notation and refer to the simplicial T -algebra Y as being of
type BA(M, n). Again, it is possible to construct such objects by a genera-
tors and relations argument, or by Brown representability using the evident
homotopy characterization supplied by Proposition 5.7 below.

We would like to give a homotopical interpretation of the simplicial T -
algebras of type BA(M, n); in fact, such objects will – in some sense – repre-
sent the functor

Z 7→ Dn
E∗T/E∗E(E∗Z, M).

The exact result is below in Proposition 5.7, but to get there requires some
preliminaries.

If X → Y is of type BA(M,n), we may assume that X is E∗-fibrant and
that the map from X to Y is a cofibration to an E∗-fibrant object – and we
may make this assumption without repeating it and then we will write

BA−→BA(M, n)

for such a map. If we suppose n ≥ 2, then the spiral exact sequence implies
that

(5.3) πiE∗BA(M, n) ∼= πiE∗BA ×




M i = n;
ΩM i = n + 2;
0 i 6= n, n + 2.

In particular, we get a natural isomorphism π0E∗BA(M, n) ∼= A and then
Remark 5.3 supplies a map BA(M, n) → BA so that the composite X →
Y → BA is an E∗-equivalence. In this way we will regard BA(M,n) as an
object over BA.

Because of the isomorphism of Equation 5.3, the simplicial E∗T -algebra
E∗BA(M,n) is not weakly equivalent to KA(M,n) = K(M, n) o A in the
category of simplicial E∗T -algebras over E∗E-comodules. However, there is
a natural map of E∗T algebras

(5.4) ε : E∗BA(M, n)−→KA(M,n)

over the constant simplicial E∗T -algebra A. This we now produce.
Let C be the push-out in s AlgE∗E/E∗T of the two-source

E∗BA(M, n) ←− E∗BA−→π0E∗BA
∼= A.

Then Equation 5.3 implies that the (n + 1)st Postnikov section Pn+1C of C
in s AlgE∗E/E∗T has the property that

πiPn+1C ∼=




A i = 0;
M i = n;
0 i 6= 0, n.

This alone is not enough to identify the homotopy type of Pn+1C. However
the map

A ∼= π0E∗BA → Pn+1C
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is a section of the map Pn+1C → π0Pn+1C ∼= A; hence Pn+1C is canonically
weakly equivalent to KA(M,n), and the composition

E∗BA(M,n) → C → Pn+1C

is a model for the morphism ε of Equation 5.4.

5.7. Proposition. Let BA → BA(M, n) be of type BA(M, n) and suppose
n ≥ 2. Let X ∈ s AlgT and suppose a morphism of F-algebras in E∗E-
comodules π0E∗X → A is represented by a map f : X → BA. Then the
morphism of simplicial E∗T -algebras

ε : E∗BA(M,n) → KA(M, n)

induces a natural weak equivalence

maps AlgT /BA
(X, BA(M,n))

'−→maps AlgE∗T/E∗E /A(E∗X, KA(M, n)).

In particular

πi maps AlgT /BA
(X, BA(M, n)) ∼= Dn−i

E∗T/E∗E(E∗X,M).

Proof. We have a natural map induced by ε. Since both source and target
take homotopy colimits to homotopy limits, it is sufficient to check the result
for objects of the form X = T (P ⊗ K) where P ∈ P and K is a simplicial
set. Inducting over the skeleta of K, we find it is sufficient to check the result
for objects of the form T (P ⊗ ∂∆n) equipped with some choice of map

E∗T (P ⊗ ∂∆n) → π0E∗T (P ⊗ ∂∆n) ∼= E∗F(E∗P ) → A.

But the objects of type BA(M,n) are built exactly so the result holds in this
case. For more details see Proposition 8.7 of [6]. ¤

To shorten notation, let us write

Hn(A,M)
def
= maps AlgE∗T/E∗E /A(E∗X,KA(M,n)).

Let Aut(A, M) of be the group of automorphisms of the pair (A,M). Then

Aut(A,M) acts in a natural way on the spaceHn(A,M); let Ĥn(A, M) denote
the Borel construction. The space Hn(A,M) has a basepoint given by

0 ∈ π0Hn(A,M) = Dn
E∗T/E∗E(A,M).

There is a choice of representative for 0 which is invariant under the action
of Aut(A,M); therefore we get an induced map

B Aut(A,M) → Ĥn(A,M).

5.8. Theorem. For all n ≥ 1 there is a homotopy pull-back diagram

TMn(A) //

²²

B Aut(A,M)

²²

TMn−1(A) // Ĥn+2(A, ΩnA).
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To interpret this result, let Y ∈ TMn−1(A) be a basepoint – that is, a
potential (n − 1)st stage of of A. Then the homotopy fiber of TMn(A) →
TMn−1(A) is non-empty if and only if Y is weakly equivalent to Pn−1X for
some potential nth stage of A. This, in turn, will occur if the image of Y in
π0Ĥn+2(A, ΩnA) is the zero element. Furthermore, if it is the zero element,
then homotopy fiber at Y is weakly equivalent to Hn+1(A, ΩnA). Therefore,
by trying to lift the basepoint of TM0(A) = B Aut(A) up the tower, we
obtain the following corollary.

5.9. Corollary. There are successively defined obstructions, well defined up
to the action of Aut(A,M),

θn ∈ Dn+2
E∗T/E∗E(A, ΩnA), n ≥ 1

to realizing the E∗F-algebra A by an F-algebra X. Obstructions to uniqueness
lie in

Dn+1
E∗T/E∗E(A, ΩnA).

Theorem 5.8 is proved exactly in the same manner as the main theorem of
[6]. If one is interested only in the obstructions to realization, one can proceed
as follows. Let Y be a potential (n− 1)st stage for A. We’d like to construct
a potential nth stage X so that Pn−1X ' Y . We may assume that Y is a
cofibrant simplicial T -algebra. By a Postnikov section argument, we see that
it is necessary and sufficient to produce a map of simplicial T -algebras over
BA

Y−→BA(ΩnA, n + 1)

which induces an isomorphism on πn+1E∗(−). Because the space BA(ΩnA, n+
1) represents André-Quillen cohomology, this is equivalent to producing a map
of simplicial E∗T -algebras over A

E∗Y−→KA(ΩnA, n + 1)

which (by calculating with the spiral exact sequence) is a weak equivalence.
Since, as a simplicial E∗T -algebra, E∗Y is a two-stage Postnikov tower, it is
determined up to weak equivalence by a morphism in s AlgE∗T over A

A ' P0E∗Y−→KA(ΩnA, n + 2).

The class of this map in

π0Ĥn+2(A, ΩnA) ∼= Dn+2
E∗T/E∗E(A, ΩnA)/ Aut(A, ΩnA)

is the obstruction. The Borel construction is necessary as we have not fixed
our various isomorphisms to A and ΩnA.

The obstructions to uniqueness can found in Equation 4.9.
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6. Computing with E∞ operads.

If Comm is the commutative monoid operad, then Theorem 2.1 supplies an
augmented simplicial operad T → Comm so that the augmented simplicial
operad E∗T → E∗Comm is an algebraic E∞ operad in a sense to be defined
shortly. Since it is the simplicial operad T and the methods of the previous
section that we will use to attempt to impose E∞ structures on spectra, we
need to be able to compute the André-Quillen cohomology functor D∗

E∗T . The
purpose of this section is to reduce that computation, at least in some cases,
to the calculation of ordinary André-Quillen homology or cohomology. The
main result is the two spectral sequences supplied by the Propositions 6.4
and 6.5 below. Note that E∗Comm is the commutative algebra operad in
E∗ modules; hence ordinary André-Quillen cohomology is cohomology over
the operad E∗Comm.

We will first say what we mean by an E∞ operad. If k is a commutative ring,
we will write Comm for the commutative monoid operad in k-modules—
rather than, for example, k[Comm].

6.1. Definition. For any commutative ring k (possibly graded) an E∞-operad
E is a simplicial operad in k-modules equipped with a weak equivalence
E → Comm and so that for each q ≥ 0, E(q) is a cofibrant (i.e., level-wise
projective) simplicial k[Σq] module.

There is a canonical such operad—namely a cofibrant model for Comm in
the category of simplicial k-operads —but we don’t need that much structure
in this discussion.

If V∗ is a cofibrant simplicial k-module, the shuffle chain equivalence of
normalized chain complexes

N(V )⊗ · · · ⊗N(V )←−−−−−n−−−−−→ → N(V ⊗ · · · ⊗ V )←−−−−n−−−−→
is Σn-equivariant; thus if C is any simplicial k-module operad, the normalized
object NC = {NC(k)}k≥0 is an operad of k-chain complexes. In particular,
if E is an E∞ operad in the sense of Definition 6.1, then NE is an E∞ operad
in the category of chain complexes over k. More is true. If V is a simplicial
k-module, and C is a simplicial operad, then there is a natural map of chain
complexes

(6.1) NC(q)⊗kΣq NV ⊗q → N(C(q)⊗kΣq V ⊗q)

and if C(q) is cofibrant as a kΣq-module and V is cofibrant as a k-module,
this is a quasi-isomorphism. In shorthand,

(6.2) NC(NV ) → NC(V )

is a quasi-isomorphism of NC algebras. Furthermore, if A is any simplicial
C-algebra, NA is an NC algebra via

NC(NA) → NC(A) → NA.



190 Moduli Spaces of Commutative Ring Spectra

From these considerations, and from [28], it immediately follows that if
k is an algebra over a field F of characteristic p > 0, and E is a simplicial
E∞ operad, then the homotopy of any simplicial E-algebra is an “unstable”
algebra over the Dyer-Lashof algebra. That is, if A ∈ s AlgE , then π∗A is a
graded commutative algebra equipped with operations

Qi : πnA → πn+iA, i ≥ 0, p = 2

or

βεQi : πnA → πn+2i(p−1)−εA i ≥ 0, ε = 0, 1, p > 2

subject to the Adem and Cartan formulas of [11], §I.1. Unstable in this
context means, at p = 2,

Qi(x) =

{
0 i < deg(x)
x2 i = deg(x)

and at p > 2

βεQi(x) =

{
0 2i− ε < deg(x)
xp 2i = deg(x) and ε = 0.

This condition arises because we are dealing with a normalized object, not
an arbitrary algebra over an E∞ operad in chain complexes.

Also if k is not the prime field Fp, these operations are not k-linear; if
φ : k → k is the Frobenius, a ∈ k and x ∈ π∗A, then

(6.3) βεQi(ax) = φ(a)βεQi(x).

There is an obvious category UR of unstable algebras over the Dyer-Lashof
algebra. The forgetful functor UR → nMk to graded k-modules has a left
adjoint SR. It follows from the quasi-isomorphisms of 6.1 and 6.2 and the
calculations of [28] that if E is an E∞ operad and V ∈ sMk, then the natural
map

(6.4) SR(π∗V ) → π∗E(V )

is an isomorphism in UR provided that π∗V is a graded projective k-module.
Note that this isomorphism does not depend on E : if V a cofibrant simplicial
k-module, π∗E(V ) is independent of the E∞ operad E and we have:

6.2. Proposition. Let f : E → E ′ be a morphism of E∞ operads over an F
algebra k, where F is a field of positive characteristic. Then the restriction of
structure functor and its left adjoint induce a Quillen equivalence

E ′ ⊗E (·) = f ∗ : s AlgE
// s AlgE ′ : f∗.oo

This result is true over any ground ring k, although in general a less compu-
tational proof is required. Furthermore, any two E∞-operads are connected
by a chain of such weak equivalences.

The algebra SR(W ) has a simple description, at least when W is a graded
projective k-module. See [11] §I.1. The operations βεQi can be assembled



Paul Goerss and Michael Hopkins 191

into an algebra R over Fp using the Adem relations (see [11], §I.2). This is
the Dyer-Lashof algebra. If W ∈ nMk is a graded k-module, let

(6.5) R(W ) = R⊗Fp W/U

where U is the sub-R-module generated by elements of the form

Qi ⊗ x, i < deg(x) (p = 2)

βεQi ⊗ x, 2i− ε < deg(x) p > 2.

Then, if W is a graded projective k-module,

(6.6) SR(W ) = S(R(W ))/I

where S is the graded symmetric algebra functor over k and I is the ideal
generated by the elements

Qi(x)− x2 deg(x) = i, p = 2

Qi(x)− xp deg(x) = 2i, p > 2

In particular SR(W ) is a free graded commutative k-algebra.
If Γ ∈ UR then Γ is, among other things, a graded commutative alge-

bra and, as such, we can form its André-Quillen homology D∗Γ as a graded
commutative algebra:

D∗Γ
def
= π∗LΓ/k

where LΓ/k is the cotangent complex as a graded commutative algebra. As
usual (cf. [29],[17]), the André-Quillen homology inherits structure from the
Dyer-Lashof operations. We next spell out exactly what this structure is.

Let U be the category of non-negatively-graded modules over the Dyer-
Lashof algebras R. These are graded k-modules and R acts with the Frobe-
nius twist as in Equation 6.3, and unstable means that

Qi(x) = 0 if i ≤ deg(x) (p = 2)
βεQi(x) = 0 if 2i− ε < deg(x) or 2i = deg(x) (p > 2)

If Γ ∈ UR then U(Γ) is the category of objects M which are at once in
U , and graded Γ-modules subject to the compatibility condition that the
multiplication map

Γ⊗k M → M

is a morphism in U .
Such structures arise naturally as follows: If M ∈ U(Γ), let DerR(Γ,M)

be the module of commutative k-algebra derivations that commute with the
elements of R. The following is proved with a minor variation of the (entirely
standard) techniques of [17] §1.

6.3. Lemma. Let Γ ∈ UR. The graded module ΩΓ/k of commutative algebra
derivations is naturally an object in U(Γ) and there is a natural isomorphism

DerR(Γ,M) ∼= HomU(Γ)(ΩΓ/k,M).
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The functor which assigns to an algebra Γ ∈ UR the module of derivations
DerR(Γ, M) has non-abelian right derived functors. Choose a cofibrant X
model for Γ ∈ UR regarded as a constant object in sUR. Then these derived
functors are a kind of André-Quillen cohomology:

(6.7) Dn
R(Γ, M) = πn DerR(X,M).

This cohomology can be dissected. We may assume Xq = SR(Vq) for some
graded, projective k-module Vq; hence, as a simplicial graded commutative
algebra, X → Γ is still a cofibrant model for Γ. Thus

(6.8) LΓ/k ' Γ⊗X ΩX/k

acquires, by Lemma 6.3, the structure of a cofibrant simplicial sU(Γ) module.
This implies that the ordinary André-Quillen homology

(6.9) D∗Γ ∼= π∗LΩΓ/k

is a graded object in U(Γ), and this structure is independent of the choice of
X.

This noted, it is not surprising that the natural isomorphism of Lemma 6.3
yields a composite functor spectral sequence:

6.4. Proposition. Let Γ ∈ UR. Then there is a spectral sequence

Extp
U(Γ)(Dq(Γ),M) ⇒ Dp+q

R (Γ,M).

This is important because of the following result. Let k be an algebra over
a field of positive characteristic, and E a simplicial E∞ operad over k. If A is a
simplicial E algebra and M is a π0A module (over the operad π0E = Comm),
then M is an object in U(π∗A).

6.5. Proposition. Let E be an E∞ operad over an F-algebra k, where F is a
field of characteristic p > 0. Let A ∈ s AlgE . Then there is a spectral sequence

Dp
R(π∗A,M)q ⇒ Dp+q

E (A,M).

Proof. Here is an outline of the proof. We may assume A is cofibrant. Let
P E
• A ∈ s(sAT ) be a simplicial resolution of A by E algebras of the form E(W )

where W is a cofibrant simplicial k-module with the property that π∗W is a
projective k-module. Here resolution means that

π∗π∗P E
• A ∼= π∗A

via the augmentation. It is possible to construct such by a Stover resolution
argument. Compare section 3. Note that this and Equation 6.4 imply that

π∗P E
• A−→π∗A

is a cofibrant model for π∗A as a simplicial object in UR.
Taking the geometric realization, which is possible because s AlgE is a sim-

plicial model category, we obtain a weak equivalence

|P E
• A| −→ A
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and hence a spectral sequence

πpDq
E(P

E
• (A),M) =⇒ Dp+q(|P E

• A|,M) ∼= Dp+q(A,M).

The last isomorphism follows because |P E
• A| is cofibrant. The claim is that

D∗
E(E(W ),M) ∼= DerR(SR(π∗W ),M).

This is easily verified, completing the proof. ¤
6.6. Remark. If k is an algebra over a field of characteristic 0 and E is an
E∞-operad for k-modules, then the weak equivalence of simplicial operads
ε : E → Comm induces a Quillen equivalence

ε∗ : s AlgE
// s AlgComm : ε∗.oo

Furthermore, André-Quillen cohomology over E reduces to André-Quillen co-
homology for commutative k-algebras.

In our applications, we will encounter simplicial algebras of the form E∗X
where X is some simplicial algebra over some simplicial operad. In this case,
the ground ring will be k = E∗ and very rarely will this be an algebra over
a field of characteristic p. Therefore, we close this section with two results
intended to reduce calculations to the case considered above.

The first is this. Suppose m ⊆ k is an ideal with the property that k/m
is an algebra over a field of chacteristic p. Then if E is an E∞ operad over
k in the sense of Definition 6.1, then k/m ⊗k E is an E∞ operad over k/m.
Furthermore, if A is a simplicial E algebra, then k/m ⊗k A is a simplicial
k/m⊗k E algebra. If M is module over

π0(k/m⊗k A) ∼= k/m⊗k π0A

then M is a module over π0A and we’d like to use these facts to compute
D∗
E(A,M). If X is a cofibrant E algebra, then X is cofibrant as simplicial k

module; hence if X → A is a weak equivalence of E algebras with X cofibrant,
then k/m⊗k X is a model for the derived tensor product k/m⊗Lk A.

6.7. Proposition. Let A be a simplicial E algebra over an E∞ operad over k
and let M be a k/m⊗k π0A module. Then there is a natural isomorphism

D∗
E(A,M) ∼= D∗

k/m⊗kE(k/m⊗Lk A,M).

If π∗A is flat over k, then

π∗(k/m⊗Lk A) ∼= k/m⊗k π∗A.

Now suppose M is simply a module over π0A and suppose that M is flat as
a k-module. Then we can filter the module M by powers of the ideal m ⊆ k
to get a spectral sequence:

6.8. Proposition. There is a spectral sequence

Ep,q
1 = Dp

k/m⊗kE(k/m⊗Lk A, mqM/mq+1M) =⇒ lim
q

Dp
E(A,M/mqM).
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If M is m-complete in the sense that M ∼= limq M/mqM and there is an r so
that for all (p, q) we have Ep,q

r = Ep,q
∞ , then

lim
q

Dp
E(A,M/mqM) ∼= Dq

E(A,M).

7. The Lubin-Tate Theories

In the section we apply the technology developed in the previous sections
to show that the techniques used by Haynes Miller and the second author (cf.
[34]) to show that the algebraic theory of deformations of height n formal
group laws actually lifts to E∞-ring spectra.

The Lubin-Tate theory [25] of deformations of finite height formal group
laws works over an arbitrary perfect field of characteristic p. However, we will
specialize to algebraic extensions of the prime field Fp to keep the language
simple.

Fix a such a field k and a formal group law Γ over k. A deformation of
Γ to a complete local ring A (with maximal ideal m) is a pair (G, i) where
G is a formal group law over A, i : k → A/m is a morphism of fields and
one requires i∗Γ = π∗G, where π : A → A/m is the quotient map. Two such
deformations (G, i) and (H, j) are ?-isomorphic if there is an isomorphism
f : G → H of formal group laws which reduces to the identity modulo m.
Write DefΓ(A) for the set of ?-isomorphism classes of deformations of Γ over
A.

A common abuse of notation is to write G for the deformation (G, i); i is
to be understood from the context.

Now suppose the height of Γ is finite. Then the theorem of Lubin and Tate
[25] says that the functor A 7→ DefΓ(A) is representable. Indeed let

(7.1) A(Γ, k) = W (k)[[u1, · · · , un−1]]

where W (k) denotes the Witt vectors on k and n is the height of Γ. This is
a complete local ring with maximal ideal m = (p, u1, · · · , un−1) and there is a
canonical isomorphism q : k ∼= A(Γ, k)/m. Then Lubin and Tate prove there
is a deformation (G, q) of Γ over A(Γ, k) so that the natural map

(7.2) Homc(A(Γ, k), A) → DefΓ(A)

sending a continuous map f : A(Γ, k) → A to (f∗G, f̄q) (where f̄ is the map
on residue fields induced by f) is an isomorphism. Continuous maps here are
very simple: they are the local maps; that is, we need only require that f(m)
be contained in the maximal ideal of A. Furthermore, if two deformations
are ?-isomorphic, then the ?-isomorphism between them is unique.

We’d like to now turn the assignment (Γ, k) 7→ A(Γ, k) into a functor. For
this we introduce the category FGLn of height n formal group laws over fields
which are algebraic extensions of Fp. The objects are pairs (Γ, k) where Γ is
of height n. A morphism

(f, j) : (Γ1, k1) → (Γ2, k2)
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is a homomorphism of fields j : k1 → k2 and an isomorphism of formal group
laws f : j∗Γ1 → Γ2. This is the opposite of the category considered by Rezk
in [34]. We make this choice so we get a covariant functor. As a result, some
of our results below also have an opposite flavor – nonetheless, these are the
same results.

Let (f, j) be such a morphism and let G1 and G2 be the fixed universal
deformations over A(Γ1, k) and A(Γ2, k) respectively. If f̄ ∈ A(Γ2, k2)[[x]]
is any lift of f ∈ k2[[x]], then we can define a formal group law H over
A(Γ2, k2) by requiring that f̄ : H → G2 is an isomorphism. Then the pair
(H, j) is a deformation of Γ1, hence we get a homomorphism A(Γ1, k1) →
A(Γ2, k2) classifying the ?-isomorphism class of H – which, one easily checks,
is independent of the lift f̄ . Thus if Ringsc is the category of complete local
rings and local homomorphims, we get a functor

A(·, ·) : FGLn −→ Ringsc.

In particular, note that any morphism in FGLn from a pair (Γ, k) to itself is an
isomorphism. Thus, these endomorphisms form the “big” Morava stabilizer
group of the formal group law. It contains the usual Morava stabilizer group
as the subgroup of elements of the form (f, idk). The formal group law and
hence also its automorphism group is determined up to isomorphism by the
height of Γ if k is separably closed.

Next we put in the gradings. This requires a paragraph of introduction.
For any commutative ring R, the morphism R[[x]] → R of rings sending x to
0 makes R into a R[[x]]-module. Let DerR(R[[x]], R) denote the R-module of
continuous R-derivations; that is, continuous R-module homomorphisms

∂ : R[[x]] −→ R

so that
∂(f(x)g(x)) = ∂(f(x))g(0) + f(0)∂(g(x)).

If ∂ is any derivation, write ∂(x) = u; then, if f(x) =
∑

aix
i,

∂(f(x)) = a1∂(x) = a1u.

Thus ∂ is determined by u, and we write ∂ = ∂u. We then have that the
module DerR(R[[x]], R) is a free R-module of rank one, generated by any
derivation ∂u so that u is a unit in R. In the language of schemes, ∂u is a
generator for the tangent space at 0 of the formal scheme A1

R over Spec(R).
Now consider pairs (F, u) where F is a formal group law over R and u is

a unit in R. Thus F defines a smooth one dimensional commutative formal
group scheme over Spec(R) and ∂u is a chosen generator for the tangent space
at 0. A morphism of pairs

f : (F, u) −→ (G, v)

is an isomorphism of formal group laws f : F → G so that

u = f ′(0)v.
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Note that if f(x) ∈ R[[x]] is a homomorphism of formal group laws from F
to G, and ∂ is a derivation at 0, then (f ∗∂)(x) = f ′(0)∂(x). In the context
of deformations, we may require that f be a ?-isomorphism.

This suggests the following definition: let Γ be a formal group law of height
n over a field k which is an algebraic extension of Fp and let A be a complete
local ring. Define DefΓ(A)∗ to be equivalence classes of pairs ((G, i), u) where
(G, i) is a deformation of Γ to A and u is a unit in A. The equivalence relation
is given by ?-isomorphisms transforming the unit as in the last paragraph.
We now have that there is a natural isomorphism

Homc(A(Γ, k)[u±1], A) ∼= DefΓ(A)∗.

We impose a grading by giving an action of the multiplicative group scheme
Gm on the scheme DefΓ(·)∗ (on the right) and thus on A(Γ, k)[u±1] (on
the left): if v ∈ A× is a unit and (G, u) represents an equivalence class in
DefΓ(A)∗ define an new element in DefΓ(A)∗ by (G, v−1u). In the induced
grading on A(Γ, k)[u±1], one has A(Γ, k) in degree 0 and u in degree −2.

This grading is essentially forced by topological considerations. See the
remarks before Theorem 20 of [39] for an explanation.

We now collect a sequence of results, mostly from Rezk’s paper [34], to
develop the input to our machine.

7.1. Proposition. For all pairs (Γ, k) ∈ FGLn, the universal deformation
over A(Γ, k)[u±1] is a Landweber exact formal group law. Furthermore, the
resulting homology theory E(Γ, k)∗ is of Adams-type.

Proof. See Propositions 6.5 and 15.3 of [34]. ¤

We will write E(Γ, k) for the representing spectrum of this homology theory.

7.2. Remark. The importance of these homology theories – and of the whole
moduli problem we are discussing here – was first recognized by Morava.
Hence we might call these homology theories Morava E-theories. If we choose
k = Fpn and Γ to be the Honda formal group law of height n, the E(Γ, k)∗
is what is commonly written (En)∗. A mild variant of the resulting spectrum
was shown to be an A∞-ring spectrum by Baker [3]; his methods apply equally
to all of the spectra E(k, Γ).

Note that the ring E(Γ, k)0
∼= A(Γ, k) and, hence, it is a complete local

ring. Fix two objects (Γ1, k1) and (Γ2, k2) is FGLn and let F = E(Γ1, k1),
E = E(Γ2, k2).

7.3. Proposition. Let A∗ be a graded commutative ring so that A0 is a com-
plete local ring with maximal ideal m. Suppose i : E∗ → A∗ is a morphism of
graded commutative rings which is continuous in degree 0. Then the set

Hom
E∗−alg(E∗F,A∗)
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is isomorphic to the set of morphisms in FGLn

(Γ1, k1) → (i∗Γ2, A0/m).

Proof. This is a consequence of Landweber exactness and the groupoid point
of view to deformations. See section §17 of [34]. ¤

For example, if we set A∗ = E∗, the get that

(7.3) Hom
E∗−alg(E∗F, E∗) = HomFGLn

((Γ1, k1), (Γ2, k2)).

If k is field of characteristic p and A a k-algebra, let σ : A → A denote
the Frobenius. This is not a k-algebra homomorphism, but the commutative
diagram

k

σ

²²

// A

σ

²²
k // A

yields a k-algebra homomorphism

σ : k ⊗σ A → A

called the relative Frobenius. Now let mE ⊆ E0F be extension of the maximal
ideal m ⊆ A(Γ1, k1) = E0; that is mE = mE0F and

E0F/mE = k1 ⊗E0 E0F.

7.4. Proposition. The relative Frobenius

σ : k1 ⊗σ E0F/mE → E0F/mE

is an isomorphism. As a consequence

Lk1⊗E0
E0F/k1 ' 0.

Proof. The first statement follows easily from Proposition 7.3 and facts about
powers series. See [34], Proposition 21.5. The second statement follows from
the fact that

σ∗ : L(k1⊗RE0F )/k1 → LE0F/k1

is both an isomorphism and the zero map. See Proposition 21.2 of [34]. ¤
7.5. Corollary. The graded cotangent complex is contractible:

L(k1⊗E0
E∗F )/(k1[u±1)] ' 0.

Proof. This is a consequence of the previous result and flat base-change (see
[30]) for the square

k1
//

²²

k1[u
±1]

²²
k1 ⊗E0 E0F // k1 ⊗E0 E∗F

¤



198 Moduli Spaces of Commutative Ring Spectra

7.6. Corollary. The moduli space of a realizations of E(Γ, k)∗E(Γ, k) as a
commutative E(Γ, k)∗ algebra in E(Γ, k)∗E(Γ, k)-comodules has the homotopy
type of

B Aut(Γ, k)

where the automorphism group is computed in FGLn. In particular, E(Γ, k)
has a unigue E∞-structure realizing E(Γ, k)∗E(Γ, k) as a commutative
E(Γ, k)∗-algebra.

Proof. Let’s write E∗ and E∗E for E(Γ, k)∗, etc. We first show TM(E∗E) '
B Aut(E∗E). Putting together the decomposition of the moduli space given
Proposition 5.2, Proposition 5.5, and Theorem 5.8, we see that it is sufficient
to calculate that

D∗
E∗T/E∗E(E∗E, ΩtE∗E) = 0

for all t. By Proposition 4.2, these groups are isomorphic to

D∗
E∗T (E∗E, ΩtE∗).

Now Proposition 6.8, and the spectral sequences of Propositions 6.4 and 6.5,
and the previous result imply that this latter cohomology group is zero.

To finish the result we see that Proposition 7.3 – or more exactly its con-
sequence Equation 7.3 – implies that

Aut(E∗E) ∼= Aut(Γ, k).

¤
7.7. Corollary. Let E(Γi, ki) be two of the Lubin-Tate E∞ ring spectra. Then
the space of E∞-maps between these spectra has contractible components; fur-
themore the set of path components is isomorpic to the set of morphisms

(Γ1, k1) → (Γ2, k2)

is FGLn.

Proof. This is the same line of argument, where the mapping space is decom-
posed via the spectral sequence of Theorem 4.3 or 4.5. ¤
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COHOMOLOGY THEORIES FOR HIGHLY STRUCTURED
RING SPECTRA

A. LAZAREV

Abstract. This is a survey paper on cohomology theories for A∞ and
E∞ ring spectra. Different constructions and main properties of topologi-
cal André-Quillen cohomology and of topological derivations are described.
We give sample calculations of these cohomology theories and outline ap-
plications to the existence of A∞ and E∞ structures on various spectra.
We also explain the relationship between topological derivations, spaces
of multiplicative maps and moduli spaces of multiplicative structures.

1. Introduction

In recent years algebraic topology witnessed renewed interest to highly
structured ring spectra first introduced in [23]. To a large extent it was caused
by the discovery of a strictly associative and symmetric smash product in the
category of spectra in [8], [15]. This allowed one to replace the former highly
technical notions of A∞ and E∞ ring spectra by equivalent but conceptually
much simpler notions of S-algebras and commutative S-algebras respectively.

An S-algebra is just a monoid in the category of spectra with strictly sym-
metric and associative smash product (hereafter referred to as the category
of S-modules). Likewise, a commutative S-algebra is a commutative monoid
in the category of S-modules.

The most important formal property of categories of S-algebras and com-
mutative S-algebras is that both are topological model categories in the sense
of Quillen, [27] as elaborated in [8]. That means that together with the
usual structure of the closed model category (fibrations, cofibrations and weak
equivalences subject to a set of axioms) these categories are topologically en-
riched, that is their Hom sets are topological spaces and the composition of
morphisms is continuous. Moreover, there exist tensors and cotensors of ob-
jects with topological spaces that satisfy the usual adjunction isomorphisms
which hold for cartesian products and mapping spaces in the category of
topological spaces. In addition, this enrichment is supposed to be compatible
with the closed model structure in the sense that an appropriate analogue of
Quillen’s corner axiom SM7 is satisfied.

This rich structure allows one to translate a lot of the notions of con-
ventional homotopy theory (homotopy relation, cellular approximation, the

The author was partially supported by the EPSRC grant No. GR/R84276/01 .
201
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formation of homotopy limits and colimits) in the abstract setting. The lan-
guage of closed model categories will be freely used here and we refer the
reader to the monograph [14] where the necessary details may be found.

The categories of S-algebras and commutative S-algebras are in some sense
analogous to the unstable category of topological spaces. In these categories
there are certain natural homotopy invariant theories which play the role of
singular cohomology for topological spaces. In particular they are natural
homes for various obstruction groups. The corresponding theory is called
topological André-Quillen cohomology in the commutative case and topological
derivations in the associative case. As the name suggests topological André-
Quillen cohomology is an extension of the cohomology theory for commutative
algebras introduced by Quillen and André in [28, 1]. As far as we know the
analogue of André-Quillen cohomology for associative algebras has not been
considered in the literature. The reason for this is perhaps that the resulting
theory coincides with the Hochschild theory up to a shift. However in the
topological context topological derivations cannot be reduced completely to
topological Hochschild cohomology; rather they are related to it by a certain
fibre sequence.

We will use the abbreviation TAQ for the topological André-Quillen co-
homology and Der for topological derivations. The purpose of the present
paper is to give an overview of recent results on these cohomology theories.
The technical level will be kept to a minimum, however we will try to outline
proofs of the results we formulate, especially when these proofs are easy and
conceptual. Occasionally the theorems we obtain are ‘new’, that is, have not
appeared in print before; but in each case they are either direct extensions of
the known results or could be obtained following similar patterns. Still, we
tried to put these results in different perspectives from those in the published
sources; in particular the associative and commutative cases are treated as
uniformly as possible.

The paper does not pretend to be comprehensive by any means. One
notable omission is the work of Robinson and Whitehouse on Γ-homology
of commutative rings [32] and the subsequent work of Robinson [34] where
Γ-homology was used to show the existence of a commutative S-algebra struc-
ture on En, the Morava E-theory spectrum, also called the Lubin-Tate spec-
trum. One should also mention the important papers [30] and [26] containing
further results on Γ-homology. Our limited expertise as well as the lack of
space prevented us from including these results in the survey. Another theme
only briefly mentioned here is the existence of the action of the Morava sta-
bilizer group on the spectrum En (the Hopkins-Miller theorem). For this and
related topics we refer the reader to [29], [18] and [11].

The paper is organized as follows. In sections 2 and 3 we outline the
construction and basic properties of TAQ and Der. In section 4 we investigate
the problem of lifting a map of S-algebras or commutative S-algebras and
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introduce the notion of a topological singular extension. In section 5 we discuss
an alternative construction of TAQ and Der as stabilizations of appropriate
forgetful functors. Section 6 presents calculations of TAQ and Der of the
Eilenberg-MacLane spectrum HFp. In section 7 we show how the developed
technology could be used to produce MU -algebra structures on many complex
oriented spectra. Here MU is the spectrum of complex cobordisms. In section
8 we discuss the relationship between spaces of algebra maps and Der. In
section 9 we make a link between Der and spaces of multiplicative structures
on a given spectrum.

Notation and conventions. The paper is written in the language of S-
modules of [8] and we adopt the terminology of the cited reference. There is
one exception: we use the terms ‘cofibrant’ and ‘cofibration’ for what [8] calls
‘q-cofibrant’ and ‘q-cofibration’. This is because we never have the chance
to use cofibrations in the classical sense (maps that satisfy the homotopy
extension property). Except for Section 6 we work over an arbitrary (but
fixed) cofibrant commutative S-algebra R, smash products ∧ and function
objects F (−,−) mean ∧R and FR(−,−); when we use a different ‘ground’
S-algebra A this is indicated by a subscript such as ∧A and FA(−,−). The
topological space of maps in a topological category C is denoted by MapC.
The category of unbased topological spaces is denoted by T op and that of
based spaces - by T op∗. For an S-algebra A the category of (left) A-modules
is denoted by MA. The category of A-bimodules (which is the same as the
category of A ∧ Aop-modules where Aop is the R-algebra A with opposite
multiplication) will be denoted by MA−A. The category of R-algebras is
denoted by CR and that of commutative R-algebras - by Ccomm

R The homotopy
category of a closed model category C is denoted by hC so, for example hCcomm

R

is the homotopy category of commutative R-algebras. For an R-algebra A we
will denote by [−,−]A−mod and [−,−]A−bimod the sets of homotopy classes of
A-module or A-bimodule maps respectively. The field consisting of p elements
is denoted by Fp.

Acknowledgement. I would like to express my sincere gratitude to Andy
Baker and Birgit Richter for doing such a wonderful job of organizing the
Workshop on Structured Ring Spectra in Glasgow in January 2002. I am
also thankful to Maria Basterra for explaining to me her joint work with
Mike Mandell on TAQ and to Stefan Schwede for pointing out that Theorem
9.2 is a direct consequence of Theorem 8.1. Thanks are also due to Mike
Mandell, Paul Goerss, Nick Kuhn and Bill Dwyer for useful discussions and
comments made at various times.
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2. Topological André-Quillen cohomology for commutative
S-algebras

The exposition in this section is based on Basterra’s paper [2]. Let A be a
commutative R-algebra which without loss of generality will assumed to be
cofibrant. Denote by Ccomm

R/A the category of commutative R-algebras over A.
An object of Ccomm

R/A is a commutative R-algebra B supplied with an R-algebra

map B −→ A (an augmentation). A morphism between two such objects B
and C is the following commutative diagram in Ccomm

R .

B //

ÂÂ@
@@

@@
@@

C

ÄÄ~~
~~

~~
~

A

Then Ccomm
R/A inherits a topological model category structure from Ccomm

R so
that a map in Ccomm

R/A is a cofibration if it is so considered as a map in Ccomm
R .

Note that in the case R = A the category Ccomm
A/A is pointed and therefore is

enriched over the category of pointed topological spaces.
Let us denote by NA the category of nonunital commutative A-algebras.

An object in this category is an A-module M together with a strictly associa-
tive multiplication map M ∧A M −→ M . The morphisms in NA are defined
in the obvious fashion. Following [2] we will refer to an object of NA as an
A-NUCA. It is not hard to prove that NA has a topological model structure
where weak equivalences are those maps which are weak equivalences on un-
derlying A-modules. The fibrations then are the maps that are fibrations of
underlying A-modules and the cofibrations are the maps which have the left
lifting property, LLP, with respect to the acyclic fibrations. Then we could
form the homotopy category hNA of NA.

We want to show that the categories hCcomm
A/A and hNA are equivalent. In

fact, more is true, see Proposition 2.1.
Let K : NA −→ Ccomm

A denote the functor which assigns to an A-NUCA M
the commutative A-algebra A ∨M with multiplication

(A ∨M) ∧A (A ∨M) ∼= A ∨M ∨M ∨M ∧A M −→ A ∨M

given by the obvious maps on the first three wedge summands and by the
multiplication of M on the last one.

Clearly the A-algebra A ∨M can be considered as an object in Ccomm
A/A via

the canonical projection map A ∨M −→ A. In other words the functor K
lands in fact in the category Ccomm

A/A .
Now let B be an A-algebra over A and denote by I its ‘augmentation ideal’,

i.e. the fibre of the augmentation map B −→ A. Then I(B) is naturally an
A-NUCA and we can consider I as a functor from Ccomm

A/A to NA.
Then we have the following
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Proposition 2.1. The functor K is left adjoint to I. Moreover the functors
K and I establish a Quillen equivalence between the categories NA and Ccomm

A/A .

To see that the functors K and I are adjoint notice that the category NA

is in fact a category of algebras over a certain monad A in A-modules. This
monad is specified by AM :=

∨
i>0 M∧Ai/Σi where Σi is the symmetric group

on i symbols. Further note that K(AM) is a free commutative A-algebra on
M . Therefore for an A-module M we have

Ccomm
A/A (K(AM), B) ∼= MA(M, I(B)) ∼= NA(AM, I(B)).

To get the adjointness isomorphism for a general A-NUCA X it suffices to
notice that there is a canonical split coequalizer (the beginning of the monadic
bar-construction for X):

AAX //// AX // X .

Explicitly, if g : X −→ I(B) is a morphism in NA then its adjoint g̃ :
A ∨X −→ B is the composite

g̃ : A ∨X
id∨g // A ∨ I(B)

1∨i // B ,

where i is the canonical map I(B) −→ B.
Further straightforward arguments show that the functor K preserves cofi-

brations and acyclic cofibrations and that the adjunction described above
determines an equivalence on the level of homotopy categories.

We will denote the homotopy invariant extension (also called a total derived
functor) of the functor I by RI. For an object B in Ccomm

A/A denote by B̃ its

fibrant replacement. Then RI(B) = I(B̃). Next we define the functor of
‘taking the indecomposables’ that assigns to an A-NUCA N the A-module
Q(N) given by the cofibre sequence

N ∧A N
m // N // Q(N) .

Here m stands for the multiplication map. The functor Q has a right adjoint
functor Z : MA −→ NA which is given by considering A-modules as objects
in NA with zero multiplication. It is easy to see that this adjunction passes
to the homotopy categories. Let LQ denote the total derived functor of Q.
Explicitly, LQ(N) = Q(Ñ) where Ñ is a cofibrant replacement of the A-
NUCA N .

It is clear that Q(AN) ∼= N . However for a general cofibrant A-NUCA
the functor Q(N) is very hard to compute. One can approach its com-
putation as follows. The functor A : MA −→ NA from A-modules to A-
NUCA’s (equivalently, to A-algebras) is left adjoint to the forgetful functor
U : NA −→ MA. There results a monad in MA. Given an A-NUCA N
denote by B∗(N) = B∗(A, UA, UN) its monadic bar-construction. Explicitly
B∗N is the cosimplicial A-NUCA with Bn(N) = An+1N and the faces and
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codegeneracies are the standard ones, cf. [24]. The geometric realization
|B∗(N)| of B∗(N) is weakly equivalent to N . Then one has the following

Proposition 2.2. For a cofibrant A-NUCA N one has the following weak
equivalence of A-modules: Q(|B∗(N)|) ' Q(N).

Despite the innocent appearance of this proposition it is not at all obvious.
The problem is that the functor Q only preserves weak equivalences between
cofibrant objects and |B∗(N)| is not a cofibrant A-NUCA. However in the
end it turns out that it is close enough to being cofibrant to give the result;
much of the work [2] is devoted to overcoming this point.

Further associated to the simplicial A-NUCA B∗(N) is the spectral se-
quence which computes π∗|B∗(N)| = π∗N :

(2.1) E1
i,j = πiQ(Aj+1N) = πiAjN =⇒ πi−jQ(N).

We now have all the ingredients to define the abelianization functor:

Ωcomm
A : hCcomm

R/A −→ hMA.

Definition 2.3. Let C be a commutative R-algebra over A and M be a
A-module. Then Ωcomm

A (C) := LQ ◦RI(C ∧L
R A).

Note that C∧L
RA is an object of Ccomm

A/A in an obvious way. Of course we only
defined the abelianization functor on objects, but its extension to morphisms
is immediate. The main property of the abelianization functor is that it is left
adjoint to the ‘square-zero’ extension functor: if M is a A-module then the
square zero extension of A by M is the A-algebra over A whose underlying
R-module is A ∨M with the obvious multiplication. More precisely we have
the following

Theorem 2.4. There is the following natural isomorphism:

hCcomm
R/A (C, A ∨M) ∼= hMA(Ωcomm

A (C),M)

where C is a commutative R-algebra over A and M is a A-module.

The proof of the theorem is rather formal and relies on the already estab-
lished properties of the functors I,K, Z and Q.

Remark 2.5. We would like to emphasize here that the isomorphism of The-
orem 2.4 holds on the level of homotopy categories and is not a reflection of an
adjunction between strict categories. Indeed, even though the abelianization
functor could be considered as a point-set level functor its definition involves
composition of right adjoint and left adjoint functors. Therefore one cannot
expect any good formal properties of Ωcomm

A on the point-set level. The sit-
uation improves upon passing to homotopy categories because one of these
functors, namely RI, becomes an equivalence.

We will sometimes need the enriched version of Theorem 2.4. The category
Ccomm

R/A is enriched over unbased topological spaces. For two objects B,A of a
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topological category C the space of maps MapC/A(B, C) from B to C over A
is defined from the pullback diagram

MapC/A(B,C) //

²²

pt

²²
MapC(B,C) // MapC(B,A)

where the right downward arrow is just picking the structure map B −→ A
in MapC(B, A). It is easy to see that the cotensor (A∨M)X of X and A∨M
in Ccomm

R/A is weakly equivalent to A ∨MX . Then for any CW -complex X we
have the following isomorphisms:

hT op(X, MapMA
(Ωcomm

A (C),M)) ∼= hMA(Ωcomm
A (C),MX)

∼= hCcomm
R/A (C, A ∨MX)

∼= hT op(X, MapCR/A
(C, A ∨M)).

Therefore the topological spaces MapCR/A
(C, A∨M) and MapMA

(Ωcomm
A (C),

M) are weakly equivalent.
We will denote the A-module Ωcomm

A (A) = LQ ◦ RI(A ∧L
R A) simply by

Ωcomm
A so that

hCcomm
R/A (A,A ∨M) ∼= hMA(Ωcomm

A ,M).

The set hCcomm
R/A (A,A ∨ M) could be interpreted as derivations of the com-

mutative S-algebra A with coefficients in the A-module M . In particular we
see, that the set of such derivations is an abelian group (note that a priori
the set of homotopy classes of (commutative) S-algebra maps does not carry
a structure of a group, let alone an abelian group).

We can now define the topological André-Quillen cohomology spectrum of
A relative to R with coefficients in M by

TAQR(A,M) := FA(Ωcomm
A , M)

and similarly the topological André-Quillen homology spectrum of A relative
to R with coefficients in M :

TAQR(A,M) := Ωcomm
A ∧A M.

We will refer to the homotopy groups of these spectra as topological André-
Quillen (co)homology of A relative to R:

TAQ∗
R(A,M) := π−∗FA(Ωcomm

A , M);

TAQR
∗ (A,M) := π∗Ωcomm

A ∧A M.

Remark 2.6. The enriched version of Theorem 2.4 gives us the weak equiv-
alence of spaces MapCcomm

R/A
(A, A∨M) ' MapMA

(Ωcomm
A ,M). The latter map-

ping space is in turn weakly equivalent to the zeroth space of the spectrum
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FA(Ωcomm
A ,M) = TAQR(A,M). We obtain the weak equivalence

MapCcomm
R/A

(A,A ∨M) ' Ω∞TAQR(A,M).

We are most interested in topological André-Quillen cohomology groups
since they are related to the obstruction theory. Repeat, that for a com-
mutative R-algebra A and an A-module M the abelian group TAQ0

R(A,M)
is identified with the set of commutative derivations of A with values in M
that is the homotopy classes of maps in Ccomm

R/A from A into A ∨ M . We
say ‘commutative derivations’ to distinguish them from just ‘derivations’ or
‘topological derivations’ which will be considered in the next section and refer
to the bimodule derivations in the context of associative R-algebras.

Let us now discuss the functoriality of TAQ. Since by definition TAQR(A,
M) = FA(Ωcomm

A ,M) we see that it is covariant with respect to the variable
M . On the level of commutative derivations it can be seen as follows. A map
of A-modules f : M −→ N determines a map in Ccomm

R/A : A ∨M −→ A ∨N .
Then a topological derivation d : A −→ A ∨ M determines a topological
derivation f∗d : A −→ A ∨M −→ A ∨N .

On the other hand, TAQ is contravariant in the algebra argument. If
g : X −→ A is a map of R-algebras then the composite map

X
g // A

d // A ∨M

is a map in Ccomm
R/A . Therefore by Theorem 2.4 it corresponds to a map of in

hMA : Ωcomm
A (X) −→ M which is the same as a map in hMX : Ωcomm

X −→ M .
The latter corresponds, again by Theorem 2.4 to a commutative derivation
of X with values in the X-module M . We will denote this derivation by
g∗d : X −→ X ∨M .

We can relate the topological André-Quillen cohomology to ordinary R-
module cohomology as follows. For a cofibrant R-algebra A consider the
composite map of R-modules

lR : A −→ A ∨ Ωcomm
A −→ Ωcomm

A .

Here the first map is the R-algebra map adjoint to the identity on Ωcomm
A

and the second map is the projection onto the wedge summand. The map lR
induces a forgetful map from TAQ to R-module cohomology:

l∗R : TAQ∗
R(A,M) = [Ωcomm

A ,M ]∗A−mod −→ [Ωcomm
A ,M ]∗R−mod −→ [A,M ]∗R−mod.

To describe the image of l∗R let us introduce the notion of a primitive operation
E −→ M for a R-ring spectrum E and an E-bimodule spectrum M . Namely,
the map p ∈ [E, M ]∗R−mod is primitive if the following diagram is commutative
in hMR.

E ∧ E
m //

1∧p∨p∧1

²²

E

p

²²
E ∧M ∨M ∧ E

ml∨mr// M
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where ml and mr denote the left and right actions of E on M . (In other
words, p is a derivation up to homotopy but we refrain from using this term
to avoid confusion.) Then it is easy to see that the image of l∗R is contained in
the subspace of primitive operations in [A,M ]∗R−mod. Of course the left and
right A-module spectrum structures on M coincide in the commutative case.

3. Topological derivations

In this section we construct the analogue of TAQ for not necessarily com-
mutative S-algebras following [17]. Traditionally the André-Quillen cohomol-
ogy was considered for commutative algebras only. Therefore we will reserve
this term for the commutative case and call its analogue for associative S-
algebras topological derivations. The main result we are going to describe here
is the analogue of Theorem 2.4 in the context of noncommutative S-algebras.
Note, however, that the construction and the proof differ considerably from
the commutative case.

Let A be a cofibrant R-algebra. We define the module of differentials ΩA

from the following homotopy fibre sequence

(3.1) ΩA
// A ∧ A // A .

Here the second arrow is the multiplication map. Clearly ΩA is an A-bimodule.
Note that the sequence (3.1) splits in the homotopy category of left A-modules
by the map

A
∼= // A ∧R

id∧1 // A ∧ A

and therefore the A-bimodule ΩA is equivalent as a left A-module to A∧A/R.
Similarly ΩA is equivalent as a right A-module to A/R ∧ A.

Denote the category of objects over A inside CR by CR/A. The category
CR/A has a topological model category structure inherited from CR.

Let M be an A-bimodule. Then we could form the R-algebra with the
underlying R-module A ∨M , the ‘square-zero extension’ of A by M . There
are obvious product and augmentation maps making A∨M into an R-algebra
over A.

We now introduce the analogue of the abelianization functor in the non-
commutative context. Let B be a cofibrant R-algebra over A and denote by
ΩA(B) the A-bimodule

A ∧B ΩB ∧B A ∼= A ∧ Aop ∧B∧Bop ΩB.

Theorem 3.1. There is a natural equivalence

hCR/A(B, A ∨M) ∼= hMA−A(ΩA(B),M).

Let us show how to associate to any map B −→ A∨M in hCR/A a map of
A-bimodules ΩA(B) −→ M .
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Denote by A ∨M the fibrant cofibrant approximation of A ∨ M in the
category of R-algebras over A. It suffices to construct a ‘universal’ map of
A-bimodules

(3.2) ΩA(A ∨M) −→ M.

Indeed for a map B −→ A ∨M in CR/A we have a composite map

ΩA(B) −→ ΩA(A ∨M) −→ M

and therefore a correspondence

(3.3) hCR/A(B, A ∨M) = hCR/A(B, A ∨M) −→ hMA−A(ΩA(B),M)

as desired.
Further, since

ΩA(A ∨M) = A ∧A∨M ΩA∨M ∧A∨M A,

the map of (3.2) is the same as a map of A ∨M -bimodules ΩA∨M −→ M .
Instead of the latter map we construct a map ΩA∨M −→ M . This would be
good enough since even A ∨M is not a cofibrant object in CR/A the smash
product (A ∨ M) ∧ (A ∨ M) clearly represents the derived smash product
and therefore ΩA∨M is weakly equivalent to ΩA∨M . Consider the following
diagram in the homotopy category of A ∨M -bimodules.

A ∧ A ∨ A ∧M ∨M ∧ A ∨M ∧M //

²²

A ∨M

A ∨M ∨M // A ∨M

Here the left vertical arrow is determined by the R-algebra structure on A,
an A-bimodule structure on M and is zero on the last summand. The lower
horizontal arrow is zero on A, identity on the first M -summand and minus
identity on the last M -summand. Then the homotopy fibre of the upper row
is equivalent to ΩA∨M by definition and the homotopy fibre of the lower row
is equivalent to M . There results a map of A ∨M -bimodules ΩA∨M −→ M
as desired.

The proof of the theorem is then completed by showing that the above
correspondence (3.3) is in fact an equivalence if B is equal to the free algebra

B = TV = R ∨ V ∨ V ∧2 ∨ . . .

where V is a cofibrant R-module over A and then resolving a general B by a
monadic bar-construction. Note that the homotopy fibre of the multiplication
map TV ∧ TV −→ TV is equivalent to the TV -bimodule TV ∧ V ∧ TV and
therefore

ΩTV ' TV ∧ V ∧ TV.

We have the ‘universal derivation’ map A −→ A ∨ ΩA which is adjoint to
the identity map ΩA(A) = ΩA −→ ΩA. Recall that as an R-module (even as
a left A-module) ΩA is weakly equivalent to A∧A/R. Taking the composition
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of the universal derivation with the canonical projection A ∨ ΩA −→ ΩA we
get a map φ : A −→ ΩA ' A ∧ A/R. Then as a map of R-modules φ is
homotopic to the map

A ∼= R ∧ A
1∧d // A ∧ A/R ,

where d is is defined as the second arrow in the homotopy cofibre sequence

R
1 // A

d // A/R.

This could be seen by first taking A to be the free algebra TV and then
resolving a general R-algebra A by a simplicial construction consisting of free
R-algebras.

Let us denote by Der0
R(A,M) the set of homotopy classes of maps A −→

A ∨ M in hCA/R. We will call elements of Der0
R(A, M) topological deriva-

tions of A with values in the A-bimodule M . Then Theorem 3.1 shows that
Der0

R(A,M) is in fact an abelian group. Moreover, Der0
R(A,M) is the zeroth

homotopy group of the function spectrum FA∧Aop(ΩA, M). We will call it
the spectrum of topological derivations of A with values in M and denote it
by DerR(A,M). The homotopy groups of DerR(A,M) will be denoted by
Deri

R(A,M), so Deri
R(A,M) = π−iFA∧Aop(ΩA, M).

Remark 3.2. Arguing in the same way as for commutative derivations we
see that there is a weak equivalence of topological spaces

MapCR/A
(A,A ∨M) ' Ω∞DerR(A,M).

In particular the space MapCR/A
(A,A ∨M) is an infinite loop space.

Let Ã be a cofibrant replacement of A as an A-bimodule. Replacing A with
Ã in the homotopy fibre sequence (3.1) and applying the functor FA∧Aop(?,M)
to it we obtain the homotopy fibre sequence:

FA∧Aop(Ã,M) −→ M −→ DerR(A,M).

The function spectrum FA∧Aop(Ã,M) is called topological Hochschild cohomol-
ogy spectrum of A with values in M and has a special notation THHR(A,M).
So we obtain the following homotopy fibre sequence relating topological Hoch-
schild cohomology and topological derivations:

(3.4) THHR(A,M) −→ M −→ DerR(A,M).

This fibre sequence to a large extent reduces the calculation of Der∗R(A,M)
to that of topological Hochschild cohomology groups

THH∗
R(A,M) := π−∗THHR(A,M).

The latter groups are relatively computable due to the hypercohomology spec-
tral sequence of [8]:

Ext∗∗(A∧Aop)∗(A∗,M∗) =⇒ THH∗
R(A,M).
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Similarly to the commutative case there is a forgetful map

l∗R : Der∗R(A,M) // [A, M ]∗R−mod

whose image is contained in the subspace of primitive operations in
[A,M ]∗R−mod.

Remark 3.3. There is also the notion of topological Hochschild homology
spectrum

THHR(A,M) := Ã ∧A∧Aop M.

Topological Hochschild homology plays an important role in computations of
algebraic K-theory of rings, cf. [21]. If the R-algebra A is commutative then
both THHR and THHR are R-modules and there is a duality between them
in hMA:

THHR(A,M) ' FA(THHR(A,M), A).

Remark 3.4. Just as topological André-Quillen cohomology the spectrum
DerR(A, M) is covariant with respect to M and contravariant with respect
to A. The arguments are precisely the same as in the commutative context
except that we refer to Theorem 3.1 instead of Theorem 2.4 and A-modules
are replaced with A-bimodules. For a map of A-bimodules f : M −→ N and
a topological derivation d : A −→ A ∨ M we have a topological derivation
f∗d of A with values in N . For a map of R-algebras g : X −→ A we obtain a
topological derivation g∗d of X with values in M .

Sometimes in the noncommutative context it is useful to consider the so-
called relative topological derivations which we will now define. Let R′ be
a not necessarily commutative R-algebra. Denote by Cass

R′ the category of
R-algebras A supplied with a fixed R-algebra map R′ −→ A, not necessarily
central. In other words Cass

R′ is the undercategory of R′ in CR. The objects
of Cass

R′ will be called R′-algebras by a slight abuse of language. Let m :
A∧A −→ A be the multiplication map. Note that there exists a unique map
m′ : A ∧R′ A −→ A such that the diagram

A ∧ A
m //

%%LLLLLLLLLL A

A ∧R′ A

m′
;;vvvvvvvvv

is commutative.
Now suppose without loss of generality that the R-algebra R′ is cofibrant

and that the structure map R′ −→ A is a cofibration of R-algebras. We define
the R′-relative module of differentials Ωass

A|R′ from the following homotopy fibre
sequence:

Ωass
A|R′ // A ∧R′ A

m′
// A .
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Let Cass
R′/A denote the category whose objects are R′-algebras B supplied with

an R′-algebra map B −→ A. Note that if M is an A-bimodule then A∨M is
an object of Cass

R′/A. This gives a functor MA−A −→ Cass
R′/A. It turns out that

on the level of homotopy categories this functor admits a left adjoint

B 7−→ Ωass
R′|A(B) := A ∧B Ωass

R′|B ∧B A.

More precisely there is a natural equivalence

hCass
R′/A(B, A ∨M) ∼= hMA−A(Ωass

A|R′(B),M).

The proof is similar to the one in the absolute case. One makes use of the
‘free’ R′-algebra functor TR′ given for an R′-bimodule V as

TR′V = R′ ∨ V ∨ (V ∧R′ V ) ∨ . . .

instead of the usual free R-algebra on an R-module V .
The homotopy classes of maps in hCass

R′/A(A,A ∨M) are called topological

derivations of A with values in M relative to R′. An algebraic analogue of
relative topological derivations are the derivations of an algebra A with co-
efficients in an A-bimodule M vanishing on a subalgebra R′ of A. Relative
modules of differentials were studied in the context of noncommutative dif-
ferential forms in [6]. Replacing Ωass

A|R′ with Ω̃ass
A|R′ , its cofibrant approximation

as an A-bimodule we define the R-module of R′-relative derivations of A with
values in an A-bimodule M to be

DerR/R′(A,M) := FA∧Aop(Ω̃ass
A|R′ ,M).

It is easy to see that there is the following homotopy fibre sequence of R-
modules:

THHR(A, M) // THHR(R′,M) // DerR/R′(A,M)

which specializes to (3.4) when R = R′.

4. Obstruction theory

In this section we show that topological Andre-Quillen cohomology in the
commutative case and topological derivations in the associative case are a
natural home for lifting algebra maps. For definiteness we work in the con-
text of associative algebras, however the results have obvious analogues,
with the same proofs, in the commutative case. Topological derivations
are replaced with commutative derivations, spectra DerR(−,−) with spectra
TAQR(−,−) and the spaces MapCR

(−,−) with spaces MapCcomm
R

(−,−).
Let A be a cofibrant R-algebra, I be an A-bimodule and d : A −→ A∨ΣI

be a derivation of A with coefficients in ΣI, the suspension of I. Let ε :
A −→ A∨ΣA be the inclusion of a retract. Define the R-algebra B from the
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following homotopy pullback square of R-algebras:

B

²²

// A

ε

²²
A

d // A ∨ ΣI

It is clear that the homotopy fibre of the map to A is weakly equivalent to
the A-bimodule I.

Definition 4.1. The homotopy fibre sequence

I −→ B −→ A

is called the topological singular extension of A by I associated with the
derivation d : A −→ A ∨ ΣI.

Theorem 4.2. Let I → B → A be a singular extension of R-algebras asso-
ciated with a derivation d : A → A∨ΣI and f : X → A a map of R-algebras
where the R-algebra X is cofibrant. Then we have the following.

(1) The map f lifts to an R-algebra map X → B if and only if the induced
derivation f ∗d ∈ Der1

R(X, I) = Der0
R(X, ΣI) is homotopic to zero.

(2) Assuming that a lifting exists in the fibration

(4.1) MapCR
(X,B) → MapCR

(X,A)

the homotopy fibre over the point f ∈ MapCR
(X, A) is weakly equiva-

lent to Ω∞DerR(X, I) (the 0th space of the spectrum DerR(X, I)).

The proof is rather formal. Assume first that a lifting of f exists. Then
d ◦ f factors as

X
f // B // A

ε // A ∨ ΣI

which means that the derivation f ∗d is trivial, Conversely, if d ◦ f is trivial
then the diagram of R-algebras

X
f //

f
²²

A

ε

²²
A

d // A ∨ ΣI

commutes up to homotopy and by the universal property of the homotopy
pullback there is a map f̃ : X → B lifting f .
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For the second part suppose that the lifting of f exists, so the (homotopy)
fibre of the map (4.1) is nonempty. We have the following diagram of R-
algebras.

B

²²

//

ÂÂ@
@@

@@
@@

A

²²

vvvvvvvvvv

vvvvvvvvvv

A

A

~~~~~~~

~~~~~~~ d // A ∨ ΣI

ccHHHHHHHHH

Changing B in its homotopy class if necessary we can arrange that this di-
agram be strictly commutative. Notice that the outer square is a homotopy
pullback of R-algebras. Applying the functor MapCR

(X,−) to this diagram
we get the following diagram of spaces.

MapCR
(X,B)

²²

//

((QQQQQQQQQQQQ
MapCR

(X, A)

²²

llllllllllllll

llllllllllllll

MapCR
(X, A)

MapCR
(X,A)

mmmmmmmmmmmm

mmmmmmmmmmmm
// MapCR

(X, A ∨ ΣI)

iiRRRRRRRRRRRRRR

Again the outer square is a homotopy pullback (of spaces). Taking the homo-
topy fibres of the maps from the outer square to the center (over f ∈ MapCR

)
we get the following homotopy pullback of spaces.
(4.2)

hofib MapCR
(X,B) → MapCR

(X,A) //

²²

pt

²²
pt // hofib MapCR

(X,A ∨ ΣI) → MapCR
(X,A)

Notice that the space in the right lower corner of (4.2) is canonically weakly
equivalent to Ω∞DerR(X, ΣI), see Remark 3.2. Since according to our as-
sumption the space

hofib MapCR
(X,B) // MapCR

(X, A)

is nonempty the images of the lower and right arrows in (4.2) coincide and
therefore

hofib MapCR
(X, B) → MapCR

(X, A) ' Ω(Ω∞DerR(X, ΣI))

' Ω∞DerR(X, I).

This finishes the proof of Theorem 4.2.
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A large supply of topological singular extensions can be obtain by taking
Postnikov stages of connective R-algebras or those of connective commutative
R-algebras. We have the following result, first proved in [16], cf. also [2].

Theorem 4.3. Let A be a connective R-algebra where R is a connective
commutative S-algebra. Then there exists a tower of R-algebras under A

A
f0

vvnnnnnnnnnnnnnnnn

f1~~||
||

||
||

fn !!B
BB

BB
BB

B
fn+1

((RRRRRRRRRRRRRRRR

A0 A1
oo . . .oo An

oo An+1
oo . . .oo

such that

• πkAn = 0 for k > n;
• the map fn : A −→ An induces an isomorphism πkA −→ πkAn for

0 ≤ k ≤ n;
• the homotopy fibre sequences Hπn+1A −→ An+1 −→ An are topolog-

ical singular extensions associated with topological derivations kn ∈
Der1

R(An, Hπn+1A).

In the case when A is a connective commutative R-algebra we have the
precise analogue of the theorem above: there is a tower {An} of commutative
R-algebras under A and the homotopy fibre sequences Hπn+1A −→ An+1 −→
An are topological singular extensions associated with commutative deriva-
tions kn ∈ TAQ1

R(An, Hπn+1A).
Theorem 4.3 is proved by induction on n. By glueing cells in the category

of R-algebras or commutative R-algebras we construct a map A −→ A0 =
Hπ0A. Suppose that the nth stage An for a commutative R-algebra An is
already constructed. At this point let us introduce the notation Ωcomm

An/A to

denote the abelianization of An as a commutative A-algebra (as opposed to
a commutative R-algebra). This notation is only needed here and will not
be used later on. Then it is not hard to see using the spectral sequence (2.1)
that the lowest nonzero homotopy group of Ωcomm

An/A is in dimension n + 1 and
is equal to πn+1A. We then construct a map kn : Ωcomm

An/A −→ Hπn+1A by
attaching cells to Ωcomm

An/A to kill its higher homotopy groups. The map kn is
the required commutative derivation. In the associative context we use the
A-bimodule of relative differentials Ωass

An|A and proceed similarly.
Theorem 4.3 provides a large supply of R-algebras or commutative R-

algebras. For example Postnikov stages of MU or kU are commutative S-
algebras. Other examples of commutative S-algebras include the Morava
E-theory spectra En and Eilenberg-MacLane spectra Hk for a commutative
ring k. It is generally very hard to prove that a spectrum possesses a commu-
tative S-algebra structure unless there is a geometric reason for it. We will
see later on that the situation with associative structures is better; a large
class of complex-oriented spectra could be given structures of MU -algebras
and, therefore of S-algebras.
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5. Stabilization

In this section we give an interpretation of topological derivation and topo-
logical André-Quillen cohomology as ‘stabilizations’ of a certain forgetful
functors. This interpretation in the commutative case is due to Basterra-
McCarthy [3] and Basterra-Mandell (private communication).

Let F : C −→ D be a continuous functor between pointed topological
model categories. We assume that F is a homotopy functor which means
that it preserves homotopy equivalences. We also assume that F is reduced,
that is it takes the initial object of C into a contractible object in D (i.e.
homotopy equivalent to the initial object in D). For an object X in D we
will denote by ΩX the cotensor of X and the pointed circle S1. In addition
the tensor of ? with a pointed topological space X will be denoted by X⊗̂?.

We have the following pushout diagram of pointed spaces.

(5.1) S0 //

²²

I

²²
I // S1

where I is the unit interval. Tensoring it with X and applying the functor F
we get the diagram

F (X) = F (S0⊗̂X) //

²²

F (I⊗̂X)

²²

F (I⊗̂X) // F (S1⊗̂X)

Define the functor X −→ TF (X) by the requirement that the diagram

TF (X) //

²²

F (I⊗̂X)

²²

F (I⊗̂X) // F (S1⊗̂X)

be a homotopy pullback in D. There results a natural transformation ξ :
F (X) 7−→ TF (X).

Definition 5.1. The stabilization of F is the functor F st defined as

F st(X) = hocolim(F (X) // TF (X) // TTF (X) // . . .)

where the colimit is taken over the maps T i(ξ) : T i(F (X)) −→ T i(TF (X)).

Note that since I⊗̂X is contractible the object TF (X) is homotopy equiv-
alent to ΩF (S1⊗̂X). Furthermore, it is easy to see that there is a homotopy
equivalence

T nFX ' ΩnF (Sn⊗̂X)

where Ωn is the nth iterate of Ω.
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Remark 5.2. The stabilization (or linearization) of a homotopy functor was
introduced by Goodwillie in [12] and constitutes the first layer of its Taylor
tower, [13]. It would be interesting to investigate the higher layers of this
tower in our context.

We are now ready to give the interpretation of Der and TAQ as stabi-
lizations of certain forgetful functors. We start with the associative case.
Let A be a cofibrant R-algebra and consider the category CA/A of A-algebras
over A. Recall that CA/A consists of R-algebras B supplied with two maps
ηB : B −→ A and ζB : A −→ B such that ηA ◦ ζA = idA. The category CA/A

is a topological model category. Let us first describe its cotensors. Let B̃ be
a fibrant approximation of B as an object in CA/A. Then ηB̃ : B̃ −→ A is
a fibration of R-algebras. Denote by I(B) the fibre of ηB̃ so that there is a
homotopy fibre sequence of B-bimodules:

I(B) // B
ηB // A .

Consider the R-module A∨I(B). It is clearly an object in CA/A and, moreover,
the obvious map A∨I(B) −→ B is a weak equivalence. Then for a based space
X the R-algebra BX , the cotensor of B and X in CA/A is weakly equivalent
to A∨ I(B)X where I(B)X = FS(Σ∞X, I(B)) is the usual cotensor (function
spectrum) of X and the R-module I(B).

Now we will describe tensors in CA/A. Let B be a cofibrant object in CA/A

and X be a based space that consists of n + 1 points, one of them being
the base point. Then the tensor X⊗̂B is just the n-fold free product of B
over A: B

`
A n. For a general based space X we replace it with the simplicial

set X∗ whose realization is equivalent to X, and tensor it component-wise
with B. The realization of the obtained simplicial object in CA/A will be

homotopy equivalent to X⊗̂B. For example if we take X = S1, the circle and
by X∗ its simplicial model having two nondegenerate simplices in dimensions
0 and 1 then the resulting simplicial object X∗⊗̂B is just the bar-construction
β∗(A,B, A). We have

βi(A,B, A) = B
`

A i.

The face maps are induced in the usual way by the canonical folding map
B

∐
A B −→ B and the degeneracies are induced by the map ζB.

Recall that the functor Ωass
B|A is defined from the fibre sequence

Ωass
B|A // B ∧A B

m′
// B .

We will assume that Ωass
B|A is a cofibrant B-bimodule or else replace it by its

cofibrant approximation. By definition,

Ωass
A|A(B) := A ∧B Ωass

B|A ∧B A.

Both I and Ωass
A|A(B) considered as functors of B take their values in the

category of A-bimodules.
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Theorem 5.3. Let A and B be connective R-algebras. Then Ist(B) '
Ωass

A|A(B)

To see this consider the ‘universal derivation’ map B // A ∨ Ωass
A|A(B)

and the composition

fB : I(B) // B // A ∨ Ωass
A|A(B) // Ωass

A|A(B) .

It is easy to see that there is a weak equivalence of R-modules

Ωass
A|A(B) ' A ∧B I(B)

and the map fB could be represented as

I(B) ∼= B ∧B I(B)
ηB∧id // A ∧B I(B).

Note that if the ηB : B −→ A is n-connected then the map fB is 2n + 1-
connected. Further if I(B) is m-connected then I(Sn⊗̂B) is n+m-connected
and the map

fSn⊗̂B : I(Sn⊗̂B) // Ωass
A|A(Sn⊗̂B)

is 2(m + n) + 1-connected. It follows that the map

ΩnfSn⊗̂B : ΩnI(Sn⊗̂B) // ΩnΩass
A|A(Sn⊗̂B)

is 2m+1-connected and therefore Ist(B) = [Ωass
A|A]st(B). The results of Section

2 imply that the functor B → [Ωass
A|A]st(B) preserves tensors and therefore

ΩnΩass
A|A(Sn⊗̂B) ' ΩnΣnΩass

A|A(B) ' Ωass
A|A(B).

which implies that [Ωass
A|A]st(B) ' Ωass

A|A(B). This finishes our sketch of the
proof of Theorem 5.3.

What is the relation of the functor Ωass
A|A(B) to the topological derivations

of A? Let B = A
∐

A. Define ζB to be the map A = A
∐

R
id
`

1
// A

∐
A

and ηB : A
∐

A −→ A to be the folding map. Then B becomes an object in
Cass

A/A. Moreover we have a natural isomorphism for any C ∈ Cass
A/A:

hCass
A/A(B, C) ∼= hCR/A(A,C).

Therefore for an A-bimodule M we have

Der0
R(A,M) = hCR/A(A,A ∨M) ∼=hCass

A/A(B,A ∨M)

∼=hMA−A(Ωass
A/A, M)

∼=hMA−A(Ist(B),M).

We can also obtain in the usual way the enriched version of the above equiv-
alence:

DerR(A,A ∨M) ' FA∧Aop(Ist(A
∐

A), M).
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Theorem 5.3 has an analogue in the context of commutative R-algebras. The
corresponding result was first established by M. Basterra and M. Mandell (cf.
also [3]) for TAQ and our proof was modelled on theirs. One should also
mention that the original definition of TAQ due to I. Kriz [16] was in terms
of stabilization. In contrast with the associative case this interpretation is
extremely helpful in concrete calculations.

Let us now describe the result of Basterra and Mandell. A is now a com-
mutative cofibrant R-algebra. Consider the category Ccomm

A/A of commutative

A-algebras over A. Then I(B) ∈MA is defined from the fibre sequence

I(B) // B̃
ηB̃ // A

where B̃ is the fibrant replacement of B in Ccomm
A/A . Recall the definition of the

indecomposables functor B → Q(B) from Section 1. It turns out that if A
and B are connected then Ist(B), the stabilization of the functor I evaluated
at B, is weakly equivalent to Q ◦ I(B). The proof is very similar to the one
given in the associative case. To show that the map

I(Sn⊗̂B) // Q ◦ I(Sn⊗̂B)

is sufficiently highly connected one uses Proposition 2.2. To relate stabiliza-
tion with TAQ consider A ∧ A as an A-algebra over A. The augmentation
A ∧ A −→ A is just the multiplication map and the A-algebra structure on
A ∧ A is defined via the action of A on the left smash factor. Then for an
A-module M we have the following isomorphisms in hMA:

TAQR(A, M) ' FA(Q ◦ I(A ∧ A),M) ' FA(Ist(A ∧ A),M).

In fact the author was informed by M. Basterra that the last isomorphism
holds even without the hypothesis that A is connective. That suggests that
Theorem 5.3 might also hold without any connectivity assumptions.

6. Calculations

Up until now we considered only formal properties of TAQ and topologi-
cal derivations and saw that they are quite similar. The difference appears
in their calculational aspect. Topological André-Quillen cohomology is far
harder to compute and presently very few explicit calculations have been
carried out. By contrast, topological derivations are relatively approachable.
In most cases their computation reduces to that of topological Hochschild
cohomology thanks to the homotopy fibre sequence (3.4). There is an exten-
sive literature dedicated to the computation of THH of different Eilenberg-
MacLane spectra of which we mention [5], [9], [20]. Topological Hochschild
(co)homology of some spectra other than Eilenberg-MacLane are computed in
[25] and [4]. We do not intend to give a detailed review of this literature and
restrict ourselves with giving a few examples related to obstruction theory.
In this section the symbol ‘∧’ stands for ‘∧S’.
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Our first example is the computation of topological derivations of HFp.

Theorem 6.1. (1) There is an isomorphism of graded Fp-vector spaces

THH∗
S(HFp, HFp) ∼= (Fp[x])∗ = HomFp(Fp[x],Fp).

where x has degree 2.
(2) There is an isomorphism of graded Fp-vector spaces

Der∗−1
S (HFp, HFp) ∼= (Fp[x])∗/(Fp)

Note that the statement (2) of the theorem follows from statement (1)
because the homotopy fibre sequence (3.4) in our case splits giving the short
exact sequence

Fp
// THH∗

S(HFp, HFp) // Der∗−1
S (Fp,Fp) .

To obtain the claim about THH∗
S(HFp, HFp) it is enough to compute topo-

logical Hochschild homology THHS
∗ (HFp, HFp) because

THH∗
S(HFp, HFp) ∼= HomFp(THHS

∗ (HFp, HFp),Fp),

see Remark 3.3. The computation of THHS
∗ (HFp, HFp) is due to Bökstedt,

[5]. Briefly, one uses the spectral sequence

E2
∗∗ = TorHFp∧HFp∗(Fp,Fp) = TorAp

∗(Fp,Fp) =⇒ THHS
∗ (HFp, HFp)

where Ap
∗ = HFp ∧HFp∗ is the dual Steenrod algebra mod p. The E2-term of

this spectral sequence is easy to compute. It turns out that for p = 2 there are
no further differentials and for an odd p one uses the Dyer-Lashof operations
to compute the only nontrivial differential dp−1. The same operations also
solve the extension problem. The final result is that, regardless of p,

(6.1) THHS
∗ (HFp, HFp) ∼= Fp[x]

with x in homological degree 2. This finishes our sketch of Theorem 6.1.

Remark 6.2. In fact, Bökstedt’s calculation shows that the isomorphism
of (6.1) is multiplicative. This fact will be used in the computation of
TAQ∗

S(HFp, HFp).

Our next example is the calculation of Der∗MU(HFp, HFp) where MU is
the complex cobordism spectrum. Recall that the coefficient ring of MU is
the polynomial algebra:

MU∗ = Z[x1, x2, . . .]

where |xi| = 2i. Since MU is known to be a commutative connective S-
algebra the spectrum HFp is naturally an MU -algebra and it makes sense
to consider topological derivations and topological Hochschild cohomology of
HFp as an MU -algebra. The relevant result is
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Theorem 6.3. (1) There is an isomorphism of graded Fp-vector spaces

THH∗
MU(HFp, HFp) = Fp[y1, y2, . . .]

where yi has cohomological degree 2i.
(2) There is an isomorphism of graded Fp-vector spaces

Der∗−1
MU(HFp, HFp) = Fp[y1, y2, . . .]/(Fp).

Again the second claim is a consequence of the first one. To verify the first
claim we need to compute π∗HFp ∧MU HFp. Using the spectral sequence

TorMU∗
∗∗ (Fp,Fp) = TorZ[x1,x2,...]

∗∗ (Fp,Fp)

⇒ π∗HFp ∧MU HFp

we see that the ring π∗HFp ∧MU HFp is isomorphic to ΛFp(z1, z2, . . .), the
exterior algebra over Fp on generators zi where |zi| = 2i− 1.

Finally from the spectral sequence

Ext∗∗π∗HFp∧MUHFp
(Fp,Fp) = Ext∗∗ΛFp (z1,z2,...)(Fp,Fp)

= Fp[y1, y2, . . .] ⇒ THH∗
MU(HFp, HFp)

we obtain the desired isomorphism.
Next we would like to discuss the forgetful maps

l∗MU : Der∗MU(HFp, HFp) // [HFp, HFp]
∗
MU−mod

and

l∗S : Der∗S(HFp, HFp) // [HFp, HFp]
∗
S−mod = A∗

p .

We already saw that the algebra of cooperations in MU -theory π∗HFp ∧MU

HFp is an exterior algebra on generators zi. Just as the usual dual Steenrod
algebra it is a Hopf algebra and it is easy to see that zi’s are primitive elements
in it. Therefore the MU -Steenrod algebra [HFp, HFp]

∗
MU−mod is itself an

exterior algebra ΛFp(z
∗
1 , z

∗
2 , . . .) where z∗i ’s are dual to zi.

Then the map l∗MU sends the derivation yi ∈ Der2i−1
MU (HFp, HFp) to the

operation z∗i ∈ [HFp, HFp]
2i−1
MU−mod.

Any map of MU -modules HFp −→ Σ∗HFp can also be considered as a map
of S-modules. In other words there is a map from the MU -Steenrod algebra
into A∗

p:

[HFp, HFp]
∗
MU−mod

// [HFp, HFp]
∗
S−mod = A∗

p .

The latter map is a map of Hopf algebras and should therefore respect primi-
tive elements. We know that the odd degree primitive elements are the Milnor
Bocksteins Qi ∈ A∗

p. Since |Qi| = 2pi − 1 only the primitives z∗2pi−1 could
have a nonzero image in A∗

p. To see that z∗2pi−1 does indeed have a nonzero
image notice that it is the first nonzero Postnikov invariant of the connective
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Morava K-theory spectrum k(n). This invariant is nontrivial both in the cat-
egory of S-modules and MU -modules which shows that the image of z∗2pi−1

is Qi up to an invertible scalar factor.
This allows one to calculate the image of the map l∗S. On the one hand

its image should be contained in the subspace spanned by the primitive odd
degree elements in A∗

p, that is, the elements Qi. On the other hand any
operation Qi can be lifted to a topological derivation in Der∗S(HFp, HFp)
since it even lifts to an MU -derivation in Der∗MU(HFp, HFp). Therefore the
image of lS is the whole subspace of A∗

p spanned by Qi’s.
We now turn to the calculation of TAQ∗

S(HFp, HFp) which was done by
Kriz, [16]. The method we use is due to Basterra and Mandell. We have

TAQ∗
S(HFp, HFp) ' [hocolimn→∞ ΩnI(Sn⊗̂(HFp ∧HFp)), HFp]

∗
HFp−mod

' [hocolimn→∞ Σ−nI(Sn−2⊗̂[S2⊗̂(HFp ∧HFp)]), HFp]
∗
HFp−mod

' [Σ−2 hocolimn→∞ Σ−n+2I(Sn−2⊗̂[S2⊗̂(HFp ∧HFp)]), HFp]
∗
HFp−mod

' Σ−2TAQ∗
HFp

(S2⊗̂(HFp ∧HFp), HFp).

Lemma 6.4. There is a weak equivalence of commutative HFp-algebras

(6.2) S2⊗̂(HFp ∧HFp) ∼= HFp ∨ Σ3HFp.

Here the right hand side of (6.2) is the square-zero extension of HFp by
Σ3HFp.

To see this note first that

S1⊗̂(HFp ∧HFp) ' THHS(HFp, HFp).

Therefore
π∗S1⊗̂(HFp ∧HFp) = Fp[x]

with |x| = 2, see Remark 6.2. Denote the commutative S-algebra S1⊗̂(HFp∧
HFp) by X. We have the following weak equivalences of commutative S-
algebras:

S2⊗̂(HFp ∧HFp) ' S1⊗̂X ' HFp ∧X HFp.

From the spectral sequence

TorX∗
∗∗ (Fp,Fp) = ΛFp(y) ⇒ π∗HFp ∧X HFp

we see that

π∗HFp ∧X HFp = π∗S2⊗̂(HFp ∧HFp) = ΛFp(y).

Here y has degree 3. It is not hard to see, using Proposition 2.2 and Theorem
2.4 that any augmented HFp-algebra whose coefficient ring is an exterior
algebra on one generator y in positive degree is in fact weakly equivalent to
the square-zero extension HFp∨Σ|y|HFp. This finishes our sketch of the proof
of Lemma 6.4.

It follows that

TAQ∗
S(HFp, HFp) = Σ−2TAQ∗

HFp
(HFp ∨ Σ3HFp, HFp).



224 Cohomology theories for highly structured ring spectra

So we need to compute the topological Andrè-Quillen cohomology of the
‘Eilenberg-MacLane object’ HFp ∨ Σ3HFp in the category of commutative
augmented HFp-algebras. There is an obvious element (‘fundamental class’)
x ∈ TAQ3

HFp
(HFp∨Σ3HFp, HFp) corresponding to the identity map on HFp∨

Σ3HFp. Further one introduces the action of Steenrod operations on TAQ.
Let p = 2. Then there exist operations

Sqi : TAQq
HFp

(−, HFp) // TAQq+i
HFp

(−, HFp)

defined for q < i and satisfying the usual Adem relations. Applying Sqi to
y = Σ−2x ∈ TAQ1

HFp
(HFp, HFp) one obtains new elements in TAQ∗

HFp
(HFp,

HFp). The final result is (for p = 2):

Theorem 6.5. TAQ∗
S(HFp, HFp) is spanned by the elements Sqs1Sqs2 · · ·

Sqsry where the sequence (s1, s2, . . . , sr) is Steenrod admissible and sr > 3.

There is a similar result for odd primes which uses the odd primary oper-
ations in TAQ instead of Steenrod squares.

To conclude this section note that the forgetful map

TAQ∗
S(HFp, HFp) // [HFp, HFp]

∗
S−mod = A∗

p

is not as interesting as in the associative case. It is easy to see that its image
contains (multiples of) the Bockstein homomorphism β corresponding to the
topological singular extension

HFp
// HFp2 −→ HFp

and nothing else. Indeed, if it contained, e.g. the operation Qi for some i > 0
then the corresponding singular extension HFp −→? −→ Σ2(pi−1)HFp would
realize the 2-stage Postnikov tower of k(n) as a commutative S-algebra which
is impossible.

7. Existence of S-algebra structures

Topological Andrè-Quillen cohomology was originally introduced in [16]
with the purpose of proving that BP , the Brown-Peterson spectrum supports
a structure of an E∞-ring spectra (or, equivalently, a commutative S-algebra
structure), a long-standing problem posed by P. May. Unfortunately, this
problem is still open, however the problem concerning associative structures
turned out to be much more manageable. The first result in this direction
is the seminal paper of A. Robinson [33] where he proved that there is an
A∞-structure on Morava K-theory spectra at odd primes. Working in the
category of MU -modules it is possible to obtain considerably stronger results.
Namely, in [18] and [10] it was proved that a broad class of complex-oriented
cohomology theories admit structures of S-algebras. These structures are
typically non-unique and in the last section we say something about the
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corresponding moduli spaces. Here we describe the relevant results following
[18].

Let us assume that the coefficient ring R∗ of our ‘ground’ commutative
S-algebra R is concentrated in even degrees. For an element x ∈ R∗ we will
denote by R/x the cofibre of the map R

x→ R. Let I∗ be a graded ideal
generated by a (possibly infinite) regular sequence of homogeneous elements
(u1, u2, . . .) ∈ R∗. We assume in addition that each uk is a nonzero divisor
in the ring R∗. Then we can form the R-module R/I as the infinite smash
product of R/uk. It is known by work of Strickland [35] that there is a
structure of an R-ring spectrum on R/I. Clearly the coefficient ring of R/I
is isomorphic to R∗/I∗ where R∗/I∗ is understood to be the direct limit of
R∗/(u1, u2, . . . , uk). Let us denote the R-algebra R/I by A. Our standing
assumption is that A has a structure of an R-algebra (i.e. strictly associative).
This may seem a rather strong condition but, as we see shortly such a situation
is quite typical. In fact P. Goerss proved in [10] that any spectrum obtained
by killing a regular sequence in MU , the complex cobordism S-algebra, has
a structure of an MU -algebra.

The construction we are about to describe allows one to construct new
R-algebras by ‘adjoining’ the indeterminates uk to the R-algebra A. Let us
introduce the notation A(ul

k)∗ for the R∗-algebra

lim
n→∞

R∗/(u1, u2, . . . , uk−1, u
l
k, uk+1, . . . , un).

For each l reduction modulo ul
k determines a map of R∗-algebras

A(ul+1
k )∗ → A(ul

k)∗.

Now we can formulate our main theorem in this section.

Theorem 7.1. For each l there exist R-algebras A(ul
k) with coefficient rings

A(ul
k)∗ and R-algebra maps

Rl,k : A(ul+1
k ) → A(ul

k)

which give the reductions mod ul
k on the level of coefficient rings.

Let us explain the idea of the proof. One uses induction on l. The case
l = 1 is just our original assumption that A is an R-algebra. Suppose that
the R-algebras A(ul

k) with the required properties were constructed for l ≤ i.
One then shows that R/ui+1

k possesses an R-ring structure and there exists a
homotopy cofibre sequence of R-modules

(7.1) R/ui+1
k

// R/ui
k

// Σ|uk|i+1R/uk

where the first arrow is an R-ring spectrum map realizing the reduction mod
ui in homotopy and the second arrow is an appropriate Bockstein operation.
Taking the smash product of (7.1) with

R/u1 ∧R/u2 ∧ . . . ∧R/uk−1 ∧R/uk+1 ∧ . . .
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we get the following homotopy cofibre sequence of R-modules:

(7.2) A(ui+1
k ) // A(ui

k)
// Σ|uk|i+1A.

Finally one proves that the sequence (7.2) could be improved to a topological
singular extension by computing Der∗R(A(ui

k), A) and analyzing the forgetful
map

Der∗R(A(ui
k), A) // [A(ui

k), A]∗R−mod .

Theorem 7.1 leads to a host of examples of S-algebras. Let R = MU(p).
the complex cobordism spectrum localized at p and I∗ = (p, x1, x2, . . .) be
the maximal ideal in MU(p)∗ = Z(p)[x1, x2, . . .]. Then MU/I ' HFp is an
MU -algebra. For any polynomial generator xk ∈ MU(p) and any i we can
construct an MU(p)-algebra realizing in homotopy the MU(p)∗-module Fp[x

i
k].

Taking the homotopy inverse limit of these we get an MU(p)-algebra whose
coefficient ring is Fp[xk]. Iterating this procedure we can realize topologi-
cally the MU(p)∗-algebra Fp[xk1 , xk2 , . . .] for any sequence (possibly infinite)
of polynomial generators xk1 , xk2 , . . . . We could also set I∗ = (x1, x2, . . .) to
obtain integral versions of these MU(p)-algebras.

Recall that the Brown-Peterson spectrum BP is obtained from MU(p) by
killing all polynomial generators in MU(p)∗ except for vi = x2(pi−1) pro-
vided that we use Hazewinkel generators for MU(p)∗. Therefore BP∗ =
Z(p)[v1, v2, . . .]. It follows that BP possesses an MU(p)-algebra structure. We
define

BP 〈n〉 = BP/(vi, i > n)

P (n) = BP/(vi, i < n)

B(n) = v−1
n P (n)

k(n) = BP/(vi, i 6= n)

K(n) = v−1
n BP/(vi, i 6= n)

E(n) = v−1
n BP/(vi, i > n).

Note that inverting an element in the coefficient ring of an MU(p)-ring spec-
trum is an instance of Bousfield localization in the homotopy category of
MU(p)-modules. Further Bousfield localization preserves algebra structures
we conclude that all spectra listed above admit structures of MU(p)-algebras
(and therefore MU -algebras).

Finally we need to mention the result of Hopkins and Miller, cf. [29], which
states that a suitable completion En of the spectrum E(n) (which came to be
popularly known as the Morava E-theory) admits a unique structure of an
S-algebra. A generalization of this theorem is discussed in [18]. Furthermore,
in [11] Hopkins and Goerss proved using a more advanced technology that
En in fact admits a unique structure of a commutative S-algebra. This result
was also obtained in the recent paper by Richter and Robinson [31].
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8. Spaces of multiplicative maps

In this section we will consider the problem of computing the homotopy
type of the mapping space MapCR

(A,B) where A is a cofibrant R-algebra.
Unexpectedly, it turns out that the space of based loops on MapCR

(A,B)
is weakly equivalent to an infinite loop space. More precisely, in [19] the
following theorem is proved.

Theorem 8.1. For a cofibrant algebra A and a map of R-algebras f : A → B
the space of d-fold based loops Ωd(MapCR

(A,B), f) is weakly equivalent to the

space Ω∞DerR(A, Σ−dB) for all d ≥ 1.

The main ingredient in the proof of this theorem is the following

Lemma 8.2. There is a weak equivalence of R-algebras ASd
and the square-

zero-extension A ∨ Σ−dA for all d ≥ 1.

Note that, obviously, there is a weak equivalence of R-modules

(8.1) ASd // A ∨ Σ−dA

The lemma is proved by computing the topological derivations of ASd
and

showing that the map of (8.1) could be improved to a topological derivation

of ASd
with values in Σ−dA.

The proof of Theorem 8.1 is actually very easy. We have the following com-
mutative diagram of spaces where both rows are homotopy fibre sequences:

T op∗(S
d, MapCR

(A,B)) //

²²

T op(Sd, MapCR
(A,B)) //

²²

MapCR
(A,B)

? // MapCR
(A,BSd

) // MapCR
(A,B)

Here the horizontal rightmost arrows are both induced by the inclusion of the
base point into Sd. Since the right and the middle vertical arrows are weak
equivalences (even isomorphisms) it follows that the map T op∗(S

d, MapCR
(A,

B)) →? is a weak equivalence. But Lemma 8.2 tells us that the R-algebra BSd

is weakly equivalent as an R-algebra to B ∨Σ−dB. In other words the term ?
is weakly equivalent to the topological space of maps A → B ∨ Σ−dB which
yield f when composed with the projection B ∨Σ−dB −→ B. Therefore ? is
weakly equivalent to Ω∞DerR(A, Σ−dB) and our theorem is proved.

Corollary 8.3. For a cofibrant algebra A and a map of R-algebras f : A →
B there is a bijection between sets πd(MapCR

(A,B), f) and Der−d
R (A,B) for

d ≥ 1. If d ≥ 2 then this bijection is an isomorphism of abelian groups.

One might wonder whether Theorem 8.1 remains true in the context of
commutative S-algebras. The answer is no. The crucial point is the weak
equivalence of S-algebras S ∨ S−1 and SS1

. It is clear that π0S ∧S∨S−1 S
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is the divided power ring. However N. Kuhn and M. Mandell proved that
π0S ∧SS1 S is the ring of numeric polynomials. Therefore S ∨ S−1 and SS1

cannot be weakly equivalent as commutative S-algebras.
Another point of view is afforded by Mandell’s theorem [22] which states

that the homotopy category of connected p-complete nilpotent spaces of finite
p-type can be embedded into the category of E∞ algebras over F̄p as a full
subcategory. Here F̄p is the algebraic closure of the field Fp. This embedding
is via the singular cochains functor C∗(−,Fp). The category of E∞ algebras
over F̄p is Quillen equivalent to the category of commutative HF̄p-algebras.
Consider an arbitrary space X (connected, p-complete, nilpotent and of fi-
nite p-type) and the corresponding HF̄p-algebra X̃ which we assume to be

cofibrant. Then the space of maps in Ccomm
HF̄p

from X̃ into HF̄p will be weakly

equivalent to X. This shows that the space of commutative R-algebra maps
could have an essentially arbitrary homotopy type.

However, there is a context in which the analogue of Theorem 8.1 holds
for commutative R-algebras. Let us suppose that our ground S-algebra R is
rational, that is, local with respect to HQ. Let A and B be commutative
R-algebras where A is cofibrant as before. Then it is easy to see that AS1

and A ∨ Σ−1A are weakly equivalent as commutative R-algebras. Indeed,
A ∨ Σ−1A is weakly equivalent as a commutative R-algebra to A ∧ R[S−1]
where R[S−1] is the free commutative R-algebra on the R-module S−1. We

have π∗AS1
= ΛA∗(x) where the exterior generator x has degree −1. The

element x determines a map of R-modules S1 −→ AS1
and therefore a map

of R-algebras A ∨ Σ−1A ' A ∧ R[S−1] −→ AS1
which is a weak equivalence.

Further there are the following equivalences of commutative R-algebras:

ASd ∼= AS1∧Sd−1 ∼= (AS1

)Sd−1 ' (A ∨ Σ−1A)Sd−1 ' A ∨ Σ−dA.

So we in this case we have the exact analogue of Lemma 8.2. The remainder
of the proof is the same and we obtain

Theorem 8.4. Let R be a rational commutative S-algebra, Then for a cofi-
brant R-algebra A and a map of R-algebras f : A → B the space of d-fold
based loops Ωd(MapCcomm

R
, f) is weakly equivalent to the space Ω∞TAQR(A,

Σ−dB). Furthermore there is a bijection between the sets πd(MapCcomm
R

(A,B),

f) and TAQ−d
R (A,B) for d ≥ 1. If d ≥ 2 then this bijection is an isomorphism

of abelian groups.

For R = HQ, the Eilenberg-MacLane spectrum the category of commuta-
tive R-algebras is Quillen equivalent to the category of commutative differ-
ential graded algebras over Q. Via this equivalence Theorem 8.4 translates
into a statement in rational homotopy theory which does not seem to have
appeared in the literature.
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9. Moduli spaces

For an R-module X it is natural to look at the set of all non-isomorphic R-
algebra structures on X. (We assume that X supports at least one R-algebra
structure.) This set is actually π0 of the Dwyer-Kan classification space, cf.
[7] which we will now describe.

Consider the subcategory W of CR consisting of those R-algebras which are
weakly equivalent to X as R-modules. The morphisms of W are the weak
equivalences of R-algebras. Then the moduli space M(X) is by definition the
nerve of W .

For a cofibrant R-algebra A we will denote by haut(A) the topological
monoid of homotopy auto-equivalences of A. For a non-cofibrant A we take
for haut(A) the monoid of homotopy auto-equivalences of its cofibrant ap-
proximation. Thus haut(A) is well defined up to homotopy. We can form its
classifying space Bhaut(A). Then the results of Dwyer and Kan imply the
following

Theorem 9.1. There is a weak equivalence of spaces

M(X) '
∐

Bhaut(A)

where the disjoint union is taken over the set of connected components of W .

We assumed from the beginning the existence of at least one R-algebra
structure on X, that gives the space M(X) a base point. Let us denote the
corresponding R-algebra by A. The connected component of A in M(X) is,
therefore, weakly equivalent to Bhaut(A).

Note that it is possible to consider other moduli spaces for X. For example,
we could insist that the homotopy X∗ has a fixed ring structure, or that X
itself has a fixed R-ring spectrum structure up to homotopy. Each of these
choices affects π0 of our moduli space but not the connected components
themselves, and therefore, not the higher homotopy groups.

Assume, without loss of generality, that A is a cofibrant R-algebra. Clearly
haut(A) is a disjoint union summand of the space MapCR

(A,A) of all multi-
plicative self-maps of A. Taking the identity map A −→ A as the base point
in both haut(A) and MapCR

(A,A) we see that

Ωhaut(A) ' Ω MapCR
(A, A).

But we know from the previous section that there is a weak equivalence of
spaces

Ω MapCR
(A, A) ' ΩΩ∞DerR(A,A).

This gives the following

Theorem 9.2. The space Ω2M(X) of two-fold loops on the moduli space
M(X) is weakly equivalent to ΩΩ∞DerR(A,A). In particular it is an infinite
loop space.
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In particular, we have an isomorphism

πiM(X) ∼= Der1−i
R (A,A)

for i ≥ 2. The computation of π1 and π0 is, of course, a completely different
story.

What about the moduli space of commutative R-algebra structures? The-
orem 9.1 has an obvious analogue in the context of commutative R-algebras.
However the analogue of Theorem 9.2 falls through because for a commuta-
tive R-algebra A the space of self-maps of A in Ccomm

R is not in any obvious
way related to TAQR(A, A). However Hopkins and Goerss proved in [11] that
En, the Morava E-theory spectrum mentioned at the end of Section 7 admits
a unique structure of a commutative S-algebra and the space of its self-maps
is homotopically discrete with the set of connected components being equal
to Sn, the Morava stabilizer group. In our interpretation it means that the
appropriate moduli space of En is weakly equivalent to BSn, the classifying
space of Sn.
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mology. J. Pure Appl. Algebra 171 (2002), no. 1, 59–66.

[31] B. Richter, A. Robinson, Gamma homology of polynomial algebras and of group alge-
bras, Proceedings of the March 2002 Northwestern University. Conference on Alge-
braic Topology, to appear.

[32] A. Robinson & S. Whitehouse, Operads and Γ-homology of commutative rings. Math.
Proc. Cambridge Philos. Soc. 132 (2002), no. 2, 197–234.

[33] A. Robinson, Obstruction theory and the strict associativity of Morava K-theories.
Advances in homotopy theory, London Math. Soc. Lecture Note Ser., 139, Cambridge
Univ. Press, Cambridge, (1989), 143–152.

[34] A. Robinson, Gamma homology, Lie representations and E∞ multiplications, Inv.
Math., 152 (2003), 331–348.

[35] N.P. Strickland, Products on MU -modules. Trans. Amer. Math. Soc. 351 (1999), no.
7, 2569–2606.

Mathematics Department, Bristol University, Bristol, BS8 1TW, Eng-

land.

email-address: a.lazarev@bristol.ac.uk



232



233

Index

abelianization, 206
Adams condition, 166
Adams summand, 148
Adams-Novikov spectral sequence, 182
A(Γ, k), 194
A∞ ring spectra, 3, 58, 135, 152
algebraic K-theory of rings, 36
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